Ch4. Markov Chain

Def: A stochastic process {X;,t € T} is a collection of random vari-
ables Xy, t € T'. It is determined by

(i). State space S, i.e. the range of possible value of X;.

(ii). index set T which can be discrete (finite or countable) or con-
tinuous.

(iii). dependency relations between variables.

Def: A stochastic process {Xp,n=0,1,2---} is a Markov Chain if
S=4{0,1,2,---} and

P(Xn_|_1 :]|Xn =% Xp—1 =1lp—1, ", X0 = iO) — Pij

for all 19,21, ,%—1,%,7 € S and n > 0.
e X,, =17 means that the process is in the state : € S at the time n.

An Alternative Def: For any 1 < k < n, conditional on the present
Xy = ik, the past (Xq,---,X,_1) and the future (Xg41,---,Xp) are
independent.
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e By using the fact that P(e|F') is a probability measure, we have
P (Xn—l—l = j|Xn = Z)

S P(Xpg1 =4lXn =14, Xp 1 =ip_1,, Xo =1g)
in—lﬁ'”)ilﬂ:OES
P(Xp_1=tp_1, " ,Xg=1g|Xn =1)
P - >, P(Xn-1=tn-1,""+, X0 = i0/Xn =1
in—lf"ailﬂ:oes
— P

° Pz-j =P (Xn—l—l = j| Xn = z) IS called one-step transition probability
from state ¢ to state ;.

e P,y >0, Xjes P;; =1 which is easy to check.

Let

Poo Po1 FPo2
p— | {10 11 12
Poog Po1 Poo

be the matrix of the one-step transition prob. F;;.
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EX: Rain or no rain, two states Markov Chain.

l — o
Pp=|¢
(5175)
Ex: A random walk model. § = {0,4+1,£2,---}

Piiv1=p Fi1=1—-p=gq

e e

i

|
O O
o O
QO
o= O
S 0O

Define the n-step transition probabilities
Pi(jn) = P(Xpq1 = JIX; = 1)
(why it does not depend on [?7). Then we have the Chapman-
Kolmogorov equation
(n+m) __ (n) p(m)
By = 2 P B
kesS

Pf: What else? Conditioning!
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In terms of matrix, we let P(?) = (PZ(]”)) Then

p(ntm) — p(n) plm)  p) —p

So P(") = P? —matrix multiplication.
EX: Rain or no rain, two states Markov Chain.

(07 0.3
P=(07 o2 )

p4 _ ( 0.5749 0.4251 )

Then

0.5668 0.4332

So that P(rain 4 days from today|raining today) = ég) = 0.5749.
e Initial distribution: a; =P(Xg =1),i > 0, >;>0a; = 1. Then

P(Xn=4j) = Y. P(Xn=3jlXo=1) P(Xo=1)=Y P a
1>0 1>0

So if ag = 0.4, a3 = 0.6 in the above example, then P(X4 = 0) =
0.4.P® 1+ 0.6P® = 0.570
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Examples of Markov Chain (M.C.)

Key; A sure way to check that a process is a Markov chain: Writing
down its transition matrix!

Let &£,&1, - ,&n -+ be ii.d r.v's with P(¢§; = k) = ap > 0, kK > 0,
Zzozo A — 1.

e Partial sum S, =&+ ---+&, n>1, So =0, is a M.C. with the
transition matrix

ap a1 as
O ap a
P = 0] 1

O O ag

e The maximum partial sum Y, = maXg<;<,(S; —1) is NOT a M.C.

in general.
e Successive maxima M, = max(&1,&>,---,&), Mg = 0, is a M.C.
with the transition matrix
Ag a1 ap
P — O A1 a»

0 0 A,

where A; =ag+ a1+ -+ a;.
e Moving particle around a circle.
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The Ehrenfest Urn Model

There is a total of r balls in two urns, A and B. At each step,
pick one of the r balls at random and move it to the other urn.
Ehrenfest used this to model the division of air molecules between
two chambers (of equal size and shape) which are connected by
a small hole. For an interesting account of this chain, see Kac
(1947): Random walk and the theory of Brownian motion, Amer.
Math. Monthly, 54, 369—391.

Let X, be the number of balls in urn A with Xg =1, 0 <[ <r. Then
{Xn,n=20,1---}is a M.C. To see this, note that

D% | Xn—1 with prob. X, /r
n+1 7 ) X, +1 with prob. (r — Xp)/r

and thus we have

i/r if j=1—1
PZJZP(Xn—I—l :]|Xn:’b)= (T—Z)/T If]:’l,—l-l
0 otherwise

with initial distribution P(Xg =1) = 1.
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Enlarge State Space to Form a M.C.

Suppose that whether or not rains today depends on previous weather
conditions through the last two days only. Let Y —=yesterday, D="Today,
T =Tomorrow, R =Rain, N =no-rain. Given

P(T = R|D=R,Y =R) =0.7
P(T = R|D=R,Y =N)=05
P(T=R|D=N,Y =R)=0.4
P(T = R|D=N,Y =N)=0.2

Note that for Y, = n’s day condition with state space S = {0 =
R,1 = N} is not a Markov chain (why not?).
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Let X,, =((n—1)'s day condition, n’s day condition) with state space

S={0=(R,R),1 =(N,R),2=(R,N),3=(N,N)}.
Then X, is a Markov chain (why?) with

07 O 03 O

05 0 05 O

O 04 O 0.6
O 02 O 0.8

P =

Note that

P(Xp4+1 = (R, R)|Xn = (R, R))
P(T = R|D=R,Y = R) = 0.7

2y,
o
o

|

Key ideas:
e Enlarge state space to form a M.C.
e Including time dimension to change time inhomogeneous M.C. to

time homogeneous M.C.
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A central limit theorem
for the sock—sorting problem
given by three different theories:
Empirical process, Martingale and Markov Chain

Wenbo V. Li
University of Delaware
Geoffrey Pritchard
University of Auckland

The paper appeared in Progress in Probability, Vol. 43, 245-248,
(1998).

Sock—sorting problem:

A collection of n different pairs of socks are scrambled in a laundry
bag. Socks are drawn one at a time from the bag in random order,
and laid on a table. When the mate of a sock on the table is drawn,
the two are paired and put in a drawer. How much table space is
required?
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Some simple facts:

Let L; be the number of socks on the table after £ socks have been
drawn. Then E L, = ’“(22+__1k) Here is a way to see this. Let X;; =1
if the +-th and j-th socks drawn are a pair, 0 otherwise. Then the

expected number of completed pairs after k£ draws is

k(k—1
E( 2 X’L’j): 2 EXij:z((zn—B)

1<i<j<k 1<i<j<k
since EX;; =1/(2n — 1) for all i and j.

We want to find a distributional limit for

{Lk _ ELk}Q"
nt/2 k=0
The problem can be solved in three ways, using

a) empirical process theory
b) diffusion limits of Markov chains
Cc) Martingale theory, integral operators
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It is easy to see that

(ki e .
—gnsz if =i+ 1

P(Lg41 =jlLg =1 =1 55 if j=i-1

O otherwise

\

Thus L, is a time inhomogeneous M.C.

By including time as a part of state space (enlarge state space), Y, =
(k, L) is a time homogeneous M.C. with the transition probability

2k if =41 l=k+1

an—z'
PiyGh) =\ onm  f i=i+11=k-1
0 otherwise

\

for0<2,7<2n, 0< Kk, [l <n.

What about transitions after 2n steps?

Stay at (2n,0) forever!
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Bernoulli Process

Let S ={0,1,---} and define the MC {Y,,n > 0} by Yo = 0 and

IED(Yvn—l—l =1+ 1|Yn =1) = p, IPD(Yvn—l—l — Z|Yn =i)=1-p

with O < p < 1, for all n > 0. One may think of Y, as the number
of heads in n tosses of a coin (hence as a sum of Bernoulli's). For
fixed n, Y, ~ Bi(n,p). It is clear that

P(Vign =jYm=0) = (. )P (1-p)" I+, o<j-i<n

Viewed as a MC, Y,, is not a very interesting process. However, we
can compact the state space into SM = {0,1,.--- , M} and define
X, =Y, modulo M. Is X,, a MC on SM?
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Markov’s other chain (1910)

We follow the book of Grimmett and Stirzaker (2001). Let Y7,Y3,Ys, -

be a sequence of i.i.d r.v's such that
P(Yop41 = —-1) =P(Yop41=1)=1/2, k=0,1,2,---,

and define Yo, — Yorp—1Yoy41, for K —1,2,---. Then Y5,Yy,--- is a
sequence of i.i.d r.v's with the same distribution as Y7. The entire
sequence Y,, n > 1 is pairwise independent and

pii(n) =PV qn =34Ym =14)=1/2 forallnandi,j==1

Thus the CK-equations are satisfied. Is Y, n > 1 a Markov Chain?
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Classification of States

Def:. State j is accessible from state ¢, denote by 1 — 7, if Pi(j”) >0
for some n > 0. Two state ¢« and 5 communicate if 1 — 53 and 53 — 1,
l.e 1« 7.

Properties of the relation ¢ « j :
(i). i < 1 for all 3.

(ii). if 1 < j, then j < 1.

(iii). If i< 5 and j < k, then i < k.

Pf of (iii): Using the Chapman-Kolmogorov equation. Details in
class.

e Two states ¢+ and 5 are in the same class iff 1 < .
e State space S = UC)y, where Cy, are different (disjoint) classes.
Def: The M.C is irreducible if there is only one class.

Ex 4.9, 4.10
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The first visit distribution:
[0 = P(X1#4 Xno1 # 5, Xn = j|IXo = i) =P (R; = n|Xo = 1)
where R; = min{k > 1: X, = j} is the first time to visit j.
(0) _ (1) _
k —k

o PV =y00 0 f . PR for all n > 1.
The probability of ever return to u:

fi=fi = P(X,=iforsomen>1|Xg=1)=P(R; < oo|Xg=1)

Def. A state ¢ is recurrent if f; = 1 and transient if f; < 1.
Prop. 4.1: A state ¢ is recurrent (transient) iff

> Pi(q;n) = o0 (Z Pi(q;n) <°O)
n=1 n=1

® > >4 Pi(i") =K ( n=1 L(x,=i)|X0o = z) which is the mean number
of returns.
e Recurrent and transient are class property.
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Ex: 4.11, 4.12: Determine the recurrent state.

Ex: 4.13 (Simple Symmetric Random Walk in Z%): The walk
IS at each transition equally likely to take one step to one of its 2d
neighbors, i.e.

1 d

Plivin, i) Gz g = 5 T kZ_:1 i, — gkl = 1.

Then the walk is recurrent for d = 1,2 and transient for d > 3.

Def: The period of a state ¢ is given by
d(i7) = g.c.d {n > 1 Pi(i”) > O}
where g.c.d means the great common divisor.

e The period is a class property, i.e. if i < 7, then d(7) = d(j).

Simple Random Walk in Zl: The one step transition probability
is P; ;41 =pand P;;,_1 =q with p4+¢=1. The period d(i) = 2 for
all 1 € Z.

Def: A M.C is aperiodic if d(1) =1 for all : € S.
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Def: A recurrent state ¢ is positive recurrent if m; < oo, and null
recurrent if m; = oo, where

o
m; =E(R;j|Xo=1) = Y n-P(R;=n|Xg=1)
n=1
o0
_ (n)
— Z” iz’n
n=1

is the mean first return time.
e Both positive recurrent and null recurrent are class property.
e For a finite state M.C, all recurrent states are positive recurrent.

eAfter each visit of state 4, the first return time T;; = min{k > 1 :
X, = i|Xg = ¢} back to state ¢ is independent of the first return
times after any of the other visits to the state (follows from the
Markov property).

Def. Positive recurrent, aperiodic states are called ergodic.
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Fundamental Theorem of Markov Chain

For an irreducible, ergodic (positive recurrent, aperiodic) Markov
Chain,

im PYY = lim P(Xn = j| Xo = 1)

n—oo n—oo

exists and is independent of . Furthermore, letting

;= lim P = lim P(X, = j|Xo=1i)

n—aoeo

then T is the unique non-negative solution of
oo o
T = Zﬂ-ipija 7 > 0, with Z 7Tj:1.
i=0 7=0

e Suppose for some k£ > 1, Pig-k) > 0 for all 7,5 in state space, then
the MC is irreducible and ergodic, and hence T exists with T > 0.

e The equation w; = Y22, P;; - m; follows from P(X,, 41 = j|Xo =
k) =22 o P(Xp41 = j|Xn = 1) -P(Xn =14)|Xo = k) by taking n — oo.

Similarly, 3?020 Pig-”) = 1 follows from Z?;O m; = 1.
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e [ he probability that the process is in state 5 after a long time:

e The long run mean proportion of time the process is in state j (or
visit j):

—|1n(’“)—|'E1n =i
7T=7_'nI—>mooﬁ Z F n|—>moo E Z 1{Xk:j}|XO_Z

k=0
1 n
= JmE |- > lix,—j

This is the simplest illustration of the ergodic principle: Time aver-
ages equal space averages.

e 7; is the stationary distribution (probabilities), also called equi-
librium distribution, since if P(X, = j) = m; for all j € S, then for
n > k + 1 via induction

oo O
P(Xpn=j)= )Y P(Xn=j|X,_1=1) P(Xp_1=1) = > Py -m=m;

It is also clear that #P"™ = .
eAn irreducible MC has a stationary distribution iff MC is positive
recurrent.
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e m; = 1/m; where m; is the mean time of the first return. Note

that it is easy to see nm; - m; = n for large n.

e In the matrix form,

m1 T2 T3
T T2 T3
T T2 T3

P" —

and 7 = 7-P with # = (&1, 7, ---). In fact, proof of the fundamental
Thm of M.C is based on the fact that the maximum value of any
given column of P" is decreasing, the minimum value of any column
of P™ is increasing and the difference is going to zero as n — oo.

eThe equation # = «P is often called the (global) balance condition
since we can write it as

Y miPj; => mP;, i.e. balance of proability flows.
i i

That is, for each state j, the probability of enter 5 is the same as
the probability of leaving j.
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e If the one step transition matrix P is a doubly gtochastlc matrix,
i.e Z,‘L_l = 1 for all 5 € S, in addition to ZL ‘1 P 1 for all
1 €5, then m; = 1/|S]| for |S| < 0.

eIn general, the balance (or equilibrium) equations are solved up to
a constant factor. The factor is determined by the normalization
condition ) ;m; = 1. For calculation by a computer, its often more
convenient to use the solution

r=e- (P+E-1)"1
1 1 ... 1
wheree = (1,1,---,1))and E=|: : ... :|. Note that it can be
_]_ 1 ... ]__
shown that the inhomogeneous equation #(P + E —I) = e has a

unique solution which automatically satisfies both the balance and
the normalization condition.

EXx: A model of class mobility.

1—p 1—p p°
Ex: Consider transition matrix P=|1—p 1—p p?| with 0 <p<

0 1—-p p|

1—p)2 1
L. Then = = (;5, 55 12505 1 p(l p>)
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King’s Problem

The chess king, starting from the center cell in a 3 x 3 chessboard,
moves freely and equally likely in each step. What is the approximate
probability that the chess king is in the upper-right cell after one
million steps?

N
W

o &
~N| O
ool o

[ —
N
[

N
)
N

[
N
=

0 1/2 1/2
P=|1/3 0 2/3
1/5 2/5 2/5
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Key ideas in solving King’'s Problem:

e Reduction on the number of states by suing symmetry. For the
reduced M.C, mg = 1/5,7m = 3/10,m = 1/2 by solving 11 - P = 11,

e Stationary distribution can be seen via the proportion of out or in
for a given cell, 3 for type 1, 5 for type 2 and 8 for type 0. Thus the
total 4 x3+4x54+1x8 =40 and the probability in the upper-right
corner is 3/40.

e Both the original and the reduced M.C are time reversible M.C.

Hence the probability can be found easily by solving m;FP;; = 7;Pj;
for all 2,7 € S and } ;cgm = 1.
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Two by Two Case

Consider

_11l—-a a | _ 1_ |11 a 1 0 1 b a
P_[ b 1—b]_VAV _[1 —b]'[o 1—a,—b]'a+b[1 —1]

1 a| |1 0 1 b a
1 = |10 —a—0)"| a+b|1l —1
1 [b+a(l—a—=5)" a—a(l—a—0b)"
a+b|b—b(1l—a—-0)" a+b(l—-—a—-0b)"
. 1 -b a _I_(l—a—b)n a —a
 a+b|boa a+b |-b b

and dueto |[l—a—b| <1

b -l

Thus

P"=VAW!

a+blb a T T
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Random Walk with Retaining Barrier

Consider a random walk on the non-negative integers with a retain-
ing barrier at 0. The transition probabilities are

Poo = ¢, P’i,i—|—1 — b, for i > 0, Pi,i—]. — g, fors > 1,

where p4+q¢=1, 0<p<1l. Let p=p/q.
(a). If p > 1, then the MC is transient.

(b). If p < 1, then the MC is ergodic with stationary distribution
m; = p (1 —p).

(c). p=1, then the solution to # = 7P is m; = ¢ and thus the MC
is null recurrent.

58



Ex: “Up” and “Down” in a Production.

Rate enter 5 from ¢ = nImeP(Xn+1 =4, Xn=1)

7T,LPZ]

and

Rate of breakdown
lim P(Xn—l—l c A X, € A)

n—aoo

= 1im 3 3 P(X,q1 =j, Xn =)
i€A jEAC
= > > TPy
i€A jEAC
e Reduction of a M.C to only two states, “Up” and “Down".

Ex: The Hardy-Weinberg Law and a M.C. in Genetics.
Ex: A Model for Algorithmic Efficiency.
Ex: A Probabilistic Algorithmic for the Satisfiability.

EXx: The Keg Index and a Mathematical Theory of Drunken-
ness. Ref: Mathematical Intelligencer, 24, No 3, 34-36, (2002).
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