S10.2-10:
Sol: (a). The result follows from

Cov( X -Y, X+Y)
E(X-Y)(X+Y))—(E(X-Y)) (E(X+Y))
E(X°-Y?)—(EX-EY) - (EX4+EY)

E(X?) -E(?) - ((EX)? - (EY)?)

(E(X?) — (EX)?) — (E(Y?) — (EY)?)

Var(X) — Var(Y).

Note that independent assumption between X and Y is not used.

(b). We have
Cov(X, XY)

E(X?Y)-EX - -E(XY)
E(X?) - EY — (EX)?2-E(Y)
EY - (E(X?) - (EX)?)

E (Y)Var(X).

S10.2-12: Sol: The joint probability density function of X and Y

IS given by
1 2 2
fan={} oErs

0 otherwise
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Note that for -1 <z < 1,

V1-gz? 24/1 — 22

1
fX(iC) — 12 ;dyz -

and for —1 <y<1,
() = Vi-y? 1 241 -2
YRS = —\/1—y27rx_ 7y '
So X and Y are dependent because f(x,y) #= fx(z) - fy(y).

On the other hand, we have

IE(X)—// L dzd —/1 v e Ny = o
o 332+y2§1$ s = -1 —\/1—y27'(' v 4=

and similarly

E(Y)

1
// y - —dxdy = 0
r?4y?<1”

1
E(XY) = /L2+y2§1 xy - —dxdy = 0.

T
So Cov(X,Y)=E(XY)-E(X)-E(Y)=0and X and Y are uncor-

related.
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S10.3-2: Sol: Note that X and Y are independent random vari-
ables. This can also be shown directly by verifying the relation
flx,y) = fx(x)fy(y). Hence Cov(X,Y) = 0, and therefore p(X,Y) =
0. You can also compute EX, EY and E(XY), and find they all
equal to one. Hence Cov(X,Y) =EXY -EX -EY = 0.

R10-12: Sol: (a). Clearly,

X

fx(z) = /O e fdy =xze ", 0<x< oo,
o0

fy(y) = / e fder =e—y, O0<y<oo.
Yy

(b). We have that

E(X) = [ a2 %de=2 E()= | yeYdy=1
(X) , ¥e dz=2, ()Oyey,

© @) (©.@)
E(X?) = /O 3¢ Fdr =6, E(Y?) :/O y2e Ydy = 2.

Therefore, Var(X) =2 and Var(Y) = 1. Also
@) ©.@)
E(XY)=/ / xy - e Ydr | dy = 3.
y

0
Thus p(x,v) = 22U — 2
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Sol. of S11.5-2: For 1 < < 35, let X, be the score of the i-th
student selected at random. By the central limit theorem

P(460 < X < 540)

— P(a60 < 21T 2:5 T 235 _ 540

= P(16100 < X1 + Xo + - + X35 < 18900)
_ p(l6100-35-500 X3+ Xo+ -+ X5 18900 — 35500

< <
100v/35 100v/35 100v/35
~ P(—2.37 < Z < 2.37) = &((2.37) — (—2.37) = 0.9822.

Sol. of S11-R18: For 1 < < 20, let X; denote the outcome of
the i-th roll. We have

)

1 7 6 1 91
E(X;) = S =_, E(X?) = 2. ="
()2262 (1)721266
Thus Var(X;) = (91/6) — (7/2)? = 35/12, and hence
20
P(65 < ) X; <75)
1=1
65 — 70 220 X;i—70 _  75-70

,/35/12 \/_ \/35/12 - \/_ \/35/12 - \/_

P(—0.65 < Z < 0.65) = $(0.65) — ®(—0.65) = 0.4844.

&
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