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Abstract

Let {L¥; (z,t) € R! x Rl } denote the local time of Brownian
motion and

oy ::/ (LF)? da.

—00

Let n = N(0, 1) be independent of ;. For each fixed ¢

JENLET — L) do — 4Rt (6412
L A (5) Jan,

as h — 0. Equivalently

JELFT — L) de — 4t /6412

as t — oo.

1 Introduction

In [7] almost sure limits are obtained for the L” moduli of continuity
of local times of a very wide class of symmetric Lévy processes. For
Brownian motion the result is as follows: Let {L{; (z,t) € R' x R}
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denote the local time of Brownian motion. Then for all p > 1, and all

te Ry
b
lim
hl0 Ja

Lyth —r
Vh

for all a, b in the extended real line almost surely, and also in L™, m > 1.
(Here 7 is a normal random variable with mean zero and variance one.)
When p =2 and a = —o00, b = 0o we can write (LI]) in the form

¥4 b
de =2 E(nf") [ 717 da (1.1)

0o L:c—i—h — [*)2
lim ( t t)

im | ; de =4t  a. s. (1.2)

This result in (ILT]) uses the Eisenbaum Isomorphism Theorem, see e.g.
[6, Theorem 8.1.1], and is a consequence of a similar result for the
Ornstein—Uhlenbeck process, (the stationary Gaussian process {G(x),z €
R'}, with E(G(x) — G(y))? = 2(1 — e”l*=¥1)) which is that for all p > 1
lim/b Glz+h) — Glz) pdx:E|n|p(b—a) Va,be R' as.
h—0 Jq \/E
(1.3)

This is also obtained in [7], in which this question is considered for a
very large class of Gaussian processes. The right—hand side of (I3)) is
the expected value of the left-hand side. Consequently, (L3]) can be
thought of as a law of large numbers. In [8] we consider the central limit
theorem for the left-hand side of (L3). For the Ornstein—Uhlenbeck,
when p = 2, we get

- %Gz 4 h) — G(z))? dz — 2h(b — a) L

110 73/2 (16/3)"2(b —a)n. (1.4)

The argument involving the Eisenbaum Isomorphism Theorem that
is used in [7] to show that (L3]) implies (ILT]) does not work to show that
(C2) implies a similar result for the local times of Brownian motion. In
this paper we obtain a central limit theorem corresponding to (LL1]) by
considering moments of

/ (L — L) da, (1.5)

(An integral sign without limits is to be read as [ .)



Let
ap = /(L;;"’)2 dx (1.6)

and let n = N(0,1) be independent of a;. We have the following weak
convergence results.

Theorem 1.1 For each fized t

(L — L#)? do — 4ht

c
7572 = cy/ar n (1.7)
as h — 0, where ¢ = (64/3)"*.
Equivalently
J(LETY — L3 de — 4t
: t3/t4 = ey/ag n (1.8)
ast — o0.

The equivalence of (7)) and (L) follows from the scaling relationship
(L3 o5 (z,t) € R* x RV} £ {n 'L (2,8) e R* x R}, (1.9)

see e.g. [6l, Lemma 10.5.2], which implies that
/ (LEh — L2 de £ 13 / (LI — Lipe)? da. (1.10)

Using this, and (7)) with ¢ = 1, and the change of variables h? = 1/t
gives ([L.g)).
We show in Lemma B.1] that

E (/(Lf“ _ Iy dx) — 4t + O(£72). (1.11)
Consequently, (L8)) can be written as

S = Lf)?de — E(J(LP = LY)?dx)
t3/4( ) =cJoarn  (1.12)

A similar weak law holds for (L.7]).




In the proof of Theorem [T we use the following result which is of
independent interest: Let {Lf, L{; (z,t) € R' x RL} denote the local
times of two independent Brownian motions and let

Bsi = /Lﬁif dx (1.13)
denote their intersection local time.

Theorem 1.2 For each fixed s,t

L§+h-—_L§ _Zx+h___Zx dx ~
f( zé/; t) ii(? ﬁgi n (1‘14)

as h — 0, where C = (32/3)"/*. Consequently

S — L)Ly ™ — Lf) da
$3/4

5 C\/Bian (1.15)

ast — o0.

We were motivated to try to find a central limit theorem for [(L{™" —
L?)?dx by our interest in the expression

n 1 n

Hy= >, 1{5‘@-:53}—5 Y lgsi-si=1; (1.16)

i,j=1,i#] i,j=1,i#]

which appears as the Hamiltonian in a model for a polymer in a repulsive
medium, [4]. Here S :={S,; n=0,1,2,...} is a simple random walk on

Z'. Note that )

Ho=35 3 (- i’ (1.17)

zeZl

where [} = 37 | 115,—,} is the local time for S.

Theorems [L.1] and are proved by the method of moments. In
Section 2] we show that Theorem follows immediately from moment
estimates in Lemma 2.1l Lemma 2litself follows from Lemma 2.2 which
obtains the moments of an expression analogous to the one in Lemma 2]
except that the fixed time ¢ is replaced by independent exponential times.
Lemma is proved in Section @l Lemma 2] also requires Lemma 2.3
which allows us to use Laplace transform methods. Lemma [2.3]in proved
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in Section Bl In Section [3] we derive some estimates on the potential
densities of Brownian motion that are used throughout this paper. In
Section [6] we show that Theorem [l follows from Lemma [62], on the
moments of an expression analogous to the left hand side of (L), in
which ¢ is replaced by an independent exponential time. Lemma is
proved in Section [0 In Section [§ we obtain (ILITI).

The basic tool we use for studying moments of local times is Kac’s mo-
ment formula. We use exponential times to make Kac’s moment formula
manageable. Moments at exponential times correspond to the Laplace
transforms of the moments at fixed times. Since the left hand side of
(L7) has no obvious monotonicity properties, an important part of our
proof involves showing how to derive limit results for the moments of
(L) from limit results for their Laplace transforms.

An alternate approach to proving Theorems [T and would be to
use Tanaka’s formula and martingale methods; (see [I1, 12]). For the
results in this paper this would involve establishing results about the
differentiability of triple intersection local times, as is done in [9] for
ordinary intersection local times. We plan to return to this at a later
date.

Acknowledgment: We thank Andrew Poje for numerical integrations
which convinced us that the results in Theorem [[LT] were correct and
encouraged us to find a proof.

2 Proof of Theorem

We derive Theorem from the next lemma which is proved in this
section.

Lemma 2.1 For all s,t > 0 and all integers m > 0

b B ((f(L§+h — Ly)(Lit — L) dw)’”)

h—0 h3/2
(22:2!! %)nE{(/thdx)n} dm = (2.1)

0 otherwise.




Proof of Theorem It follows from [2] (6.12)] that

E { ( [y dx)"} < Cn((2n))V4, (2.2)

Therefore, the right-hand side of (Z1]), which is the 2n—th moment of

¢/ Bss 1 is less than or equal to C?,((2n)!)**. This implies that ¢,/Gs,

is determined by its moments; (see [3, p. 227-228]). Thus (IL.I4) follows
from [I, Theorem 30.2], which is often referred to as the method of mo-
ments. We then get (LI5) by using the scaling relationship, (L.9). m

The next two lemmas are used in the proof of Lemma 2.1 Lemma
is proved in Section ] and Lemma is proved in Section [l

Let A and 5\4/ be independent exponential times with means 1/¢ and
1/¢’ respectively.

Lemma 2.2 For each integer m > 0, and any (,(’ > 0,

| S = L)L = I )™
}1L1£1(1)E I =a, (2.3)

(2231' ( ) {(f s ae) | im=2n (2.4)

0 otherwise.

where
Ay, =

We write the statement of Lemma in the form

0o oo z+h _ 7x\(T2+h _ Tz m
hm/ / e—Cs—C’tE <<I(Ls Ls)(Lt Lt)dx> ) ds dt
0

h—0.Jo h3/2
—Cs ('t 32 zre g /2
_/ / E ( J ) dsdt.  (2.5)
For h > 0 let
Leth — pay([eth — L2y gg\ ™
Fy(s, t;m) ::E((f( : S;)lg/; 2 ) ) (2.6)
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and
392 ~ m/2
Fy(s,t;m) =FE {nm (;/Lfo da:) } . (2.7)

In this notation Lemma states that for any ¢, (' > 0

lim /OO /OO e Fy(s,t;m) ds dt = /OO /OO e~ Ry (s, t;m) ds dt.
h—0.Jo 0 0 0

(2.8)
(Note that Fy(s,t;m) =0 when m is odd.)

Lemma 2.3 For all integers m > 0, and 0 < h < 1, Fy(s,t;m) is a
non—negative, polynomially bounded, continuous increasing function of
(s,t).

Proof of Lemma [2.7] Tt follows from Lemma 23| that F,(s,t;m) is the
distribution function of a measure j, ., on Ri; ie.

Eistm) = [ [ it (1, 0). (2.9)

For any 0 < h < 1, consider
/ / =SSR (s, t:m) ds d. (2.10)
o Jo

Since Fy,(0,t;m) = Fj,(s,0;m) = 0, it follows from integrating by parts,
(in which we use Lemma [2.3)), that for all ¢, ' > 0,

CC//OOO/Oooe‘cs—c/ch(s,t;m)dsdt:/Ooofoooe‘cs—g,tduh’m(g,t), (2.11)

We see from (2.8) and (211 that for any ¢, ¢’ > 0,
lim/ / e g, (s, 1) :/ / e g (s, 1), (2.12)
r=0Jo Jo o Jo

It then follows from (2.12]) and the extended continuity theorem, [5]
Theorem 5.22] that p, ,m — fom- Using this and Lemma we see that

}llirr(l) Fi(s,t) = Fo(s,t), Vs, t, (2.13)

which gives (2.10). (Actually, [5, Theorem 5.22] is stated for probability
measures on Ri. The case of general measures on Ri can be derived as in
the proof of [3, XIII.1, Theorem 2a]. Unfortunately [3, XIII.1, Theorem
2a] only considers measures on R!. Its extension to R? is routine.)

O



3 Estimates for the potential density of
Brownian motion

The a-potential density of Brownian motion,
e—\/ﬁ|x|

u(x) = /OOO e “py(z)dt = T

Let A, be an independent exponential random variable with mean 1/cv.
Kac’s moment formula, [0, Theorem 3.10.1], states that

£ (H Lii) = > T u(@ni) = T2-1)) (3.2)
j=1 T j=1

(3.1)

where the sum runs over all permutations 7 of {1,...,n} and 7(0) = 0.
Let A" denote the finite difference operator on the variable z, i.e.
AL f(a) = flz+h) = f(x). (3.3)

We write A" for A" when the variable z is clear.

The next lemma collects some facts about u®(x) that are used in this
paper.
Lemma 3.1 Fiz o, >0. For0 < h <1,

APAPY (1 — ) o (17 gy O?),  (3.4)
u®(x — = — | = :
AP u(2)] < Chu®(x), (3.5)
IAPAThy (2)] < Chu®(x), (3.6)
IAPATM(2)] < CRPu(z), Vx| > h. (3.7)

In addition
/ (APA () (APAT u(2)) dr = (8/3+ 0K, (3.8)

/|x|>h (AhA_hua(x))2 dv = O(h4)> (39)
[1ara e @lar = o), .10
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In all these statements the constants C' and the terms O(h") may depend
on « and (3.

Proof Since

AZAZUQ(I — ) (3.11)
={u(@—y)—u@@—y-h)}; —A{u"(@—y+h) —u(z—-y)}
we have
ApAJu(z —y)| = {u(0) = u(=h)} — {u*(h) — u(0)}
- 1 — e~ V2ah
= 2(u*(0) —u*(h)) =2 (W) , (3.12)

which gives (3.4]).
To obtain (3.5) we note that

 w e—V2aleth| _ ,—V2alz|
AL u®(z) = T (3.13)
Therefore
—v2alz|
AP (z) = & N |ev2alel=ta+hl) g (3.14)
a

< eVl (|la] — |z + bl + O(l|z] - |z + hI[%)) |

which gives (3.3]), (since we allow C' to depend on «).
To obtain (B.6]) we note that

IAPATh Y (2)] = [2u¥(x) — u®(x + h) — u(z —h)| (3.15)
< |AMu(@)] + A" u(z = B,

and use (B.3]).

To obtain ([B.1) we simply note that when |z| > h,

APATh () = 2u%(z) —u(x 4+ h) — u®(z — h) (3.16)
u®(x) (2 — e V2ah _ emh) )
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The statement in (3.9) follows trivially from (3.7).
For (B.8) we note that for |z| < h

APAT O (2) (3.17)
=2u%(x) —u®(x + h) —u*(x — h)

= (u(0) —u(z + h)) + (u(0) — u®(z — h)) = 2(u”(0) — u(x))
= |z + h| + |z — | — 2|x| + O(h?).

Therefore when 0 < x < h, we have

A"AT M (z) =2+ h+h— 2 —20+ O(h?) = (2+ O(h))(h —z) (3.18)
and similarly for A"A="4f(x). Consequently

J " (ArATh (@) (APAT @) de = (4+O(h)) / "(h— )2 da

= (4/3+ O(Rh))h*. (3.19)

Similarly, when —h < 2z < 0 it follows from (B.I7) that

APATh (@) =h—2+ o+ h 420+ O(h?) = (2+O(h))(h+ ) (3.20)
and similarly for A"A="v#(x). Consequently

/_oh (AhA—huo‘(:L")) (AhA—huﬁ(;p)) de = (4+0O(h )/ (h+ )2
)h

= (4/3+0(h (3.21)

Using (3.19), (3.21) and (33) we get (3.8).
To obtain ([B.10) we write

/ ARAT ()] dy (3.22)
[ARAT u(y)] dy + [APAT u (y)| dy
ly|<h ly|=h
<ch [ 1dy+cw? / u*(y) dy = O(h?),
ly|<h ly|=h
where for the last line we use (8.6) and (B.1). 0
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4 Proof of Lemma 2.2

Let X, X, be two independent Brownian motions in R'. Let LZ, E;’f
denote their local times, and let A¢, A¢» be independent exponential times
of mean 1/(,1/¢’ respectively. Set

By = / L3, L dr. (4.1)

It follows from (B.2]), the Kac moment formula, that
E <H L3 LY ) =F <]‘[ L§2> E <H E%‘) (4.2)
i=1 ¢ i=1 i=1
= > [T v (@eg) = 2oy dr

™ j:l

x> T u (W) — Y-,

7 j=1

where the sums run over all permutations w and 7’ of {1,...,m}, 7(0) =
7'(0) = 0 and xy = 0. Consequently, by setting each y; equal to z; we

see that
E (( [, Iz, d:)s> > _E (]‘[ JE L dxi> (4.3)
i=1
/ (H U (a) = Tn(i1)
j=1

!

X H UC’(%’@ - xﬂ’(j—l))) H dx;.
j=1 i=1

T,

Similarly

E <1‘[1(L§§+h — L} )(Z%:h - E%; /)) (4.4)

_ <H A;‘iAZZ) E (H L3 E%/)

i=1 i=1 <

() o) )

i=1
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— (ﬁ AZ) zﬂ: ﬁ U (Zn(s) — Tr(j—1))

i=1 Jj=1

X <ﬁ AZZ) ;ﬁ[ — Yr'(j-1)-

i=1

Using the product rule for finite differences,
AMfg)(w) = (A" f(x)g(z + h) + f(x)Atg(x) (4.5)
we can write

( ) Zﬂ: ﬁ U (Tr() = Ta(j-1))

i=1

<( wm)al(j) (Agmil))@(ﬂ') um(zﬂ(j) - xw(j—l))) (4.6)

where the sum runs over 7 and all a = (ay,a2) : [1,...,m] — {0,1} x
{0, 1}, with the restriction that for each i there is exactly one factor of the
form A" . (Here we define (A" )% =1 and (A}) = 1.) In this formula,
usH () can take any of the values u(z), u¢(z + h) or us(x — h). (We
consider all three possibilities in the subsequent proofs.) It is important
to recognize that in (L6) each of the difference operators is applied to
only one of the terms uS#(-).

Using (4.6]) we see that if we set z; = y;, i = 0,...,m in (L4]) we get

E <( / (L5 = LI~ I ) dx) m) (4.7)
= /’T' x; w7, a,d)dr

where = = (z1,...,2,,) and

,a’) (4.8)
N a20) .

((Agcﬂ(j)) (Amﬂ(jq)) uC jj(xﬂ(j) o x“(j—l)))

ﬁ ((Azw'(m)ai(k) (AZW’(kfl))aé(k) UCI’ﬁ(%’(k) - Iﬂ’(k—l))> )
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and where the sum runs over all permutations = and 7’ of {1,... m}
and all a = (ay,a2) : [1,...,m] — {0,1} x {0,1} and o' = (a},d)) :
[1,...,m] — {0,1} x {0,1} with the restriction that for each i there is
exactly one factor of the form A’ in the second line of (8], and similarly

in the third line of (LS]).
Let

ﬁl(x; 7T7 7T,7 a7 a//)
m

- H <(Azﬂ(j))al(j) (Agw(jfl))@(j) uc(xﬂ(j) - xﬂ(j—l))) (4-9>

j=1
1 a1 (k) ah(k) o
B (0 4 )

The difference between (48] and (£.9) is that u®* is replaced by u¢ and
similarly for u¢#. To simplify the computations we first obtain

) 1
}LEI%)W > /’]71(1', m, 7w, a,a")dx (4.10)

w7 a,a’

and then explain why (£I0) is unchanged when 7}, is replaced by 7,/
Recall that A" f(u) = f(u+ h) — f(h) so that

APAT f(u—v) =2f(u—v) — flu—v—h) — flu—v+h). (411

Consequently
APArf(u— ) = APATf(u — ). (4.12)

We proceed to evaluate (AI0) based on the different ways the dif-
ference operators in (A9) are distributed. We examine these in three
subsections. The reader will see that the only limits in (£10), that are
not zero, come from the case considered in Subsection .11

Let e = (e(1),...,e(2n)) where e(2j) = (1,1), e(25 — 1) = (0,0),
j=1...n.

4.1 a=a = e and compatible permutations

Let m = 2n and let P = {(loi_1,0l2;), 1 < i < n} be a pairing of the
integers [1,2n]|. Let m and 7’ be two permutations of [1,2n] such that

13



foreach 1 < j <mn, {m(2j —1),7(25)} = {l2i_1,l2;} for some, necessarily
unique, 1 < i < n and similarly for 7', i.e. for each 1 < j <n, {7'(2j —
1),7'(25)} = {lok—1, lax} for some, necessarily unique, 1 < k < n. In this
case we say that m and n’ are compatible with the pairing P and write
this as (m,7") ~ P. (Note that {m(2j —1),7(27)} is not necessarily equal
to {n'(2j—1),7'(2j)}. Furthermore, when we write {m(2j —1),7(2j)} =
{lsi_1, 12} we mean as two sets, so, according to what 7 is, we may have
7T(2j — 1) = lgi_l, 7T(2]) = lgi or 7T(2j — 1) = 122', 7T(2j) = lgi_l. A similar
situation exist for 7’.) We write 7 ~ 7’ to mean that (m,7’) ~ P for
some pairing P. In this subsection we show that

Z/%iﬂ'ﬁeﬁ’ dej (4.13)

!

_ (22%)! <32h3>n {([ 5.1z, de) |+ 000,

In Subsections 4.2 and 3] we show that
2n
> ’/’]ﬁ(m, m,' a,d) ] dzj’ = O(R*Y).  (4.14)
mbm! O (a,a’)#(e,e) j=1

Together these estimates give (2.1]).
When 7 and 7’ are compatible it follows from (£9) and (£I2) that

Tn(z; m, 7' e, e) (4.15)
= [T (&A™ u (@nia) = rizj1))
j=1

X I1 u*(@r2j—1) — Tr(2j—2))
j:

ﬁ ( " CI (T (oky — In/(2k—1)))

=1

o

ucl(l}r'(%—n - Iw'(zk—2))-

X
=

e
I
—_

We would like to integrate Ty, (x; m, 7', e, e) with respect to x but this
is not easy because the variables

{Zr2j) = Trj—1) > Tar(25) — Tar2j—1) 5 J € [1,1]}

14



and
{$W(2j—1) — Tr(2§-2) » Tr/(2—1) — Tx/(25-2) » J € [1> n]}

are not independent. To get around this difficulty we first write

=TT (Yo =y 1203 + Lty 120) = D0 1, (416)
=1

AC[L,...,n]
where
DA = {|Il2i — 1’12i71| < h, 1€ A} N {|Il2i — 1’12i71| > h, 1€ AC} (417)

and use it to write

2n
/'E(m; m, ' ee) [ dz; (4.18)
j=1
n 2n
- /H ( {‘wlgl_ml2l 1<\/_}) 771(:(: T, 7T , €, € H dxj +E1h
i=1 e
where

Elh—Z/ Tn(z; w7 e, e dej (4.19)

AcFe
Let
w(z) = |APATmuc(2)]. (4.20)
We have
2n
/ T(z; w7’ e e) [[ du; (4.21)
Da i

U

X H U (Tar(ah-1) — Tar(ah—2)) W (T (2h) — Trr(2ho1) H dx;.

Let

D = {|wgj—1 — w20 < h, § <A} 0 {|w9jo1 — 22j—a| > h, j > |A]}
(4.22)

15



Applying the Cauchy-Schwarz inequality in (4.21]) to separate the terms
in 7 from the terms in 7/, and then relabeling, we get

2

‘/ Tn(z; m, 7' e, e Hd:vj
j=1
2n
< /5 IT (51 = 9j-2))? (W (wa; — w9;1))* ] da
j=1
n ) , 2n
% /5 TT (€ (a1 — woj-2))? (w® (wo; — 95-1))* [] da;
j=1

(wc(ip% dx?]) ( H /1{\x2gl>h} 5523‘))2 dz?j)

/ j=lAl+1
A
X( / (w (w27)) df@y) ( H| / Ljanizny (0 (227))? df@j)
Jj=|Al+1
< (O"h?’"*‘f“c‘)z, (4.23)

where the last inequality comes from (B.8) and ([B.9). Combining this
with (£19) we see that

|Ey ] = O(h*™ ). (4.24)
We now study

Bh(ﬂ' 7' e e) /H 1{|%Z —an,, |<h}) Tn(z; m, 7' e e H dz;.

7j=1

(4.25)

Recall that for each 1 < j <n, {n(2j —1),7(25)} = {l2i_1, l2;}, for some
1 < i < n. We identify these relationships by setting i = o(j) when

{m(25 — 1), 7(27)} = {l2i_1, lo; }. We write

[T v (zniej1) = Tr2j-2) (4.26)

j=1

n
h.
= H (ug(xba(j)fl - l’l2a(j71)71) + A Juc(zl2a(j)—1 - lea(j71)71)> )

=1
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where h; = (Tr(2j-1) —:Bl%(j)fl)jt(xl%(jfl)fl —Tr(2j—2))- Note that because
of the presence of the term [T}, (1{|xl2i —— \Sh}> in the integral in (4.25])
we need only be concerned with values of |h;| <2h, 1 < j <n.

Similarly we set i = 0’(j) when {7'(2j —1),7'(2j)} = {l2i-1, 2}, and
write

H UCI (xw’(2j—1) — LUW/(Qj_Q)) (427)

!

¢’ _ e _
(u (T = gy ) T AU (20,00 xlzo’(j—l)—l))

where ), = (T7(25-1) — 1'120/(]»),1) + (1’120,(],71)71 — Tw(2j—2)). As above we
need only be concerned with values of |h}| < 2h, 1 <j <n.

We substitute (£.26]) and (£.27) into the term 7y, (x; m, 7', e, €) in (A25])
and expand the products so that we can write By, (7, 7', €, €) as a sum of
many terms to get

2n

Eh(ﬂ',’ﬂ‘,’e e) = /H {Jty, ~1y, 1‘<h}) ’]}l(x w7, e e H dxj+ Es
j=1
(4.28)
where
To(x; w7 e e) = [TA"A ué (2, — 2y, ) (4.29)
i=1
X H ug(xlza(j)q - xlzg(jq)q)
j=1
H Ah " C xl2z xlziﬂ)
X H u (xl2o’(j)71 - xl2o’(j71)71>
j=1
and
Esyp= Y. Eypaun, (4.30)
AA'CIL,...n]
where

By paa = / TT (Ve oy 1<my)  TTAPAT 0 (2r00) = Tiajo)
i=1 Jj=1
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h.
X H uc(l’l%f(j)fl - lea(jfl)fl) H A JuC(lea(j)fl - l’l2a(j71)71)

JEA JEA®
n
x [T A"A™ "¢ (20 o) — Tar2r—1)) (4.31)
k=1
X H u’ (xIQU’(k:)—l - xl2o’(k—1)—1>
ke A’

2n
h/ !
X H A kuc (xl2o’(k)71 - IlZo”(kfl)fl) 1_[1 dxj’
]:

keA/C

and A° and A’® are not both empty.
Using (3.5]) we see that

|E2,h;A,A" < Cnh|AC|+\A’C\ / H (1{|1‘12i—xl2i,1|§h}) (432)
=1

H wc(xw@j) — Tn(2j-1)) H uc(xlzau)fl - Sczzg(j,l),l)
Pt Pt

x” (2k) — T’ (2k-1) H u’ IlZo’(k) 1 xlza(kq)q)dxj'
k=1

||::]:

Using the Cauchy-Schwarz inequality as in (£.23]), we see that
| By poaar| < ChEMHATHAT] (4.33)

It now follows from (£.30) that

By = O(h*™1). (4.34)
We now consider
2n
By(m, 7' e e) /H ISP |<h}) ’E(m w7, e, e H dz;.

7j=1

(4.35)
Using (£I8) and ([£24) we see that
By(m, 7 e e) /’Z}L x; m, e, e H dz; + O(R*"th). (4.36)
j=1

18



Using (4.29) we see that
_ 2n
/7;1(1" T, e, €) H d;
j=1
_ /H APAT G (2, — 2, ) (4.37)
i=1
x 1] uc(:):%(j)f1 = Tlyy;1y1)
j=1

H APATT C/ Il2i - xlm‘ﬂ)

n 2n
¢ — .
X H u (1720'(]‘)71 xl20’(j—1)—1) H dIZ'
j=1 i=1
We make the change of variables z;,, — x,, + 21, ,, ¢ = 1,...,n and

write this as

n

h h
[R1ECSIEND | EEEEE .

n 2n
NN _ ,
X H AAT (@15,) H xl2o’(j)71 xl2o’(j71)71> H dx;.
i=1 j=1 i=1
We now rearrange the integrals with respect to z;,,z,, ..., x, and

get
/ﬁ(:c, m, 7 e e) li_nll dr; = (/ (AhA—h uC(:c)) (AhA—h uC'(:c)) dx)n

n n
U
X / H uC(lea(j)fl - l‘lZU(j—l)fl) uC (xl2o-’(j)—1 - l’lZcr’(jfl)fl) H dxl%fl
j=1 =1
(4.38)

WIItING Yo(j) = Tiypijy_y Yo' (j) = Ty, and using B8)) we can write
this as

(4.39)

8h3(1 + O(h)))"

2n
/ﬂ(:c; m, ' ee) ] du; = (
=1 3
X / T v Wot) = Yoti—1) 1€ Wor(s) — Yo —1)) 11 i
j=1

1=1
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Considering (4.28)), (4.34) and (£39) we see that
2n 8h3

/’Z}L(:E; T, e e) H dr; = < ) /H us (Yolj) = Yo(j—1)) (4.40)
j=1

XU (Yor () — Yo' (j—1)) H dy; + O(h*" ).

i=1

In the first paragraph of this subsection we explain what we mean
by (m,7") ~ P, for a pairing P = {(l2i—1,l2),1 < i < n} of the
integers [1,2n] and permutations m, 7" of [1,2n]| that are compatible
with P. Obviously, there are many such pairs. There are 22" ways
we can interchange the two elements of each pair m(2j — 1), 7(25), and
7'(2j — 1),7'(27) without changing (Z40). Furthermore, by permuting
the pairs {m(2j — 1), 7(27)} we give rise to all possible permutations o of
[1,n], and similarly for 7. Consequently,

2n
> /’]71(1', m, 7 ee) [ dz;

(m,7")~P Jj=1
32h3 , n
< ) Z/ H U (Yotg) = Yoi-1) U (o) = Y1) I s
o,0’ i=1
+O(h3n+1)

— <32h3> {(/L Lt dx) }+O(h3"+1). (4.41)

Here the sum in the second line runs over all permutations o, ¢’ of
{1,...,n} and ¢(0) = ¢’(0) = 0. The final line of (@41 follows from the
Kac moment formula, (4.3).

Since there are (2n)!/(2"n!) pairings of the 2n elements {1,...,2n}

we obtain (Z.13).

In the next two subsections we obtain ([ZI4).

4.2 a = a = e without compatible permutations

Consider the multigraph G »» whose vertices consist of {1,...,2n} and
assign an edge between the vertices (25 — 1) and m(2j) for each j =
1,...,n and similarly between 7/(2j —1) and 7'(27) for each j = 1,...,n.
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Each vertex is connected to two edges, and it is possible to have two edges
between any two vertices ¢, j. Note that the connected components Cj,
j=1,...,k of G consist of cycles. (For example, in Subsection 1]
all the cycles are of order two.)

Let C; = {J1,...,Ji;j)} be written in cyclic order where I(j) = |C}].
Clearly Z;Ll [(j) = 2n. We show that when all the cycles are not of
order two, as they are in the case of compatible permutations considered
in Subsection [T, then

’/’E x; moe e H dx;| < Ch*" (4.42)

7j=1

Since we only need an upper bound, we take absolute values in the
integrand and get

2n
’/ﬂ(:c, m, ' ee) [ dz;
j=1

(4.43)

k
< / H (w(sz - le) o 'w(sz(j) - le(j)q)w(le - le(j)))
j=1
n
X JT w(@n@j-1) = Tr(2j-2) W(Tm2j-1) — Twr(2j-2) H dx;,
j=1

where we use the notation u(z) to denote either u¢(z) or u¢'(z), and w(x)
to denote either w(z) or w¢ (z). (w(z) is defined in (Z20).) Note that
we group the functions w according to the cycles.

For each j = 1,...,k we set y;, = z;, —xj, ,, i = 2,...,1(j),, and

note that 2.7 yjl = —(zj, — x5,,,). It is easy to see that the 2n — k
variables {y;, | j = Skii=2,...,1(j)} are linearly independent. We
then choose an additional k variables z;; 1l = 1,..., k from amongst the

variables {Zr(2j—1) — Tr(2j-2) s Tr/(2j-1) — Tr'(2j-2) ; 1 < j < n} so that
{y; 7 =1,...,k;i=2,...,l(j)} U{z|l =1,...,k} are linearly inde-
pendent and generate {x1,...,29,}. We make this change of variables
and use the fact that u(z) is bounded and integrable, followed by (B.6l)
and (B.10), to see that

(4.44)

2n
’/ﬂ(:c, T, ee) [] dz;
j=1
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(Note that the only dependence on ¢ and ¢’ is in the constant C'.)
Since Y°F_; 1(j) = 2n, we sce from ([Z4) that

‘/’]ﬁx T, e, e) dej

7j=1

< Ch™F = CR3 Rk (4.45)

It is easily seen that for non-compatible permutations we have k£ < n,
which proves (d.42]).

4.3 When a =a’ = e does not hold

We now consider all partitions = and 7’ when a = a’ = e does not hold.
Consider the basic formula (4.9). Since we only need an upper bound,
we take absolute values in the integrand as in (£43). Since a =d' =e
does not hold there are terms in which only one A" is applied to a u¢ or
ud’.

We use the notation v and w defined right after (£.43]). If there are
k < 2n factors of the type w, then there are 2(2n — k) factors of the type
A*hy. We use ([B.35) to pull out a factor of

p22n=k) (4.46)

from the basic formula ([A9), and are left with an integral like the one on
the right—hand side of (4.43]), except that there are k factors of the form
w which may be linked in chains as well as in cycles and there are 4n — k
factors of type u. We denote this integral by Jj,.

As in (4.43), we arrange the w factors into cycles and chains. We
then change variables and integrate the w factors. As in (£44) a cycle of
length [ gives a contribution that is bounded by Ch'*2(=1) = Ch?~1 In
addition, by (B.10), chain of length I’ gives a contribution that is bounded
by Ch? .
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If there are j cycles of lengths [(i), i = 1, ..., j and j’ chains of lengths
I'(i),i=1,...,7, we have

J j
Zl(z) + Zl/(i) =k. (4.47)
i=1 i=1
Therefore
Jo < ORCEL )=zl
< O (4.48)

Together with (4.40) this shows that

2n
| / Th(w; w7 a,d) [ doy] < ChA"=9 = ORI (4.49)

j=1

As in (4.45]) we see that

2n
‘/E(L m 7' a.d) [] du;| < CR*" (4.50)

j=1

We have established ({.13) when m is even. We now show that we
get the same estimates when u¢ and u¢ are replaced by ué* and u¢"t:
(see (L]) and (£9)).

The key observation that explains this is that in applying the product
formula ([&3), the only terms of the form u¢(x — y) that may have x
replaced by x + h are those to which A’ is not applied. Similarly y may
be replaced by y + h only if AZ is not applied to a term of the form
u*(z — y). Consequently, in evaluating ({I0) with 7 replaced by 7, we
still have A?A=ruf = APA~"u¢ and similarly for APA=" <t

It is easy to see that the presence of the terms in u¢* or A*uSt, or
in u¢"# or A% have no effect on the integrals that are O(h*"1/2) as
h — 0. (Le. the terms that are equal to 0 in (£I0).) This is because in
evaluating these expressions we either integrate over all of R! or else use
bounds that hold on all of R!.

They do have an effect on the terms for which the limit in (4.10) are
not zero. For example, instead of the right-hand side of (4.40), we now
have
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<8h3> /Hu (Yo i) = Yo(i-1) (4.51)

X ucl’ﬁ(ya’(j) - ya’(j—l)) H dy; + O(h3n+1)-
i=1

Suppose that u$* (Yo — Yo(i-1)) = U (Yoi) — Yo(i-1) £ k). We write this
term as

“C’ﬁ(yo(i)_ya(i—l)) = “C(yo(i)—yo(i—l))‘i‘AihuC(yg(i)—yo(i_l)) (4.52)

and similarly for u¢“f. Substituting these expressions into (&5I) and
using (3.3]) it is easy to see that (A.51]) is asymptotically equivalent to
the right-hand side of ([LI3) when m is even. (The error term may be
different). Thus we see that replacing u¢ and u¢ by u%* and u¢"* does
not change (4.1I0) when m is even.

It is rather obvious that the limit in (AI0) is zero when m is odd
because in this case we can not construct a graph with all cycles of order
2. The extension of this limit when u¢ and u¢ are replaced by u%* and
u¢"t follows as above. O

5 Proof of Lemma

For h = 0 it suffices to show that

Gols, ) = E{</L§Ef dz >"} (5.1)

is a non-negative, polynomially bounded continuous increasing function
of (s,t). The fact that Go(s,t) is a non-negative, increasing function of
(s,t) follows immediately from the fact that the local times L* and L?
have these properties.

To prove continuity we note that for all ||, |'| < ro, [ L%, L¥,, dx <
JLE, . Li,,, dv. Therefore continuity follows from the Dominated Con-
vergence Theorem and the continuity of local times once we show that
for all s,

/ LPL? da (5.2)
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has all moments. It follows from the Cauchy—Schwarz inequality, the
scaling relationship (I.9)), and (2.2), that

E{</ L7 de )n} (5.3)
g egerr)
S(st)3"/4E{( } { m d:c n/}

< O(st)3/4,

In addition to showing that (5.2) has all moments, this also shows that
Go(s,t) is a polynomially bounded function of (s, t).
We now consider F,(s,t) for h > 0. It suffices to show that

Gu(s,t) = E (( [z — (B - I) d:c)m) (5.4)

is a non-negative, polynomialy bounded, continuous increasing function
of (s,t).

Let W; denote Brownian motion and let f € S(R') be a positive
symmetric function supported on [—1, 1] with [ f(z)dx = 1. Set f.(x) =
f(z/e)/e and

L, = /0 F(W, — 2)dr. (5.5)

It follows from [0l Lemma 2.4.1] that

E (ﬁ(Lf;ﬂ'*h — L)Lt - Efj)) (5.6)

J=1

—hmE(

J

= hmE ( (L?fjh - L) ) (H L?:h — Li7) ) :
‘] :

Using the Fourier transform

=

(Lot — L)Ly — E;Z‘ii))
1

=

1

~

Lt =1z, = [ e 1) f(ep) [ eV drdp (57)
’ ’ 0
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we have

E (ﬁ@?ﬁ?h - L?f;)) (5.8)

i=1

i=1

:/ [Te™m (™" = 1) f(epy) / (H et ) I1 dr; dp;.
m j:l 0 S 77l

Note that

[ B (TLe™™ | 1] dr (5.9)

[0,s]™ i j=1

= E 1 ePr()Wr; 1 dr
Z/{0<m<~--<rm<s} (Jl;[l J) jl;ll "

_ T i b)) W, —Wo ) | TT
Z~/{O<r1<...<rm<s} E (H e k=j J j—1 ) 1:[1 d’f’j

j=1
— _(Zk—] pﬂ'(k) (Tj_TJ 1 d/rw
Z/{Oﬁrlg---<rm<s} H ]1_[1 7

Since this is bounded and integrable in pq,...,p,, and f(ep) < C, we
can take the limit as € goes to zero in (5.8)) and hence in (5.6]), to see that

(H Lm]—l—h Lm] (ij-l-h Ef])) (510)

= [ e e )
Rm

j=1
“u ipi Wi “ Zp W’ " / /
X/ E Hepf & / E H H dr; dr; dp; dp;.
[078}"” j:l [Ovt}m j= 1 :
It now follows from Parseval’s Theorem that

Gh(s,t) = /E (H(L?J’h — L?)(Efﬁh — Zf’)) H dx; (5.11)
=1 j=1
N ‘ —ipjh _
i ip; Wi i ipi W i /
/ H piWr; / E H e J H dr; drj dp;.
s\ o™\ =i ol

26



The fact that Gp(s,t) is a non-negative, increasing function of (s, t) fol-
lows from this and (5.9)). The fact that Gj(s,t) is a polynomialy bounded
continuous function of (s, t), follows as in the proof for Gy(s, t) if we note

2
that by translation invariance | (L§+h) dr = [ (L*)? dz so that, as in

E.3),

E {( LI do )n} (5.12)
<

6 Proof of Theorem [1.1]

The proof of Theorem [L.1] follows from the next lemma exactly as in the
proof of Theorem [I.2] on page [6l

Lemma 6.1 For each integer m >0 and t € R,

e (([(Lf*h — Lj)*dx — 4h>m>

h—0 h3/2
gt (3) 2{(fura)} gm=am

0 otherwise.

We use the next lemma in the proof of Lemma [6.1l It is proved in
Section [l

Lemma 6.2 Let \¢ be an exponential random variable with mean 1/(.
For each integer m > 0,

L (([(Lﬁjh — L5 )2 de — 4h>\¢) ’”)

h—0 h3/2
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(S e} e

0 otherwise.

Proof of Lemma We write (6.2) as

00 z+h _ 7x)\2 o m
lim e—<8E<<f(L8 L3)” du 4h5> )ds (6.3)

h—0 .0 h3/2

- /OOO e °F {nm (6—; /(Lf)z dx >m/2} ds.

Fon(s) = E ((HL?M — Li)Pde — 4h8>m> . h>0 (6.4)

Let

h3/2

and

Fo(s) = E {nm @_4 /(L§)2 dx >m/2} . (6.5)

Then (6.3) can be written as
lim e Fp(s)ds = / e Fro(s) ds. (6.6)
h—0 0 ) 0 ’

We consider first the case when m is even and write m = 2n. In
this case Fy,x(s) > 0 and the extended continuity theorem [3, XIII.1,
Theorem 2a] applied to (6.0) implies that

t t
lim / Fopp(s) ds = / Fono(s) ds (6.7)
h—0.J0 0

for all t. In particular,

t+6 t4+6
lim [ Foon(s)ds = / Fono(s) ds. (6.8)
t

h—0 J¢
It follows from the proof of Lemma [ that Fj,q(t) is continuous in t.
Consequently,
46

R | =
(1;1_{1(1) }LILI%) 5 ; Fgmh(S) ds = Fgmo(t). (69)
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When t = 0 we get
1
lim lim

N
5 " 7 1
5—0t+ h—0+ 5/0 2n,h(5)d8 O (6 0)

To obtain (6.1 when m is even we must show that
lim Fop(t) = Fano(2). (6.11)

This follows from (G.9]) once we show that

N e I o
(IS%}L%S t Fopp(s)ds = ;ILIE%F%JL(t)' (6.12)

We proceed to obtain (G.12).
For s > t we write

/ (L™ = Ly)*d — dhs = { / (L¥h — L¥)2de — 4ht} (6.13)
+{ / (Lt — 1) — (L — L)) dee — 4h(s — t)}

ol = mp[wst - 1) - (" - 1) de ).

We use the triangle inequality with respect to the norm || - ||2, to see
that

~1/(2n ~1/(2n

i (s) < B (1) (6.14)

[ [l ) - @ = e - ans - )]}

o B[ { fu s - 1) - - pas)] )
Note that
/ (et — ) — (L — 1) £ / (L — 12 )de (6.15)
and
[rmet — et - ) = @ - Llde - (6.16)

£ T T[T T
£ [t - iLey - It Jdo.
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Hence we can write (6.14]) as
~1/(2n ~1/(2n ~1/(2n
B (s) < BRV @) + B (s — 1) (6.17)

1 x T[T T Tx n
2ol B|ops [ = L) - I i}

1
2n

We now use the triangle inequality with respect to the norm in L*"([t, t+
§],671ds) to see that

1 [t+o b ~1/(2n 1 pt+o o
{5 t an,h(s)ds} < /e >(t)+{5 t an,h(s—t)ds} (6.18)
1 1

t+6 " . o
+2{5/t E [W / (Lt — L)L —Li_t]das] ds}

A similar argument starting with (6.13]) shows that

2n

1 ft+d &~ R 1 ft+é =
{5 t an,h(s)ds}z zF;g(,f")(t)—{g t an,h(s—t)ds}z (6.19)
1 46 1 . R ~. Y3,
_Q{S/t Bl [ — L)Lt - L2 Jdo ds}
Since
1 pt+d < 1 /6 ~
S Byn(s — t)ds = - / Fonn(5)ds (6.20)
o Ji ’ 0 Jo ’

we see from (6.10) that to prove (6.12]) it only remains to show that

lim i L gl L [ ipeen Lot — B2 da] ds =0
Jim, 1Tfélp5/t W/[ = LD - L] x} s = 0.
(6.21)
By the monotonicity property of Fj(s,t;m) given in Lemma 2.3

Lo+ 1 a+h 2 [Fath  Tw n
S /t Bl / [Loth — Lo)[Lo+h — 2 de| ds  (6.22)

1 o T T\ [TT TT n

< Bl [ - LI - Lilda)
Thus (6.20]) follows from the fact that
. . 1 z+h z\ /(T x+h Tx n

Jim limsup W/(Lt CL(IEth — Ide| =0 (6.23)

30



which, itself, is a simple consequence of (2.13]) and Lemma 2.3} Thus we
obtain (6.11)) and hence (6.1) when m is even.

In order to obtain (G.I1]) when m is odd we first show that

sup Fy 5 (t) < /2. (6.24)
h>0

To see this we observe that by first changing variables and then using
the scaling relationship (L9) with h = v/Z, we have

/ (L — L2 dr = i / (LY 1) iy e (6.25)

£3/2 /(Lgf—i-ht*l/? )2 da.

Therefore
S — L2 de —aht P (NPT = L9)? de — aht™1?)
h3/2 T h3/2
x+ht—1/2 z _
o4 (St = L3)? do — 4ht™12)
(ht—1/2)3/2
(6.26)
so that for any integer m
Fpp(t) = 3"AF m12(1). (6.27)
Therefore to prove (6.24) we need only show that
sup ili}g ﬁzn’hfl/z(l) <C. (6.28)

It follows from (G.I1) that for some § > 0

sup Iy, 1e(1) < C. (6.29)
{t,h| ht=1/2<5}

On the other hand, for htY2 >4
(JLy = L) do — 4ht=1/?)
(ht—1/2)3/2
<672 [(Lt T - L) do o+ 472

1/2

(6.30)

< 4572 /(LT)Q dr 4+ 467Y? < o0

31



since [(LY)?dx has finite moments. (See (2.2)). Using (6.29) and (6.30)
we get ([6.28) and hence ([6.24]). It then follows from the Cauchy-Schwarz
inequality that
sup | Fo ()| < O34 (6.31)
h>0
for all integers m.
We next show that for any integer m, the family of functions { F,, »(t); h}
is equicontinuous in ¢, that is, for each ¢ and ¢ > 0 we can find a § > 0
such that
sup  sup |13mh(t) — ﬁm7h(s)| <e. (6.32)
{s||s—t|<é} h>0
Let
J(LFt — Lg)? do — Aht
13/2

Applying the identity A™ — B™ = Y7V AJ(A — B)B™ 7! with A =
Oy (t), B = ®y(s) gives

Dy (t) := (6.33)

Fup(t) = Frn(s) = 2 ®r(t) (Pn(t) — () @r(s)™ 7~ (6.34)

Consequently by using the Cauchy—Schwarz inequality twice and (6.31),
we see that

sup  Sup [Fn(t) — Frn(s)| < G sup  sup |04 (t) — @4 (s) |2
{s||s—t|<é} h>0 {s]|s—t|<6} h>0
(6.35)

Using (6.13)—(6.16), we see that to obtain (6.32]) it suffices to show that
for some ¢ > 0

sup sup Fyp(s) < e (6.36)
{s]s<d8} h>0

and for any T' < oo

1 ~ ~ 2
sup sup sup B| o [(Li" = L) (I~ Loyda] < (6.37)
{t<T} {s<8} h>0 h3/

By (6.24)
sup Fyp,(s) < Cs*2, (6.38)

h>0
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which immediately gives (6.36]). Furthermore, applying the Cauchy—
Schwarz inequality in (5.11) and using (5.9) to see that

[ B (TLe™™ | 11 dr; (6.39)
o™ \j=1 j=1

is positive and increasing in ¢, we see that for all t < T

1
e

< (E[hi/ Jet - @ - L) dx})

B [ — (I - L) dx} i (6.40)

1/2

1/2

x (E[hi/ [z — (@ - I dx})

1 N N o 1/2
1/2

x <E{# [z — )@ - I de

Using the scaling relationship, as in (6.26]), we see that

1 2

Bl [ = m)(s — Ly da
1

(hs—1/2)3/2

(6.41)

_ B - 2
— SR Jor - e - Iy de

Following the proof of (6.28)) we see that the expectation is bounded in
s and h. Therefore, by taking ¢ sufficiently small we get (6.37). This

establishes (6.32).

We now obtain (6.I) when m is odd. By equicontinuity, for any
sequence h, — 0, we can find a subsequence h,, — 0, such that

lim £y, p,,, (1) (6.42)
j—o00
converges to a continuous function which we denote by F,,(t). It remains
to show that _

F..(t) =0. (6.43)



Let

Gn(t) == e Fpp(t) and  Gp(t) == e Fu(t). (6.44)
By (6.31)

supsup |G p(t)| < C  and  lim sup G, 4 (t) = 0. (6.45)

h>0 t =00 >0

It then follows from (6.6) and the dominated convergence theorem that
forall ( >0

/OOO e G p(s)ds = 0. (6.46)

We obtain (6.43)) by showing that G,,(s) = 0.

It follows from (.45 that G,,(t) is a continuous bounded function on
R, that goes to zero as t — oo. By the Stone—Weierstrass Theorem; (see
[5, Lemma 5.4]), for any € > 0, we can find a finite linear combination of
the form 37, ¢;e=%* such that

sup\G Zce Gt

(6.47)
Therefore, by (65)
/Oooe—@i(s)ds — / (Zce ) Gols) ds (6.48)
+ / ( 8)—Zcie_<i5> Gon(s) ds
- /0 ¢ ( Zce )‘m s) ds

< 2 ( /0 e G2 (5) ds) v (6.49)

by the Cauchy—Schwarz inequality and (6.47). Thus [;° e‘séi(s) ds=0
which implies that G,,(s) = 0. O
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7 Proof of Lemma

Proof of Lemma Our goal is the obtain the asymptotic behavior
of the m—th moment of

JOLSH" = L3,)? dx — 4h)

1372

as h — 0. In the numerator we have the term 4hA.. Note that by
Lemma [RJ] this is necessary in order that the expected value of the
numerator goes to 0. Since we have h%*? in the denominator in (Z.I)),
and O(h/h*?) = O(h™'/?), we must show that in the expansion of the
expectation of the m—th moment of (7.1J), the terms that would cause it
to blow up are canceled. We do this in the first part of this proof.

Note that

(7.1)

/ L§ dx = .. (7.2)
Using this and (3.4]), we write the left-hand side of (6.2)) as

g (( JOLE = L3)? do — 20" AMué(0) [ L, da:) m) )

h—0 h3/2

For any integer m we have

E (( / (L5 — L3)? dr — 28" A*ud (0) / I3, d:)s> m) (7.4)
=F (f[ (/(Li?rh _ L§2)2 dz; — 20" A4S (0) /Lf\z d:vz>>

- > o (IS - pran)
} icA

AC{1,...m
X <H 2ARAE(0) / g d:ci>> .
1€EAC

We now show that there are many cancelations in the final equa-
tion in (74, that eliminate the problematical terms we discussed in the
beginning of this proof, and also significantly simplifies it.

Consider a generic term in the final equation in (Z.4]) without the
integrals. To clarify what is going on we calculate

E (H(Lig*h = LA =15 T1 2AhA‘hu<<0>L§g) . (75)

i€A 1€AC
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keeping in mind that y; = x; for all 1 < ¢ < m. Using the Kac moment
formula, ([B.2)), we have

B (T - o™ - ) T 28" 013, (7.6)
i€A 1€EAC
— <H AgiAZJ E (H Ly Ly IT 2A"A u(0) L3 )
€A €A 1€AC

. m+|A]
:(QA"A‘huC(O))IA<HA§;Z.A;> S I o) —olj - 1)

1€A ceBy j=1

where the sum runs over By, the set of all bijections
o:[1,....m+|A|]] — {x;,y;,i € A} U {x;,i € A°}. (7.7)
As we did in the beginning of Section [4] we use the product rule

A f(@)g(x)} = {Af (@) }g(a + h) + f(@){Ag(x)}  (78)

to expand the last line of (Z.0) into a sum of many terms, over all o € B4
and all ways to allocate each difference operator, Aﬁi and AZ],, 1,] € A, to
the terms u¢(o(j) —o(j—1)) in which o(j —1) and/or o(j) are contained
in A. After setting all y; = x; we can then write (7.6) as

|A<|

(2a"A7uc(0)) (7.9)
m+|A|

ST (al)™ (Al)™ wHo) — ol - 1)

g€By,a j=1

Yi=x;, Vi

where the sum runs over ¢ € By and all a = (a1, as) : [1,...,m+|A]] —
{0,1} x {0,1}, with the restriction that for each ¢ € A there is exactly
one factor of the form A” and one factor of the form AZZ,, and there are
no such factors for i € A°. (Here we define (A2 )" =1 and (Af) = 1.)
In this formula, u*(x) can take any of the values u¢(z), us(z + h) or
uS(x —h). (This is because we use (Z.8) to pass from the last line of (7.6
to (Z9). We consider all three possibilities in the subsequent proofs.) It
is important to recognize that in (Z.9) each of the difference operators is
applied to only one of the terms u%*(-).

We get the simplification of the final equation in (7.4]), because many
terms in the expansion of (T.6]) for different sets A and o € B4 are the
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same, and when they are added, as they are in the final equation in (7.4)),
they cancel. We now make this precise.

Fix A C {1,...,m} and consider a particular bijection o € B4. Con-
sider (Z9) for this A and o. For i € A we say that x; is a bound
variable, if z; and y; are adjacent, i.e., if either (z;,v;) = (0(j —1),0(j))
or (y;, ;) = (0(j—1),0(j)) for some j. Furthermore, for a given o € By
that contains bound variables, and a given a, we say that a bound vari-
able z; is a singular variable if both AZZ_ and AZi are applied to the factor

Note that by (Z.8) an h is not added to x in any u¢(-) to which A”
is applied. Consequently

AZiAZiuc’ﬁ(xi — ;) = A"ATh4(0). (7.10)

Yi=%;

Continuing, we emphasize that the property that z; is a bound vari-
able depends only on o. The property that x; is a a singular variable
depends on the pair o,a. Let

S(o,a) = {i|x; is a singular variable for o, a}. (7.11)

Consider a term in (7.9), with S(o,a) = J C A. Then for each i € J
we have a unique k; € [1,m+ |A|] such that {o(k; —1),0(k;)} = {zi, v}
Let K = {k;, i € J}. Using (7.I0), we see that the contribution of o, a
in the second line in (7.9) is:

m+|A| . .
a1(j) az(j) . .
Viesa) = 11 (8%0) " (Ba-n)" wHoG) —oG=1) | _, .,
j=
b h ] m+|A| b a1(5) b az(5)
J=1j¢K
()~ oli—1)|, . (712)

Let Z(o) denote the set of all ¢’ € B4 which can be obtained from o
by interchanging o(k; — 1) and o(k;) for some set of the elements ¢ € J.
Clearly V(o',a) = V(o,a) for all o’ € Z(o). Since |Z(c)| = 27 we see
that the contribution in the second line in (Z.9]) obtained by summing
over all o/ € Z(o) is:

V(Z(0),a) = (28"A7"u(0)) (7.13)
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m+|A|

< TT(Ah)" 7 (ak )™ w0 () — o — 1))

J=1j¢K

Yi=Ti, Vi

In what follows given o € By, we write it as a vector (o(1),...,0(m+
|A])) € R™4I. For any J C A we define 04_; € Ba_y, by deleting the
components y;, ¢ € J from (o(1),...,0(m+|A])). We only use this latter
notation when .J is contained in the set of singular variables of some o, a.

As an example of the relationship between o and Z(o) let m = 3,

= {1,2,3}, 0 = (21,%2,Y2,Y3,23,41) and J = {2,3}. Then Z(0)
consists of the four bijections

0 =01 (1'1,1'2, Y2,Y3, T3, yl) (714)
Oy = (x17y27x27y37x37y1)
o3 = (T1,%2,Y2, T3, Y3, Y1)
oy = (21,Y2, 22,23, Y3, Y1)
Also, in the notation just defined opi 3y = (@1, 22,y3,%3,91), 012y =
($1736’27y2,$372/1) and o1y = (%;362,36’372/1)-
In the notation just defined, we write (Z13) as
ATDUIRN ¥ L i a4 () &)
V(Z(0),a) = (2a"A7M40)" TT (A%, o) (Ah Lo-n)
j=1
w0 a-1(j) = 0a-s(j — 1)) S (7.15)

where a’ is obtained from a = {(a1(j), az(j ))}THA‘ by deleting from a
the pairs (a1(j), az(j)) for j € K, and renumbering the remaining terms
in increasing order.

Note that in applying the product formula for difference operators
(7.8) we can choose which function plays the role of f, and which the
role of g. When z; is a bound variable, that is both x;,y; appear in the
same u*( - ), and we apply (Z.8) to expand A” | we take g to be u¢(y; — ;).
That is, we take

A uS(z; — a)u (z; — y;) = (7.16)
Al ul(z; — a)us(z; + h — yi) + u (2 — @) AL u (2 — y;),

and similarly when we apply (Z.8)) to expand AZi. Thus if z; is a singular
variable and we apply A%AZZ_ by the above rule, and then set y; = x;,
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the term that contains A"A="4¢(0) is

ut(2; — a) A"AT U (0)us (b — ;). (7.17)
Note that there are no +h terms added to the y; or z;. Because of this
we see that

> V(Z(0),a) = (2A"Au(0))

{a|S(o,a)=JCA}

{( H Al Ah) “(0a- J(J)—UA—J(j—l))}
i€A—J

where the notation [] indicates that when we use (Z.8) to expand the
second line of (TI8) we do not apply both AﬁiAZi to the same factor
uS(-). This is because all the singular variable have been removed from
the S(o,a). The significance of this representation is that it does not
contain any ambiguous terms uS#(-).

For J C A, let v € Bs_y. We write ¢» as a vector in R™H4~7l
whose components consist of a permutation of the m + |A — J| elements
{zi,yi,i € A—J}U{x;,1 € (A—J)}. Let o be obtained from this vector
by inserting a component y;, following x;, for each ¢ € J. Considering
the way 04_; was obtained from o, (see the paragraph following the one
containing (I4])), it clear that for this o we have o04_; = 1. It then
follows from this and (7.18) that we can rewrite (.9) as
/]

v (7.18)

Yi=Ti, Vi

S (228 (0) ™ (28"l (0)) (7.19)
JCA
’ m+|A—J|
{('1} A@A;) > u<<a<j>—a<j—1>>}
Z (QAh O))KA—J)C\
) meA-J]
{('1} A;‘Z_AZZ_) > u<<a<j>—a<j—1>>}

Hence by (C4)—([Z9), for any integer m we have
E (( [ = 15,2 de — 28 A Ml 0) [ 15, da:) ) (7.20)
- ¥ MY [ela- gy,

AC{I,... m} JCA
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where the set function ¢ is defined by

o(D) = (2a"A-"u(0)) (7.21)
' m+|D|
{ (]‘!} AZiAZi) XB: ]:[1 ut(o(j) —a(j - 1))} S

It follows from Principle of Inclusion—Exclusion, [10, p. 66, (8)], that

S (=) (A - T) = o({L,...,m}). (7.22)

AC{L,..m} JCA

Referring to (T.20)-(7.22) we see that to estimate (7.4) we need only
consider A = {1,...,m} and those cases in which each of the 2m differ-
ence operators A" are assigned either to a unique factor uS(-), or if two
difference operators are assigned to the same factor u¢( - ), it is not of the
form u¢(0). Therefore, we see that

B (( / (L5 = L,)? do — 28" A~ uf(0) / L, dx) m) (7.23)

=2" /’]}f(m, 7, a)dz,

w€D,a

where
2m . .
a1(7) az(j)
7;?(']:7 ﬂ-’ a) = H (AZ}BLW(J)) (Azﬂ(j,1)> uC’ﬁ(xW(]) - xﬂ—(j_l)) (724>
j=1

and the sum runs over D, the set of all maps = : [1,...,2m] — [1,...,m]
with |[771(i)| = 2 for each 4, and all @ = (ay,as) : [1,...,2m] — {0,1} x
{0,1} with the property that for each ¢ there are exactly two factors of
the form A? in (7.24), and if a(j) = (1,1) for any 7, then z.(;) # T(j-1)-
The factor 2™ in (7.23) comes from the fact that |771(7)| = 2 for each 1.

It follows from (.2)), (Z.3), and ([T.23) that to obtain (6.2) it suffices
to show that
lim %22 3 / T (a; 7, a) dz (7.25)
- w€D,a
is equal to the right-hand side of (6.2)). To simplify the proof we first
show this with 7,7 (2; 7, a) replaced by

2m

a1(j) a2(j)
To(w; ma) = ] (Afgm)) - (Azwmn) - U (Tn(j) = Ta(g-1)).  (7-26)
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At the conclusion of this proof we explain why we have the same limits
when 75, (- ) is replaced by T7(-).

From this point on the proof is very similar to the proof of Lemma
Let m = 2n. Consider the multigraph G, whose vertices consist of
{1,...,2n} and we assign an edge between the vertices m(2j — 1) and
7(27) for each j = 1,...,2n. Each vertex is connected to two edges, and
it is possible to have two edges between any two vertices 7, 7. Note that
the connected components C;, j =1,...,k of G consist of cycles.

7.1 a = e and all cycles are of order two

When a = e, (defined just before Subsection [4.1]), we have

(z; 7€) Hu Tr(2j-1) — Tr(2j—2)) APAT U (Tr2g) — Trizjo1))-

(7.27)
Assume now that, in addition, all cycles are of order two.

Let P = {(l2i-1,12), 1 <7 < n} be a pairing of the integers [1, 2n].
Let m € D, (defined just after (7.24])), be such that for each 1 < j < 2n,
{m(2j —1),7(27)} = {l2i_1, lo;} for some, necessarily unique, 1 < i < n.
In this case we say that 7 is compatible with the pairing P and write this
as m ~ P. (Note that when we write {m(27 — 1), 7(27)} = {l2i_1,l2:} we
mean as two sets, so, according to what 7 is, we may have m(2j — 1) =
loi—1, m(25) = lg; or m(2j — 1) = lo;, w(2j) = ly;—1.) Whenever m € D is
such that G consists only of cycles of order two, m ~ P, for some pairing
P of the integers [1,2n]. In this case we have

n 9 2n
LL’ U 6 H ( lei - xl2i71)) H uc(xw(2j—1)_x7r(2j—2)) .
(7.28)
Following the proof of Lemma we first show that

2n 2n

/Th T T,e H dxj = /’Tlh z; m,a) [[ da; + O(R*™) (7.29)

7j=1

where

,Tl h €, m, 6 ﬁ ( {\xl%—mzzi,l\éh}) (AhA_h uc(IlZi - xl%—l))2

=1
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X H Uc(xﬂ(gj_l) — l’w(gj_g)). (730)

To prove (7.29) we proceed as in (LI6)—(ZI9), and see that it suffices
to show that for A C [1,...,n] and |A°| > 1,

h A —h
J T ey oy sty T ooy oy (A" A" S (= )

2

icA i€ Ac
2n 2n
X H Uc(l’w(gj_l) — Iﬂ(gj_2)> H dl’j = O(h3n+1). (731)
j=1 j=1
To show this we first choose jx, K =1,...,n, so that

{xn(2jk—1) — Tr(2j,—2)s k=1,... ,n} U {lei — Ty, 4, 0=1,... ,n} (732)

spans R?". Let y;, i = 1,...,2n, denote the 2n variables in (7.32)). We
make the change of variables in (Z31)) to {y1,...,y2,}. We then bound
those terms in uc(atﬂgj_l) —Tr(2j-2)), J = 1,...,2n, that do not map into
uS(y;), for some i = 1,...,2n; (see ([B1).) We are then left with an easy
integral and using ([3.8), and (3.9) and the fact that u¢(-) is integrable

we get (C31)).
Analogous to (£.25) and (£26) we now study
2n
/Tl,h(x; m,e) [[ dz;. (7.33)
j=1
Recall that for each 1 < j < 2n, {7(2j — 1),7(2))} = {lai-1, s}, for
some 1 < i < n. We identify these relationships by setting ¢ = o(j)
when {m(2j —1),7(2j)} = {l2i_1,l2;}. In the present situation, in which

all cycles are of order two, we have o : [1,2n] — [1,n], with |[o71(7)| = 2,
for each 1 <7 <n. We write

2n
[T v (@r@i—1) — Trj2) (7.34)
j=1

2n
h.
- H (ug(xba(j)fl - l’l2a(j71)71) +A Juc($l2a(j)—1 - lea(j71)71)> )
Jj=1

where h; = (2(2j-1) —xl%(j)fl)jL(xl%(jfl)fl —2Zr(2j—2))- Note that because
of the presence of the term [, (1{|:,312i_:,312i71 \Sh}> in the integral in (Z.33))
we need only be concerned with values of |h;| <2h, 1 < j < 2n.
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Following (4.28)-(@.33)) we see that

2n
/TLh(:L’; m,e) [] dz; (7.35)
j=1

n L N 9 2n 2n
= /H (A A~ uc(xlzi - xlziq)) H uc(xlza(j)ﬂ o xlza(jq)q) H dxj
i=1 j=1 Jj=1

+O(h3n+1),

where x_; = 0.
We now estimate the integral in (7.35). Using translation invariance
and then (3.8)) we have

n 9 2n 2n
/H (AhA_h u<($l2i - xl?ifl)) H UC(Ilza(j)q - lea(jfl)—l) H de
i=1 j=1 Jj=1
n L N 9 2n 2n
= /H (A A~ uc(ilzi)) 11 UC(IlzaoH = Thyyyyo) [T day
i—1 j=1 k=1
2n n
— (8/3 + O(h))"h*" / T @y = T 1) 1 i - (7.36)
j=1 k=1
We set yx = xy,, , and write the last line of (7.30]) as
2n n
(8/3)" " / TT ““Wots) — voti—n) T dux + O(R>™+Y). (7.37)
j=1 k=1
It follows from (7.29) and (7.33)-(7.37) that
2n
/ T(x; m,e) [[ da; (7.38)
j=1
2n n
= (8/3)"h3"/ IT oty = Yoi-1)) 11 duw + O(R"),
j=1

k=1

where yy = 0.

Let M denote the set of maps o from [1,...,2n] to [1,...,n] such
that |c~'(7)| = 2 for all 5. For each pairing P of [1,...,2n], any 7 € D
that is compatible with P, (i.e. m ~ P), gives rise to such a map o € M.
Furthermore, any of the 22* maps in D obtained from 7 by permuting
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the 2 elements in any of the 2n pairs {m(2j — 1), 7(27)}, give rise to the
same map o. In addition, for any ¢’ € M, we can reorder the 2n pairs
of 7 to obtain a new 7’ ~ P which gives rise to ¢’. Thus we have shown
that

”;’/Th o H o (7.39)
( h3> > /H U (Yo(j) — li[d?/k‘l'O (B3 1)

ceM

(136h3> E{(/(Licydx) }+O<h3n+1)

where the last line follows from Kac’s moment formula. The factor 27"
that appears in the transition from the second to the third line in (Z.39)
is due to the fact that |071(i)| = 2 for each i; (see (T23)).

Let G, denote the set of m € D such that all cycles of the graph G
have order two. Since every such 7 is compatible with some pairing P,

- such pairings, we see that

and there are
21!

/’E x; e H dx; (7.40)

-8 (190 () Yot

7.2 a=-e and all cycles are not of order two and
a#e
We follow closely the argument in Subsection [£.2] to show that

> ‘/T x; e H d:cj‘ O(h*" ). (7.41)

TE€Go

TEGa

Let the cycles C; = {ji,... ,jl(j)} of G, be written in cyclic order
where [(j) = |C}|. Note that Z?Zl I(4) = 2n.

Since we only need an upper bound, we take absolute values in the
integrand to see that

‘/7@(% T, €) ijld:cj
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< / H (wc(sz - xj1) o 'wc(le(j) - le(j)q)wc(le - le(j)))

X H u Iﬂ(gj 1) — Tr(25-2) H dl'j, (742)

7j=1

where w¢(z) is defined in (E20). Note that we group the functions w
according to the cycles.

We now follow the paragraph containing (£44]) verbatim until the
end of Subsection B2, except that we replace v and w by u¢ and w¢, to

get (TA4I).
When a # e

ZZ‘/’Z}L x; T a) H dx]‘ = O(h*" ). (7.43)

T ae

This follows easily by obvious modifications of the proof in Subsection
4.3l similar to the modifications of the proof in Subsection [4.2] that gives
4T).

We now note that it follows from the arguments in the final three
paragraphs of the proof of Lemma 2.2 on page 23] that for m even
we obtain the same asymptotic behavior when we replace 7y, (z; 7, a) by
’];f (z; m,a), and also, that we get the right-hand side of (6.2) for odd

moments.

Summing up, we have shown that the only non-zero limits in (Z.25))
come from (740) when m is even. Using this in (7.28), in which we
multiply by 22", we see that (T.28) is equal to the right-hand side of

6.2). 0

8 Expectation

Lemma 8.1 Forh >0

E (/(L”f*h _ Lf)zdx) — 4h + O(h?), (8.1)
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as h — 0. Fquivalently,
E ( [t -y dx) — 4t 4 O(t"?), (8.2)
as t — oo.

Proof By the Kac moment formula

_ h
2// Ly prl(a?)A P (0) dry drsy dx
+2 | / (@)D" A 0 dry dra o

When we integrate with respect to  we get zero in the first integral and
one in the second. Consequently

B[ - ppdn) = 2 APAp,(0) dry dr; (8.4)

Since oy ,
L] —e /e L h*/2r 5
_ < = . .
/07’ NG dr_/or\/F dr = O(h®) (8.5)
and . ,
Lot ar< [ h /QTd — 012 (8.6)
1

we see that to prove (IEI]) it suffices to show that
| e(0) = pr(w) dr = 1+ O2). (8.7)
This follows from (B.1]) since

L @0 = po()) dr = lim [" e (5, (0) = p() dr (89)

a—0 /o

Thus we get (81)); (8.2) follows from the scaling property, (L.9). O
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