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Logarithmic Level Comparison for Small Deviation
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Log-level comparisons of the small deviation probabilities are studied in three
different but related settings: Gaussian processes under the L2 norm, multiple
sums motivated by tensor product of Gaussian processes, and various inte-
grated fractional Brownian motions under the sup-norm.
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1. INTRODUCTION

For a given continuous random process X (¢), t €[0, 1], the small devia-
tion probability concerns the asymptotic behavior of P (|| X || <¢) as ¢ —
0", where || -| is a norm on the space C([0,1]). In the literature, small
deviation probabilities of various types are studied and applied to many
problems of interest under different names such as small ball probability,
lower tail behaviors, two sided boundary crossing probability and the first
exit time, etc. The survey paper of Li and Shao!® for Gaussian processes,
together with its extended references, covers much of the recent progress
in this area. In particular, various applications and connections with other
areas of probability and analysis are discussed.
In this paper, we study the log-level comparison of the type
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logP (X[l <&)~ClogP ([[Y] <é)

or
log P (I X]l < Ce)~log P (Y]l <é)

under easy to verify conditions on centered Gaussian processes X and Y,
where the constant C=C(]| -], X, Y) €(0, o0). It is important to note that
the main results in many works in this area determine only the log-level
asymptotic behavior up to some constant factor in front of the rate. So
it is very interesting and useful to find log-level comparison results with
explicit constants. In many applications, one needs the small deviation rate
and constant at logarithmic level. Our main results are in three different
but related settings. Our methods of proofs are all different and can be
applied to various related problems.

In the first setting, we consider the L, norm | - ||», arguably the
simplest and well-studied case. By Karhunen-Loéve expansion, we have
X113 = 302 | &2 where A, are the eigenvalues of the associated covari-
ance operator, and &, are i.i.d. standard normal random variables. Once
the eigenvalues are known, the small deviation probability can be esti-
mated (at least in principle) using a result of Sytaya@) see (2.1). However,
eigenvalues are rarely found exactly. Often, one only knows the asymptotic
approximation. Thus, a natural question is to study the relation between
the small deviation of the original process and the one with approximated
eigenvalues A,. This line of research started in Li'"® and continues in
Gao et al.®1D_ See also Karol et al.!3 and Fill and Torcaso.” Roughly
speaking, the small deviation probabilities under L, norms are compa-
rable if the infinite product []A,/A, converges. Although under certain
assumptions, there are complex analytic methods that enable one to find
the aforementioned infinite product directly, without computing the eigen-
values (cf. Gao et al.®9) the typical case is that one has some rough
estimate of the eigenvalues, which is not good enough to ensure the con-
vergence of the infinite product. This is particularly true for multi-param-
eter processes. In section 2, we show that the log-level comparison with
constant holds under comparable finite rank approximation.

In the second setting, we consider multiple sums motivated by ten-
sor product of Gaussian processes. The methods presented are general
enough to handle non-negative random variables other than squared
Ly-norms of tensored Gaussian processes. Similar question has been stud-
ied by Karol!® and Fill and Torcaso” for tensored Gaussian random
fields under the L;-norm. However, our probabilistic argument allows us
to handle the case that has been left open by using their methods.
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In the third setting, we consider the comparison of small deviation
under the sup-norm which is usually harder and more interesting. There
seems to be no known method that handles the general case. So we only
deal with the comparison among various integrated fractional Brownian
motions which were studied recently under the L;-norm in Chen and
Li,™® Fill and Torcaso,” Gao et al.,®19 Karol et al.,!® and Nazarov et
al.(1%20 Our method here works for general norms such as the sup-norm
and the L,-norm. It is a combination of techniques developed in Li and
Linde,1” Li!® and Chen and Li». More details are given in section 4.
In general, our method provides a systematic approach to log-level com-
parisons under general norms.

2. L,-NORM

Given a continuous Gaussian process X(t), ¢ € [0,1], we have by
Karhunen—Loéve expansion

o
IX13=> Anty

n=1

where A, are the eigenvalues of the associated covariance operator

1
Kf(t):/ o(t,s)f(s)ds, o(t,s)=EX()X(s),
0

and &, are i.i.d. standard normal random variables. Once the eigenvalues
are known, the small deviation probability can be estimated (at least in
principle) by using the following result of Sytaya.?! Namely,

o
P (Zans,f <ez) ~ (2 ()T P exply b, (V) —ha()} - (21)
n=1

where h,(t) = %ZZ‘;I log(1 4 2i,1) and &2 =h/ (y). This is the starting
point of our result in this section.

Theorem 2.1. Let X and Y be two Gaussian processes with eigen-
values ay 2 ar >--->a,>--- and by =2 by > ... 2 b, > --- respectively.
Suppose Y,y an ~C? Y non bn~7(N), where r is a decreasing function
satisfying

r(@x) =1 and r(x)=0(@xr'(x)) as x — oo.

im =
(a,x)—(1,00) ¥'(x)

Then
log P(||X]l2 <Ce)~logP(||Y 2 <é).
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Proof. We first need some analytic facts based on our assumptions.
Given o >0, a#1, let N be large enough, so that [« N]#N. If o > 1, then

[aN]
Z an=r(N) =r([aN]+o(1)-r(N)=(aN]=N)r'(BN) +o(l) -r(N),
n=N+1
where 1 < <a. Because {a,} is non-increasing, we have
' r(N)
an 2 —r (ﬂN) +0(1) . m

Letting N — oo, and then o — 17, we have

ay . F(BN)

lim inf > lim liminf =1.
Nooo —F'(N) ~ a1t Nsoo r/(N)
If @ <1, then
N
S ay=(N —[@NDFON) +o(1) - r([aNI)).
n=[aN]+1
Using the monotonicity of a,, we have
r([aN])
<—r'(6N )———.
an <=1 (ON)+o( )N_[aN]
Letting N — oo and then o« — 17—, we obtain
"(ON
lim sup < lim limsup rem _ 1.

Nooo —F'(N) “a=1" N F(N) B

Hence, ay ~ —r/(N). Similarly, we have by ~ —C~2r'(N). Therefore a, ~
C?b,,.
Next, we show that a, ~C2b, and r(x) = O(xr'(x)) imply
logP (| X]l2 <Ce)~logP (|[Y |2 <¢)

as ¢ — 07. To this end, we note that by the result of Sytaya mentioned
earlier, we have

> 1
log P (Z anéy < 82> ~vho () = ha(y) = 5 log(=27y?hi(y)).  (22)

n=1

Because £, <0, and h] >0, we have

Y Y
th;(y)—ha(y)|=—f0 ch(t)dt>—/0 th!(y)dt = —y?hl(y)/2.
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Thus, the third term on the right hand side of (2.2) is of smaller order,
and we have

logP (Zan$;3<82> Nyh;(y)_ha()/)- (2.3)

n=1

By otherwise considering a,/C?, we can assume a, ~ b,. For any small
>0, let r and s be chosen such that h[ (1) = hj(s) = ¢2. Note that
hj (s)ds/dt =h,,(t). By L’'Hospital’s rule, we have

logP (300, bu&? < &?) _=Shy(s) +ha(s) _—shy(s)ds/dt _s

log P (X0, ang2 <e2)  —thl,(t)+ ha(t) —th) 1

provided that we show ¢ ~s.
To show ~s, we study the equation A, (t) =h)(s), that is,

o0
(2.4)
X} b, o

o0

Z Lo

n= n

Fix 0 <é < 1. Because a, ~ b, there exists Ny such that for n> Nj, |an_l -

b;1| <8b;1. For ¢ fixed, choose Nj, N, so that tgaﬁll <2¢t, and s <b;,l <

2s. Without loss of generality, we assume Ni < N,. Thus, s <2(1+48)t. By

choosing ¢ large enough we can assume N| >2Ny and a, >r'(n) for n> Nj.
From (2.4) we have

o —l_b—ll
n

ad It —s| |a;
2} —1 —1 <Z -1

@ 200 +29) A (20 by +2s)
-1 -1
- No(ay, +bN0)

5
TR D

n> Ny an +2t
No(ay, +b;,0)
<S—n ot Z +2 —1
n n>N1

NO(aNo +by )
< T+5N1a1\/1 +6r(Ny)

Because a, ~—r'(n) and r(n) = O (nr'(n), there exists M >0 such that

No(ay' +b3")

418 e
+2t)(b L1 25) dts

+MsNay,. (2.5
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Note that

o0

t
S

— (a2 +2) A7 (an +2t)(b Lyog)
N1 — Ny
~16(148)t

n

1
> — .
Z Tag M1am

Also, it is easy to check that
No(ay, +by,)

4ts =o(D)- Z T (

Thus, from (2.5) we obtain

an +21)(b +2s)

limsup |1 — ;' 128M6.

—>0o0
Because § is arbitrary, we have ¢ ~s. This proves the theorem. O

We would like to remark that in Theorem 2.1 the two conditions on
r(x) are weak, and can be easily satisfied in most of the applications.
Indeed, the first condition essentially says that r(x) does not go to 0 too
slow (at logarithmic level); while the second condition requires that it does
not go to 0 too fast (exponentially). Readers interested in operator the-
ory may have noticed that r(N) is closely related to the so-called s-num-
ber, and is a measurement of the compactness of the covariance operator.
When r(N) decreases slowly, the operator is less compact, the correspond-
ing Gaussian process is “less continuous", and has smaller small deviation
probability; when r(N) decreases fast, the covariance operator is closer to
a finite rank operator, the corresponding Gaussian process is “smoother"
and has larger small deviation probability.

Two cases that are not covered by the theorem above are: (a) a, ~
Cn~![log(n+ 1)} with g <—1; and (b) loga, ~—Cn*[log(n+1)]#. The for-
mer case, the small deviation is super exponentially small, thus does not
have sufficient interest in application. For the latter case, we have the fol-
lowing

Theorem 2.2. Let X and Y be two Gaussian processes with eigen-
values a;j >ay>--->a,>--- and by =2by>--->b, >--- respectively. Sup-
pose loga, ~—n%*J(n), where J(x) is a slow varying function, then

a2/ logl/oc+l 1/e
a+1[Jlog"* 1/e)]1/e

log P (1 X]l2 <&)~—
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Thus, if logb, ~ Cloga,, then
log P(IY 2 <&)~C~1* . log P(I|X [I2 < ).

Proof. For 0 <8 <1 and large ¢, let N be smallest integer such that
a;,l <dt. Then

N

(2+8)t Z

— a2t _t'

Because loga, ~—n“J(n), we have N¥J(N)~log(st), which implies

log(st) \'/*
N~ J(log!/® '
g /% (81))
Also, note that

Z; Zan_O(aN)—O(—)—O(l) Z =

n>N +2t n>N +2t
Thus,

1+o<1>< log(61) )”“<h/<t><1+o<1>< log(81) )”‘“

Q+8t \Jdog@eyy) 7T 2t \Jydog%s1r))/)

Because § is arbitrary, we conclude that
1 logt Ve
Hy(6)~ - (4‘?) ,
2t \ J(log!/*1)

l/oH—lt

which implies that
o log
20 +1) [J(og" @) /e
Clearly, th) (1) =0(h4(t)). Thus, by (2.3) we have
log P ([ X2 <&) ~—ha(y),

ha(t) ~

where y satisfies &/ (y) =&2. By the asymptotic estimate of &/ () obtained

above, we have
yNzl/a—li< log1/e )Ua
e2 \ J(log!/® 1/¢)
Hence
o221/ logl/cH-l 1/8

logP (|| X||h <€)~ — .
g X =~ = [ g 121/
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3. MULTIPLE SUMS

In this section we present a probabilistic comparison argument for
multiple sums of independent random variables. This is motivated by the
study of the small deviation probabilities for tensored Gaussian random
fields under the Ly-norm. Suppose we have two centered Gaussian pro-
cesses X (1) and Y (¢) on [0, 1] with continuous covariance function o (s, t)
and oy (s, t), respectively. Then the tensored Gaussian process X ® Y (11, 1)
on [0, 1]? has mean zero and continuous covariance function

oxgy ((s1,52), (t1, ) =0x(s1, 1) -oy(s2,12), 0=<s1,5,t1,=<1.

It is well known that X ® Y (71, 12) on [0, 1] is continuous if X (s) and Y (r)
are continuous on [0, 1], based on work initiated in Chevet’>® see also
Carmona.® Detailed information can also be found in Ledoux and Tala-
grand.(1¥

In particular, we have the following series representation. Assume the
well-known Karhunen—Loéve expansion

X0 =Y a*gnen(n)

n>1
Y(0) = bol b (1)
m>1

where & denotes as usual 1.id N(0,1) sequences, {e,(t),n > 1} and
{h(t), m > 1} are complete orthonormal bases in L;[0, 1]. Then we have
Karhunen—Loéeve expansion

1/2,1/2
X@Y(t1.0)=Y > ax byl Eumen(t) hn (12)
n>1m>1
with
IX@Y(t.0)5=Y_ > anbmén,
n>lm=>1

where &;; denotes as usual a doubly-indexed i.i.d N(0,1) sequence.

There are various study recently on Lj;-norm small deviation for the
above tensored Gaussian random fields via different analytic methods, see
e.g. Li,1® Karol et al.!3 and Fill and Torcaso'”. The main goal of this
section is to present a simple probabilistic argument for the small devia-
tion probability

log P Z Z apby Xmn <¢

n>1m>1
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where X,,, > 0 are i.i.d random variables. Of course, our probabilistic
method works also for multiple sums. To really make the basic ideas
clear, we also restrict ourself to X, :5,%", since similar arguments work
for more general situation. Even in this tensored Gaussian random fields
setting, our result covers a variety of interesting parameter ranges for
sequences a,, b,, and thus fills a gap left open from the spectral methods
used in Karol et al.(!3 where many interesting examples can be found.

As discussed above, we assume for the remaining of this section that
we are in the Gaussian setting. And it is easy to see that all our arguments
work in general setting.

There are several ways to obtain the exact asymptotics at the loga-
rithmic level. One is given in Li!> based directly on Sytaja’s Tauberian
theorem and analytic computations. Another is given in a recent work by
Karol!® based on spectral asymptotics for tensor products of compact
self-adjoint operators. One of the most powerful technique is the Mellin
transform developed by Fill and Torcaso.(” Our probabilistic arguments
below are different but depend on some canonical known analytic results.

We start with a well known Exponential Tauberian theorem that con-
nects the asymptotic Laplace transform of a positive random variable V
with the small deviation behavior of the positive random variable V near
zero. Namely, for « >0 and e R

logP (V <e)~—Cye *|logel® as e—07
if and only if

log E exp(—AV) ~ —(1 +a)1—ﬂ/(a+l)a—(x/(1+a)C‘l//(l—&-a))ha/(l-i-a)(log )L)ﬂ/(l—i-a)

as A — oo.

A slightly more general formulation is given in Theorem 4.12.9 of Bing-
ham® and is called de Bruijn’s exponential Tauberian theorem. Note that
one direction between the two quantities is easy and follows from

P(V<e)=P(—AV > —xe) <exp(re)E exp(—AV),
which is just Chebyshev’s inequality.

As a simple application of the Tauberian theorem, we have the
following lemma for sums of independent random variables.

Lemma 3.1. If V;, 1 <i <m+I, are independent nonnegative random
variables such that

—log P (V; §£)~d,~s_°‘|loge|’3, 1<i<m,
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and
—logP (Vi<e)=o0(e*|logelf), m+1<i<m+l

for 0<a<oo, BeR and 0<d; < oo, then

m+1 m I+o
—logP (Z Vi SS) ~ (Zdil/(lﬂ)) e % logelP.
i=1

i=1

Proof. We can first write down associated statements for both
assumptions and conclusions in terms of the asymptotic behaviors of
Laplace transform by using the above exponential Tauberian theorem. The
desired result then follows from

m+1 m+1
log E exp(—A2 Z V)= Z log E exp(—AV;)

i=1 i=1
for independent random variables V;, 1<i<m+1. O

Our second lemma is a well-known fact and a detailed proof can be
found in Karol et al.!® in the case 6 >0. In general, it follows simply
from Theorem 2.1. Below we give a simple and direct argument which also
serves as a warm up for the proof of Lemma 3.3.

Lemma 3.2. Assume as n— 00,
An~Cn~7 (logn)?
for y >1 and 0 € R. Then we have as ¢ - 0,

o
logP(||X || < &) =log P(Z Ansﬁsaz> ~—D- YD D1og /=D

n=1

where

D=((y =)/~ Dy tese(a/y)r/ L. (3.

Proof. By Theorem 2.1, it suffices to estimate the probability
log P (V 582), where

V=Y n""[logln+ D&

n=1
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Note that as A — oo,

1 oo
logEexp(—AV) = —3 Zlog[l +2n7" (log(n + 1)1

n=1

1 [e¢)
~ 5 / log[1 +2x~7 (log(x + 1))’ Aldx
0

1 %)
- _zyflfe/ykl/y(log;\)e/y./ A =Vlog(l +2/1)d1
0
= —21/V_1y_9/”71 csc(r/y) ~A1/V(logk)9/y.

Hence Lemma 3.2 follows from the exponential Tauberian theorem. O

Our next lemma follows from similar arguments outlined in Li'®
and/or the much more powerful Mellin transform techniques developed by
Fill and Torcaso” in the case when 6, and 6}, are non-negative integers.
Here we give a direct argument based on estimates of Laplace transform
and the exponential Tauberian theorem.

Lemma 3.3. For any fixed positive integer K,

logP( i i "_V"(logn)(’“-k‘”’(logk)ebéfkfgz)
n=K+1k=K+1

— Dy (X5 gy k1017 (1ng)6b/l/a)y“/(ya_l) e=2/a=D|Joge|fa/ a=D if y,>yu>1
- {_ngz/(y1)| loge|V0at0)/y=D if =y, =y>1 and 6,,6,>0
where
Dy = ((ya = 1)/ %« %m0 Dy L ese( /ya)) 7/ ~D (3-2)
Dy = @/(y ~ )0 (B(Lta, 1y 10, y)my ~ esetain))

3.3)

and B(x,y) is the Beta function.

Proof. First, assume y, >y, > 1. Let

00 00
Vi = Z nfy”(logn)g“énzk and V= Z kiyb(k)gk)ebvk-
n=K+1 k=K+1

Pick integer A ~A", where (y,—1)/(yp—1)- ya_l <n< yb_l. Then,

1< A7 (logA)? and AA'""7(log AP <« 217,
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By the proof of Lemma 3.2, we have

log Eexp(—AV) = Z log Eexp(—A Vi)

k=K+1
A
~—2Vra=ly ~0alvay csc(m [y,) Z (A7 (log k)?%) /e [log (Ak ™7 (log k)% )]l v
k=K+1
oo o0
— Z Z n-ve (logn)o“ kTP (logk)ebk.

n=K+1k=A+1
Because the second term on the right hand side is of order O(AA!=7
(log A)%), which is lower than the first term, by letting A — oo we obtain
log Eexp(—AV)
o0
~ _21/)’11_1 ya_gd/yan CSC(]T/)/a) Z k_)/b/)’a (log k)eb/ya . )Ll/Va (log )L)Qa/)’a .
k=K+1
When y, =y, =y >1, the argument is slightly different.

1 o0 o0
logEexp(—AV) = ) Z Z log[142n"7 k=7 (logn)% (log k)% A]
n=K+1k=K+1

1 [ [
~ _Ef / log[1+2x"7y™Y (logx)ea (log y)gb)»]dxdy.
K K

Let logy = log(Az) and logx = I_Tw log(Az), then

log Eexp(—AV)

1 o] 1 2 op 1— t9a1 A Oa+0p
~—f/ /log 1+ wrdzwy* loghz) y 2 v "Nogaz dwdz
2 Jxk2rpJo zybatth

1 L oo 2w (1 — w)ba (log A)a+b
~—§yﬂwlogx/0/0 log(1+ wr(l - wytdogh) )zl/H dzdw

zy9a+9b
10 A 1+(0a+6p) /v 1
=2Vl ese(r/y)allr <—g > / wY (1 —w)%lV dw
14 0
=2 g ese(m/y)y 1Y B(1 40, /v, 1+6,/y) - 217 (log a) Tl t0)/Y

The lemma now follows from the exponential Tauberian theorem.
O

Theorem 3.4. Assume as n— oo,

an~Can~ " (logn)%, b, ~Cpn " (logn)%
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for yp >y, >1 Then we have as ¢ — 0,
(i) for yp >ya>1,

o X
logP (Z Z anbkéﬁk < 82)

n=1 k=1

00 Ya/(Ya—1)
~—Dy- C;/(ya_l) <Z b}i/ya) g2/ =D Jog g|fal Va=1)
k=1

where the constant Dj is given in (3.2).
(i) for yp=y,=y >1 and 6,, 6, >0,

o0 o0

020 (33 i<
n=1 k=1

~ =Dy (CuCp) /=D =2/(r=1)) log g| (¥ +bat80)/(y=1)

where the constant D; is given in (3.3).

Proof.  We first treat the case (i). For the upper bound, we have for
any positive integer K > 1

oo 00 K 00
logP (Z Zanbkénzk < 82> <logP <Z by Zdné,%k < 82)
k=1 n=1

n=1k=1
K Ya/(Va—1)
N_D]C;/(Va—l) (Zbli/)’zz> 872/()/‘171)'10g8|9,,/()/,,71) (34)
k=1

where the last line follows from Lemma 3.1 and the fact that for each 1<
k<K,

o
log P (bk D anka < 82> ~ =Dy (Cabp) e D=2/ e | log g|fa/ ra=D)

n=1

based on Lemma 3.2. Note that we had to be careful here since we have
g2 rather than just ¢ in the Lemma 3.2. Taking K — oo, we obtain the
desired upper bound in the case y, >y, > 1.
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For the lower bound in case (i), we split the summation region into
three disjoint parts so that we have three independent sums. For any § >0
small, there exists positive integer K such that for any n, k> K +1,

(1=8)Cyn~ " (logn)% <a, < (1+8)C,n~Y (logn)’ (3.5)
(1=8)Cpk ™" (logk)? <by < (1+8)Cprk ™" (log k)% (3.6)

With § and K defined above, we have by the independence of three dis-
joint sums

0 00 K 0
P (ZZanbks,%kfsz) =P (Zbk > gy =(1 —52)82>
n=1 k=1 k=1 n=l1

K 00
<P > an Y gy <27'6%°

n=1 k=K+l1

o o
<P Y Y anbigy, <27'6%°
n=K+1k=K+1
Thus we have again by Lemmas 3.1-3.3, with ¢(¢) = £2/(a=D
| log8|_0a/(ya_1)’

o0

liminf ¢ (¢) log P (Z > anbigy < 52>

n=1 k=1

K 00
>liminf ¢ () log P (Z by angl <1 _52)82>

k=1 n=1

K [}
+1i1;11_j(1)1f¢(s)ﬂ3”< an Z bkgfk5215232>

n=1 k=K+1

+limj(§1f¢(s)P ( Z Z (1+8)2Con~ 7 (logn)® Cok~ 7 (logk)Gh%-)?k 5215282)
¢ n=K+1k=K+1
K

Ya/(Ya—1)
=_D1C5/(V0*1) (Zbi/yz:> (1_82)71/()/,,71)_'_0
k=1

) Ya/(Va=1)
_Dl(zcacb)l/wrl)(l+571)2/(Vrl) ( Z kyh/ya(logk)(%/ya)
k=K+1

Taking K — oo first and then § — 0, we obtain the lower bound in (i).

Next we turn into the more interesting and harder case (ii). For the
upper bound, we have for any positive integer K > 1 determined in (3.5)
and (3.0),



























