Applications and Extensions

e Sampling a Poisson process

e An Infinite Server Queue

e Minimizing the Number of Encounters

e Tracking the Number of SARS Infections

e Nonhomogeneous Poisson Process

e The Output Process of the M/G/oco Queue

e Compound Poisson Process

e Busy Periods in Single-Server Poisson Arrival Queues

e [ he Coupon Collecting Problem
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Second Proof of Equivalence of various definitions

Pf 2: Generating function (Laplace transform) approach. Consider
g(t,u) = E exp(—uN(t)), t,u > 0. Then a differential equation in ¢
can be obtained by finding infinitesimal changes:

gu(t+h) = g(t+h,u) =E exp(—uN(t + h))
= E exp(—uN(t)) -E exp(—u(N({t+ h) — N(t)))
= gu(t) - E exp(—uN(h))
for h > 0 and

E exp(—uN(h)) P(N(h) =0) + e "P(N(h) = 1) + o(h)
14+ Xe ™ —1)h+ o(h).
Similar result can be obtained for h < 0, t+ h > 0 and we obtain

gu(t) = fim SEER =IO _ g a0,

Thus g(t,u) = exp(At(e™™ — 1)) which is the generating function in
u Of a Poisson r.v. with mean At.

eNoOte the roles of v and t.
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Thinning of a Poisson Process

Suppose that N(t) is a Poisson process with rate A and that each
event can be classified as type ¢ with probability p;, > p; = 1 inde-
pendent of all other events.

Let N;(t) be the number of type i events that have occurred up to
time t. Then N;(t), 1 = 1,---m are independent Poisson processes
having rates p;\, respectively.

Outline of Proof: First compute that joint distribution function of
(N1(t),---,Nm(t)) by conditioning on N(t). Then show N;(t) are
processes with independent increments.

eSuperposition of Poisson processes Let N;(t) be independent Pois-
son processes with rates )\;, respectively. Then N(t) := > N;(t) is a
Poisson processes with rate A = > \;.
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eDoes a Poisson process with rate A > 0 have a stationary distribu-
tion? If so, find it. If not, explain why it does not.

e A hitchhiker approaches a major interstate at a certain place and
time of day where vehicles are known to pass according to a Poisson
process with a rate of 200 cars per hour.

(a) If each car here will pick up the hitchhiker with probability 0.05,
what is the hitchhiker's expected waiting time?

(b) What is the expected number of cars that will pass the hitch-
hiker before he/she is picked up?

(c) Now suppose that 1 in 100 cars that pass this point are highway
patrol cars and if each patrol car will stop to question/warn/ticket
the hitchhiker with probability 0.7, what is the probability that the
hitchhiker will get a ride before being bothered by the highway pa-
trol?
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Exer. 5.44 Cars pass a certain street location according to a Pois-
son process with rate A\. A woman who wants to cross the street
at that location waits until she can see that no cars will come by in
the next T time units.

(a) Find the probability that her waiting time is zero. Ans: e A
(b) Find her expected waiting time.

Hint: Condition on the time of the first car.

Sol: Let W denote the waiting time and let S denote the time until
the first car. Then

EW

>° A
/OE(W|S=t]-)\e_ tat

T A\ o0 At
= /O E(W|S=1t) A" tdt—l—/T E(W|S = t) - Ae Mdt

T
— /O (t+EW) - Ae Mdi4-77

Hence, EW =77
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Exer. 5.49 Events occur according to a Poisson process with rate
A. Each time an event occurs, we must decide whether or not to
stop, with our objective being to stop at the last event to occur
prior to some specified time T, where T > 1/X. That is, if an event
occurs at time t, 0 < t < 7T, and we decide to stop, then we win
if there are no additional events by time 7T, and we |lose otherwise.
If we do not stop when an event occurs and no additional events
occur by time T, then we lose. Also, if no events occur by time T,
then we lose. Consider the strategy that stops at the first event to
occur after some fixed time s, 0 <s<T.

(a) Using this strategy, what is the probability of winning?

(b) What value of s maximizes the probability of winning?

(c) Show that one’s probability of winning when using this strategy
with the value of s you specified in part (b) is 1/e.
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EXAM II, Spring 2008

1. (10 pts). Three individuals, A, B and C, all require Kidney
transplants. If she does not receive a new Kidney, then A will die
after an exponential time with rate u4, and B after an exponential
time with rate pp, C' after an exponential time with rate puo. New
kidney arrive in accordance with a Poisson process having rate A. It
has been decided that A is the first in line to receive a kidney (if A
is still alive) and B is the second and C is the third. What is the
probability that C obtains a new kKidney?

2. (24 pts). Let 57, S5, --- be the waiting time in a Poisson process
{N(t),t > 0} of rate A\. Determine the following:
(a). P(N(t) = 0).
(b). P(N(t) =0, N(2t) =1).
(c). P(N(t) =2|N(t+1) =2).
(d). P(N(t+1) =4|N() = 2).
(e). E(N({t+1)|N(t) = 2).
(f). P(S1 >t|N(2t) = 3).
(9). E(S3|N(t) = 1).
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(h). E(S>|S4 =5).

(i). E(S1+ S2+ S3).

(). P(Sn(y+1 > | S1=t+ 2z) for > 0.
(k). P(SN(t)+1 > 2t).

(). E(S15253|N(t) = 3).

3. (16 pts). A small barbershop, operated by a single barber, has
room for at most two customers. Potential customers arrive at
a Poisson rate of two per hour. The successive service times are
independent exponential random variables with rate two per hour if
there is only one customer in the shop, and with rate three per hour
if there are two customers in the shop. What is the proportion of
potential customers that enter the shop?
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Continuous-Time Markov Chains

Def: A continuous-time stochastic process

{X(t),t > 0}, taking on values in the set of nonnegative integers, is
a continuous-time Markov chain if for all s,t > 0 and nonnegative
integers 4,4, z(u), 0 <wu < s,

P{X(t+ s) J1X(s) =14, X(u) =x(u),0 <u< s}
P{X(t+s) =j|X(s) =1}

In other words, a continuous-time Markov chain is a stochastic pro-
cess having the Markovian property that the conditional distribu-
tion of the future X(t 4+ s) given the present X (s) and the past

X(u),0 <wu < s, depends only on the present and is independent of
the past. If, in addition,

Pi(t) = P{X(t+ s) = j|X(s) =i}
IS independent of s, then the continuous-time Markov chain is said
to have stationary or homogeneous transition probabilities.

e Compare with discrete time M.C.

HW: Ch 6: 9th edition [8th](7th) . 2%, 4%, 13, 14, 19%, 24* 30,
31,
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If we let T; denote the amount of time that the process stays in
state ¢ before making a transition into a different state, then

P{TZ > s+ t|Ti > 8} = P{TZ > t}

for all s,t > 0. Hence, the random variable T; is memoryless and
must thus be exponentially distributed.

In fact, the above gives us another way of defining a continuous-
time Markov chain. Namely, it is a stochastic process having the
properties that each time it enters state 1

(i). the amount of time it spends in that state before making
a transition into a different state is exponentially distributed with
mean, say, 1/v;, and

(ii). when the process leaves state 4, it next enters state j with
some probability, say, P;j. Of course, the P;; must satisfy

P, =0, all i
Zpij:]., all 1
J
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In other words, a continuous-time Markov chain is a stochastic pro-
cess that moves from state to state in accordance with a (discrete-
time) Markov chain, but is such that the amount of time it spends
in each state, before proceeding to the next state, is exponentially
distributed. In addition, the amount of time the process spends in
state ¢, and the next state visited, must be independent random
variables. For if the next state visited were dependent on T;, then
information as to how long the process has already been in state
1 would be relevant to the prediction of the next state—and this
contradicts the Markovian assumption.
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EX. (A Shoeshine Shop): Consider a shoeshine establishment con-
sisting of two chairs—chair 1 and chair 2. A customer upon arrival
goes initially to chair 1 where his shoes are cleaned and polish is
applied. After this is done the customer moves on to chair 2 where
the polish is buffed. The service times at the two chairs are as-
sumed to be independent random variables which are exponentially
distributed with respective rates pu; and uo. Suppose that potential
customers arrive in accordance with a Poisson process having rate
A, and that a potential customer will only enter the system if both
chairs are empty.
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The preceding model can be analyzed as a continuous-time Markov
chain, but first we must decide upon an appropriate state space.
Since a potential customer will enter the system only if there are
no other customers present, it follows that there will always either
be O or 1 customer in the system. However, if there is 1 customer
in the system, then we would also need to know which chair he
was presently in. Hence, an appropriate state space might consist
of the three states O, 1, and 2 where the states have the following
interpretation:

State Interpretation
O system is empty
1 a customer is in chair 1
2 a customer is in chair 2

It is easy to verify that

Vo= A, U1
Py = P12

M1, U2 — U,
Pog = 1.
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Birth and Death Processes

Consider a system whose state at any time is represented by the
number of people in the system at that time. Suppose that when-
ever there are n people in the system, then

(i) new arrivals enter the system at an exponential rate \,, and
(ii) people leave the system at an exponential rate uy,.

That is, whenever there are n persons in the system, then the time
until the next arrival is exponentially distributed with mean 1/, and
IS independent of the time until the next departure which is itself
exponentially distributed with mean 1/u,. Such a system is called
a birth and death process. The parameters {Ap}>2 5 and {pun}tolq
are called respectively the arrival (or birth) and departure (or death)
rates.
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Thus, a birth and death process is a continuous-time Markov chain
with states {0, 1, ...} For which transitions from state n may go only
to either state n — 1 or state n+ 1. The relationships between the
birth and death rates and the state transition rates and probabilities
are

UO - >‘O7
v = At >0
Po1 = 1,
A\ ,
/ 7
[y :
P14 = : 1 >0
e Aj T i

EX. (The Poisson Process): Consider a birth and death process for
which

un = 0, forall n>0

An = A, forall n>0

This is a process in which departures never occur, and the time
between successive arrivals is exponential with mean 1/\. Hence,
this is just the Poisson process.
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Def: A birth and death process for which u, = 0 for all n is called
a pure birth process.

Ex. (A Birth Process with Linear Birth Rate): Consider a popu-
lation whose members can give birth to new members but cannot
die. If each member acts independently of the others and takes an
exponentially distributed amount of time, with mean 1/X, to give
birth, then if X (¢) is the population size at time ¢, then X(t),t >0
IS a pure birth process with A\, = n\,n > 0. This follows since if the
population consists of n persons and each gives birth at an expo-
nential rate A\, then the total rate at which births occur is nA. This
pure birth process is known as a Yule process after G. Yule who
used it in his mathematical theory of evolution.
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Ex. (A Linear Growth Model with Immigration): A model which

Hn = N, n=>1

An=nA+6, n>0
is called a linear growth process with immigration. Such processes
occur naturally in the study of biological reproduction and popula-
tion growth. Each individual in the population is assumed to give
birth at an exponential rate \; in addition, there is an exponential
rate of increase 6 of the population due to an external source such
as immigration. Hence, the total birth rate where there are n per-
sons in the system is nA + 0. Deaths are assumed to occur at an
exponential rate u for each member of the population, and hence

Ex. (The Queueing System M/M/1): Suppose that customers
arrive at a single-server service station in accordance with a Poisson
process having rate A. That is, the times between successive arrivals
are independent exponential random variables having mean 1/\.
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Upon arrival, each customer goes directly into service if the server
is free; if not, then the customer joins the queue (that is, he waits
in line). When the server finishes serving a customer, the customer
leaves the system and the next customer in line, if there are any wait-
ing, enters the service. The successive service times are assumed
to be independent exponential random variables having mean 1/pu.

The preceding is known as the M/M//1 queueing system. The first
M refers to the fact that the interarrival process is Markovian (since
it is a Poisson process) and the second to the fact that the service
distribution is exponential (and, hence, Markovian). The 1 refers to
the fact that there is a single server.

If we let X(¢t) denote the number in the system at time t then
X(t),t > 0 is a birth and death process with

Hn — [, n21
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Ex. (A Multiserver Exponential Queueing System): Consider an
exponential queueing system in which there are s servers available.
An entering customer first waits in line and then goes to the first
free server. This is a birth and death process with parameters

{n,u, 1<n<s
Hn =

Su, n>s
An = A, n >0

To see why this is true, reason as follows: If there are n customers in
the system, where n < s, then n servers will be busy. Since each of
these servers works at a rate u, the total departure rate will be npu.
On the other hand, if there are n customers in the system, where
n > S, then all s of the servers will be busy, and thus the total
departure rate will be su. This is known as an M/M/s queueing
model (why?).
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Basic Properties for P;;(t)
Let ¢;; = v; P;; be the instantaneous transition rates.

e It holds that
P;(h) =1 —-vh+o(h), P;j(h) =gq;h+o(h), iFj
e Chapman-Kolmogorov equations: For all s > 0, t > O,

Pij(t+s) = > Pip(t)Pyi(s).
k=0

e [ he Kolmogorov's forward equations

@)
Pi(t) = > qijPu(t) —v;Py(t), 4,5 >0.
k#j
e [ he Kolmogorov's backward equations

o0
Pi(t) = Y qipPr;(t) — v Py(t), 4,5 >0.
ki
In particular, for pure birth process,

P (t) = APy ;(t) — NPy (t), 4,5 > 0.
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Limiting Probabilities for Continuous-time MC

For an irreducible, positive recurrent continuous-time Markov Chain
X(t),t > 0 with parameters v;, PZ] and q;j = Vipijv

lim Pz-j(t) = Iim P(X({t+s)=j|X(s) =1)

t—o00 t—o00
exists and is independent of 7. Furthermore, letting

Py = Jim, Py(0

then Pj is the unigue non-negative solution of

oo
viPj = Y qyiPs, j§>0
=y
with

©.
> Pj=1.
j=0

e [ he equation follows from the set of forward equations

©.@)
Pi(t) = Y qujPx(t) —viPy(t) >0
k#j
by taking t — oo.
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° Pj is the probability that the process is in state 5 after a long time.

° Pj IS the long run proportion of time that the process is in state

4 (or visit 7).

e P; is the stationary distribution (probabilities).

e v; is the rate of leaving j given the process is in j.
° z/ij IS the rate at which the process leaves j.

e q;; = v;P;; is the instantaneous transition rates and determines the
MC since

Vi = ) dij, Py = qfij/ZQij-
J J

e It holds that

1 — P.:(h P.:(h
lim ii(f2) =v;, lim ()
h—0 h h—0 h
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Embedded Chain and Time Reversibility

Consider the an ergodic continuous-time MC {X(t)} with parame-

ters v; and P;;, and its embedded M.C. Y, with P;;. Let m; be the

limiting probabilities for Y, i.e.
T, = ZW]PJZ, for all Z',Zﬂ'i = 1.
j i
Then P; should be in proportion to =;/v;. Thus

i/ V;

P — |
LT/

e X (t) is time reversible if and only if Y}, is time reversible.
e X (t) is time reversible if and only if P,q;; = P;q;; for all 4, ;.
e An ergodic birth and death process is time reversible.

o If there exist x; > 0, > x; = 1, such that

Tiqi; = Tjqji, Vi F J,
then the continuous-time Markov chain is time reversible and z; =
P;. This provides a way to find PB;.
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HW 13. A small barbershop, operated by a single barber, has room
for at most two customers. Potential customers arrive at a Poisson
rate of three per hour, and the successive service times are inde-
pendent exponential random variables with mean % hour. What is
(a) the average number of customers in the shop?

(b) the proportion of potential customers that enter the shop?

(c) If the barber could work twice as fast, how many more business
would he do?

Sol: We use three states 0, 1, and 2, representing number of cus-
tomers in the shop. Then

)\023, A1 =3, Ao =0
po=0, wpu1=4, pp=4
and hence vg =3, v1 =7, v = 4,

Po1 =1, P12=3/7 Pig=4/7, P =1

We can find Pp = 38, P = 33, P, = 2.

(a) the average numberis 0-Pg+1-Py+2- P, = 39.
(b). Po+ Py =55 ~0.7568.

(c) We have ,Ul = pp = 8 and Py + P; = 5% ~ 0.9072, about an
additional 15%. Note that if we hire one more person, then u; = 4,
p2 = 8.
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HW 14. Potential customers arrive at a full-service, one-pump gas
station at a Poisson rate of 20 cars per hour. However, customers
will only enter the station for gas if there are no more than two
cars (including the one currently being attended to) at the pump.
Suppose the amount of time required to service a car is exponentially
distributed with a mean of five minutes.

(a) What fraction of the attendant’s time will be spent servicing
cars?

(b) What fraction of potential customers are lost?

Sol: We use four states O, 1, 2, and 3, representing number of cars
in the station. Then

Ao =20, A =20, X =20, A3=0
po=0, w1 =12, pop=12, puz=12.

- 27 — 45 _— (5 _— 125
Wecan f|nd Po_ﬁ’ Pl—m, PQ—m, P3—m

(@). P+ P, +p3=1- Py =333 ~ 0.9007.

(b). P3 =323 ~ 0.4596.

N

N
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eFor a time-homogeneous Markov process X (¢),t > 0, the subse-
quence X (0),X(2¢),X(3e),--- forms a Markov chain for any € > 0
fixed. What is its transition matrix?

e(Q-matrix:

P —P
im -t —-0 —
t—0 t

Q

oV = G

eP/l;—0 = Q and P/ = P,Q and P/ = QP;. The equations are called
the (Kolmogorov) forward and backward equations (respectively).

eJust like ' = cy has a solution y = ype, the Kolmogorov equation
has the solution P, = e¥t where the exponential of a matrix is defined
to be

o0 Ak

k!

EZA:

k=0

e F; is a semigroup and @ is the generator.
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Semigroup and Infinitesimal Generator

A simple example: Define for t > 0O,

r—t ifox>t
Ti(x) =< z4+t ifx < —t
0 if x| <t

Then T is a semigroup on R with generator
xr

A(x) = —sgn(z) = ——

]

Pf: Write Ti(z) = sgn(z)(|z| — )T, To(z) = «.

eln physics, one-parameter groups describe dynamical systems, see
Zeidler, E. Applied Functional Analysis: Main Principles and Their
Applications. Springer-Verlag, 1995.

eSemigroup methods in partial differential equations: Semigroup
theory can be used to study some problems in the study of partial
differential equations. Roughly speaking, the semigroup approach
IS to regard a time-dependent partial differential equation as an
ordinary differential equation on a function space.
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Uniformization Method

Let N(t) be the number of state transitions by time ¢t. Suppose that
v; = v for all states i. Then {N(t),t > 0} is a Poisson process with
rate v, and

Pij(t) = P(X() =j|X(0) =1)

= 3 P(X(t) = j| X(0) =i, N(t) = n)

n=0

BN() = n| X(0) = i)
— ZP(”) e

n!
where
(n) =P(Yn=1j|Yo=1)
for the embedded Chaln (Yn, P;;) with P; = 0.

e [ he above formula is useful from computation point of view via
approximation by partial sum.

e What about v; £ v for all i but v; < v for all i? (Special case to
general case).
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We can think the chain with v; < v for all + spends an exponential
amount of time with rate v in state ¢+ and then makes a transition

to 5 with probability P;"; where

. 11— ifj=i
u Vip.. if 4 ;
Ry J 7= i
Hence we obtain

n!

— p(n)
n=0
where pi§<n) = P(Un = j| Up = i) for the uniformized Chain (Un, P};).

e \We introduced transitions from a state to itself.
e \We need the following fact: If ¢; are i.i.d expo(v) and

( I/’L
61-|-€2 W.p. (].—ﬁ 1

v v

e1+ex+--+en wp. (1-%)n-1. U

1

v

\

then TF ~ expo(v;).
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Pf: Note that given i.i.d e; ~ expo(v), 7 > 1,

n ANn—1 :
j=1

174 174

Then for any A > 0, the Laplace transform

o0 n . -1 .
Ee_)\Tz’* = [E Z 6—)\23-:163'. (]__ﬁ)n ﬁ
=1 1% 1%
. 0 1 n
_ 4 Z (1_ﬂ)n .Ee—/\Z]—leg
v 1 1%
oo n_]_ n
S E T e
n=1 =1
I )
v =1 v A+ v
) o0 n—1
. V; v —
A4 2 ()\—I—z/>
n=1
_ Vi
Ay
where
©.@)
Ee—)\ej — e—)\x Ve VT oy — v
0 A+ v
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