M353 Study Guide for the Final (S. Zhang) .

1. Convert a = 4.125 and b = 19/7 to IEEE doubles. Then find
the IEEE double form for a + b (using chopping after bit 52.

)

e ans:
4.125=440.125
Convert 4
(quotient) 4 (/2) (remainder)
P
2 0
PN
1 0
PN
0 1
4 =100,

Convert 0.125.

0.125 (x2) (fraction)

1 B.125 = 0.0014,
4.125 = 100.0015 = 1.000015 x 22

Use IEEE double: p =2. 11111111115 4+ 2 = 1 00000 000015

[0 ][_10000000001 __][__000010...0 |
52 bit
5
19/7T=2+ =
/ +
Convert 2
(quotient) 2 (/2) (remainder)
PN
1 0
PN
0 1
2 =104

Convert 5/7.

5/7 (x2) (fraction)
17 a7

Use IEEE double: p =1. 11111111115 + 1 = 1 00000 000002

[0 J[_10000000000 ][ 0101 101...101 |
52 bit

19
4.125 + —
+ 7

=1.000015 x 22 + 1.0101, x 2*
—1[__00001000...00000 | x 922

52 bit

+0[ 10101101 .. 70T 10 ] x 22
52 bit

—1] 10110101 ... 930110 |« 22
52 bit

We can convert the answer back to decimal, but not required.

2. Find an interval of length one that contains a root.

zt=a2%+2

Then do two steps of bisection method. How many steps of
bisection iterations are need to reach 107'° accuracy?

® ans:

flz)=a*—2% -2
f0)==2, f(1)=-2, f(2)=10

[aa b] - [L 2]

After we compute the first ¢, we will replace either a or b by
¢ so that the new interval can still trap a root inside it.

_a+b
)
i| a, fla) | ¢, f(eo) | b, f(b)
0 1,[-2] 1.5,[0.8125] 2,[10]
1] 1,[-2 1.25,[-1.1211] | 1.5,[0.8125]
2 1.25,[—1.1211] 1.5, [0.8125]
xr =1.375



Error bound:

1
(n+1)In 3 <In10~ %

—101In10
(n+ 1) > T

2

=33.21

n > 33.

3. For finding the root of the function:

(a)

(b)
()

(d)

f(z) = 2® — 4a — 12

Do 3 steps of the Newton’s method, po = 3. Find the
errors and use the data to show the method is a second-
order one. Then find the fixed point, and the conver-
gence order and rate there.

Do 3 steps of the secant method, py = 2, p; = 8.

Do 3 steps of the false position method, given the initial
interval [2,8].

Construct a function with pg and p1 (po < p1) so that ps

in the secant method is different from the second iterate
in the false position method, where the initial interval

is [pOapl]-

® ans:

(a)

fl(x) =22 —4

If po = 2, then f/(pp) = 0 and p; = co. The iteration
diverges.

po =3, f(po) = —15
p1=p0— f(po)/f'(po) =105,  f(p1) =56.25
p2=p1— f(p1)/f'(p1) = 71911,  f(p2) = 10.95
ps = 6.1366, flps) = 1.112

From three iterations, it is hard to say the method is a
second-order one, this is because the initial pg is too far
away from the root. If we do more iterations:

po =3, f(po) = =15
p1=po — f(po)/f'(po) = 10.5, f(p1) = 56.25
pa=p1— f(p1)/f (pr) = 7.1911, f(p2) =10.95
p3 = 6.1366, f(ps) = 1.112
Py = 6.0023, F(pa) = 0.018
ps = 6.00000064, F(ps) = 0.0000051

ps = 6.00000000000005

The root is 6. We can see we got the correct digits
doubled, from 1, to 3, to 7, and to 14! We say the
method is of second order.

The secant method is almost the same as the method
of false position, but simpler. We always use two new
solutions to compute the next solution in the secant
method. But in the method of false position, we use
the two solutions at which the function has two different
signs.

— 467, F(pa) = —8.89
p3 = 5.69, f(ps) = —2.36
pa = 6.06, f(ps) = 0.52

f(2) = -16, a=3=pg

F8) =20, b=8=p

P1 — Do

Fon) — fo) O

Co=p2=p1—f(p1)

f(eo) = f(p2) = —8.89
Cl = p3 = 569,

f(p1)

f(ps) = —2.36
P1—P3 — 596

pa 7 cs == HP) e Ty

Repeating above steps of the method of secant, until
the 4th step, where the middle point is computed by
p1 and p3 while the secant method uses ps and ps.

b)(b—a
k ‘ ak(f(a)) c=b— }c((b))if(a)) ‘ by,
0 Po, 2716 4.67—8.89 P1, 8+20
1| po,4.67—8.89 | 5.69—2.36 P1, 8420

2 | p3,5.69—2.36 | 5.93(using p; and p3) | p1,8420
Comparing the two methods, we can see the secant
method is faster, but the secant method does not
guarantee the convergence, while the method of false
position does.

From the table above in the false position method, we
can see that to make ¢; different from ps, ¢y must go
the right column, instead of the left column, because
this way, ¢ is computed by pg and p. while ps is by py
and po.



Let

4. Find convergence order and the rate of the Newton’s method

® ans:

flx) =4 —2?

ap =po = —3
flao) = -5

bo=p1=—1
f(bo) =3

co =pa = —1.75

Fleo) = 0.93 > 0
a1 = ag, b1 = co,
P2 —P1
pP3s=P2—J\P2) 77—~ 77
s =02 ) ) o)
= —2.09, (Secant Method)

by fby) T
@ = O, o)
e __P27Po
I g )
= —1.94, ( False position )
c1 # ps.

322% —322% — 60 +9=0, r=—1/2,3/4

f(x) = 9622 — 64z — 6
' (x) =192z — 64

r=-—1/2
Fi(r) =50 %0

" (r)=-160

eit1 oo | £(0)

e 12f(r)

8

5

We have a quadratic convergence.

r=3/4
f(r)=0
F(r) =80#0
61'7‘*‘1_,5_7”_1:2_1:

1
e; T m 2 2

We have a linear convergence.

5. Solve the following system (A|b)

1 -3 3 | 4
-2 0 1 | -1
3 -1 -1 | 2

(a) by GE without pivoting,

(move to right!)

(b) by finding A = LU and using it
(¢) by GE with partial pivoting,
(d) by finding PA = LU and using it

® ans:

(a) by GE without pivoting,

1 -3 3 | 4

2 0 1 | -1

3 -1 -1 | 2

1 -3 3 | 4

g 6 7 |7

3 -1 -1 | 2

1 -3 3 | 4
oyt 6 7 | 7

8§ —10 —10

1 -3 3 |4
(4/3)ra+rs —6 7 |7

3] =48] a3 a3

1
xz=10 ( bottom up )
1

(b) From last step in Gaussian elimination above, we get

1 1 -3 3
A=LU=|[-2 1 -6 7
3 —4/3 1 —2/3

(please check it.)
When solving Az = (LU )z = b, we need to do two steps

Ly=1b
1 4
2 1 y==|-1
3 —4/3 1 2
4
Y= 7 ( top down )
—2/3
Ur=y
1 -3 3 4
-6 7 |x= 7
-2/3 —2/3
1
=10 ( bottom up )
1

(¢) GE with partial pivoting (must switch rows exactly):



(a) Find xo if Jacobi iteration is used.

_12 _03 Z1’> } _41 (b) Find the exact solution x and errors for the above Jacobi
5 1 -1 | 2 iteration, ||z — 2;||o0, ¢ = 0,1, 2.
3 -1 =1 | 2 r3 (¢) Find the error reduction bound for the Jacobin itera-
SRl 2 0 1 | -1y tion, || Rj|/~. Check the error reduction data above.
1 -3 3 4
| E (d) Find x5 if Gauss—Seidel iteration is used.
3 1 =1 |2
(2/3)ratre “2/3 1/3 | 1/3 & (e) Find the error reduction bound for the Gauss—Seidel
1 3 3 ° iteration, ||Rgs||oo-
- | 4 T1 k
3 1 =1 |2 . e
(=1/3)r1-+ra “2/3 13 | 1/3 1 '
1/3
—8/3 10/3 | 10/3 (a) We use the notation for splitting a matrix to a strictly
3 -1 -1 | 2 r3 lower-triangular part, a diagonal part, and a strictly
s ~8/3 10/3 | 10/3 upper-triangular part:
“2/3 1/3 | 1/3 AL DT,
3 -1 -1 | rs
(=1/Drs+rs ~8/3 10/3 | 10/3 n
12 | —1/2 e = D7 — DY (L, + U)o
1 0.25 0. 0. 2.
x=1{0 ( bottom up ) =| 0. 025 0. 2.
1 0. 0. 0.25 2.
(d) by finding PA = LU and using it 025 0. 0. 0. -1 -1\ /L
From above work, we have o 8 0625 002‘5 _1' Oi _01' (1)
. ? 8 (1) 2 0.5 0. 025 —0.25\ /1.
o1 0 n =105]-(-025 0. —025] (0.
? 0.5 025 —0.25 0. L.
1
L=|1/3 1 B 0'175
—2/3 1/41 "o
3 -1 -1 ,
U — ~8/3 10/3 Repe_alt one rili)re time.
_1/2 T2 =D"b—D (Lt‘i'Ut)xl
PA=LU 0.5 0. —-0.25 —0.25 0.75
. =105] —1|—-0.25 0. —0.25 1.
(check it.) Now, we have three steps: 05 095 —0.95 0. 0.75
2 0.9375
z=Pb =z = 4 — 0.875
-1 0.9375
2
Ly==z =y=110/3 1
—1/2 The iteration converges to | 1
1 1
Uz = =z=10
Y 1 (b) We can use Gaussian elimination or simply checking the
observation above to get the exact solution
6. Let
4 -1 -1 2 1
A=|-1 4 -=-1|,6=12],20= r=|1
-1 -1 4 2 1



So we have errors

0

leolloe = [l = Tolloc = [[ | 1 | [loo =1
0
.25

lerlloe = [l = z1lloc = | O | [loc =25
.25
.0625

lealloo = [z = z2llco = || [ 125 | [|oo =125
.0625

Rj=-D YL+ 1)

0. .25 .25
=1.25 0. .25
25 .25 0.

1
|IR;llco = max{0 + .25+ .25,.5,.5} = 7

Checking the reduction is no less than 1/2:

letloo _ 25 _ 1 _
Jeolleo ~ T 4

1
2

lealloo 125 1 1
leilloe 25 272
(d)
4.0 0\ "
(Ly+D)t=[-1. 4 o
-1. —1. 4.
0.25 0. 0.

= | 0.0625 0.25 0.
0.078125 0.0625 0.25

1= (L + D)o — (L + D) 'Uyo

0.25 0. 0 2.
= 0.0625 0.25 0 2.
0.078125 0.0625 0.25 2.
0.25 0. 0. 0. —1. -—1. 1.
— 0.0625 0.25 0. 0. 0. -1 0.
0.078125 0.0625 0.25 0. O. 0. 1.
0.5 0. —0.25 —0.25 1.
= 0.625 — (0. —0.0625 —0.3125 0.
0.78125 0. —0.078125 —0.140625 1.
0.75
= 0.9375
0.921875
o = (Lt + D)ilb — (Lt + D)ilUt.’El
0.5 0. —0.25 —0.25
=1 0625 | —10. —0.0625 —0.3125
0.78125 0. —-0.078125 —0.140625
0.75 0.96484375
0.9375 =1 0.971679688
0.921875 0.984130859

The solution is much better than that of the Jacobi
iteration.

(e)

Rys = —(L + D) 'U,
0. —0.25 —0.25
0. —0.0625 —0.3125
0. —0.078125 —0.140625

| Rysllso = max{0.25 + 0.25,0.0625 + 0.3125,

1
0.078125 + 0.140625} = 3
7. Find the P3(x) interpolation by
(1) solving equations for unknown coefficients,
(2) Lagrange nodal basis,
(3) Newton’s divided differences.
z | -1 o f1]2]
viof-2]0]0]
e ans: Method(1) We look for a degree 3 polynomial to
fit 4 data points.

Ps(x) = a + bx + cx? + dx®
For example, when zg = —1, yg = 0 we get one equation:
0O=a—-b+c—d

Then for the unknown coefficients (vector X = (a,b,...)),
we get the following equations obtained by evaluating the
polynomial at the given points:

1 -1 1 -1\ /a 0
1 0 0 of]s]| |-2
1 1 1 1 f|le|l" |0
1 2 4 8) \d 0.



Solve the system of equations:

Py(x) = 242 + 22% — 2°

Method(2) Using Lagrange basis

(x —x1)(x — x2) (2 — 3)

ps3(x) =yo (20 — 1) (20 — 2) (20 — 23)
S ererr e ey
+wa;f:§§$;l?§é;fia
+“%;f:§$ﬁijj;§2;fiﬁ
_o_oletDe-D@=2) o

(D (=1)(=2)
= (@~ 1) - 2)
=—23 4222+ -2
We must get the same answer. Also we can check the function
by evaluate it at the 4 given point!
Method (3) Newton’s divided differences:

fler) = f(x)
Flo, wppa] = 210l = Floe]
o Th+1 — Tk
fl@rst1, Trgo] — flon, Tpgi]

fl@r, Tha1, Thyo) =
Tr42 — Tk

Jlor, Trgr, Thgo, Trga)]
 flrgn, Trgo, Thas] — flor, Tho, Tryo)
Tk+3 — Tk

We can use the above formulas directly. But it is much easier
to use the following table.

-1 [0 ]
0 -2
2
1 0 1
0
2 0

Ps=0-2(x+1)+2(z+1)(z) — (x + Dz(zx —1)
=20 —2+422+2r— 2%+
=23 4+22%2+x-2

8. Find the least-squares solution each problem.

—2 7 -2 1 3 21
1 1 Jz=1(0], 11 ~1)*=\9 )
3 -1 14

® ans:

AT Az = ATb
v, (14 0
AA_(O3)
[ 28
Ab<QJ

= (ATA) "1 ATh = (_27)

1.5
AATy:b:>y:<3)

—6
r=ATy=[45
1.5

9. Let f(z) =« +sinx, zg = 0.5.

(a) Approximate f'(zg) by the (3-point) central differences
with h = 0.1 and h = 0.2. Find the error bound for
h = 0.1. Find the Richardson extrapolation. Check all
three errors.

(b) Using the (3-point) central differences with h = 0.1 and
h = 0.2, Find the error bound for h = 0.1. Find the
extrapolation to approximate f”(x¢). Check all three
€ITOTS.

® ans:

(a)

f(l) _ fl ;hffl
f/ _ f($0+h)_f($0—h)
0 2h

= 1.8761

e = f'(z0) — fi = 0.0015
Error bound:

f"" = —cos(x)



h2
7/(20) = fj] < % maxa_1 < 2 < | (2)
2

A

< %(008(0.5 —0.1)) = 0.0015
fi(h = 0.1) = 1.8761
fi(h =0.2) = 1.8717
e(h = 0.2) = 0.0058
,Af(h=01) — fi(h=0.2)
fo= 1-1
= 1.8776

new error = f’(zo) — f = 0.0000029

The new error must be much smaller!

(b)
v f1—=2fo+ f
O_T
T h)—2f(x To— h
”(h:O.l):f(OJr ) f}(ﬂo)Jrf(o )
= —0.4790

F (o) — fI = —0.0004

Error bound:

" = sin(x)
|f/(x )_fl| < h72 < < f/l//
0 ol = 13 maxz_1 < z < x| (2)]

2

0.1

A

(h=0.2) = —0.4778
#(x0) — £ = —0.0016
v _ Aff(h=0.1) — f'(h = 0.2)
1-1
= —0.4794
#" (o) — I/ = —0.00000053

10. Compute [} 5* da.
(a) Use the trapezoidal rule with m = 1(h = 2), and m = 2.
Find the extrapolation. Find all three errors.

(b) Use the mid-point rule with m = 1(h = 2), and m = 2.
Find the extrapolation. Find all three errors.

(¢) Use the Simpson’s rule with m = 1(h = 1), and m = 2.
Find the extrapolation. Find all three errors.
e ans:

Exact value

2
/ 524 dx = 32
0

(a)

(b)

(c)

Trapezoidal rule:
m=1,h=2:
h
Tp = §(f0 + f1)
h
= 2(7(0) + F2)
=80
err = —48

m=2h=1:

Ty = g(fo+2f1 + f2)

h

=S (F0) +2f(1) + £(2))

2
=45

err = —13

Extrapolation (second order)

extrap =
err =

Midpoint rule:
m=1,h=2:

22T — Trn=1
22 -1

33.333333

—1.3333333

My, = h(f12) = g(f(l))

=10
err = 22
m=2,h=1:
My = h(f1/2 + f3/2)
— h(f(0.5) + F(1.5))
= 25.625
err = 6.375

Extrapolation (second order)

extrap =

22Mm:2 - Mm:l
22 -1

= 30.8333333

err =

Simpson’s rule: h = 1:

1.1666666

S = L(F(0) + 4F(1) + £(2)

3

= 33.33333333
err = —1.33333

h=1/2:

S = 5 (7(0) + 4f(

= 32.083333333
err = —0.08333333

327 +47C) + 1(2)



Extrapolation (4th order)

extrap = 28m= = Smet
24 -1
=32
err =0

11. Find Romberg R33 and the error for

3
/ 6x° dx.
1

e ans:
_ o Jo N1
R11—Tm:1—h[2 + 2]
6(1°)  6(3°)
R
Roy =T)—2 = % + hfi
R
= 5+ +1(6(2%)) = 934
R
R3y =Ty = % + hlfi + f3]
=T77.75
4R>1 — R
Roo = % — 744
4R31 — R
Ry = % — 799
16R32 — Roo
= - = 2
R33 161 728
Exact
3
/ 62° dx = 3% — 16 = 728
1
Error is 0.
12. Compute Gauss integration Ga, G3 ( 2; = £v/.6,0, ¢; = g,%

) for

2
/ z* + 1dz.
1

e ans: Formula (change variables — must apply Gauss
formula on [—1,1])

’ ! b b—ab-
/af(Z)dZ:/—1f(a_2|_ +u 2a) 2adu

/1 <u+3)4+1 du
) 2 2
- +3 4 753 4
() ()
Go

- 2 + 2

= 7.19444418

4
—+/.64+3
(=2=) +1 5@
2 9 2
. 4
5 (452) +1

9 2
= 7.19999988

Gs =

| ot

The exact integral is 7.2.

13. Find the exact solution and y(1).
(1) Apply Euler method with h = 1/2 and h = 1/4 for y(1)
and the extrapolation, find the three errors.
(2) Apply backward Euler with h = 1 and h = 1/4 for y(1)
and the extrapolation, find the three errors.

y =t—y, y(0)=0

® ans:

1st order linear: y' + py = gq.

u:efpzet

y=p " /uq = e_t/ettdt

=eleft—e'+C)=t—1+Ce?

sol:

y(0)=0 = y=t—1+e"

y(1) = e~' = 0.3678794411714

Backward Euler: 3/ = f(t,y).

Y1 =yo +hfi =yo+hf(ti,y1)

= yo + ht1 — hys
_y0+ht1
N=Tn
Yt htin
yz+1—71+h

h:1/477 y():Oa tOZO

04 0.25(0.25)

t1 = 0.25; =
1 N 1.95
= 0.05
err =y(t;) —y; = —0.0212
Y; = 0.14

err =y(t;) —y; = —0.0335



i=3: t; =0.75
yi = 0.262
err = y(t;) — y; = —0.0396

yi = 0.4096
err =y(t;) —y; = —0.0417

14. Solve the boundary value problem (find approximate values

x(1) ) :

2 —a' =44, z(0)=1, z(2)=9

(1) By linear Euler shooting with h =1

(2) By nonlinear Euler shooting with h = 1, and 2 bisections

starting with 2’(0) € [0, 2] (4 shootings).
(3) By the finite difference method with h = 1.

The exact solution is x = 2t +1 (no use other than checking)

® ans:

Exact solution is

Shooting 1 — For u: h =1,

v-z=(2)=(2)-(2)

’ _ Yy
U'=FtU) = <y+4—4t>

Uy, = Uy + hF(to,Up)
0 1
e () =)
Uy =Uy + hF(t1,Uy)

4 5
_U1+h<4) _ <8>
Shooting 2 — For v:

v=()=() w=0)

V' =F(t,V) = (g)

Vi = Vo + hF(to, Vo)

as()-()

Vo = Vi + hF(t1, V1)

0)-0

Combine them:

Error is 2/3.

Nonlinear shooting:

Nonlinear Shooting 1 — 2/(0) =0: h =1,

Zy = Zo+ hF(to, Zo)
0 1
=zen(3)= ()

Zy = Zy + hF(t1, Zy)

4 )
x(2) = 5 too low.

Nonlinear Shooting 2 — 2/(0) = 2: h =1,
()00
Zy = Zo + hF (to, Zo)
-0

Z2 = Zl + hF(tl,Zl)

ann()- (3




x(2) ~ 11 too high.
Nonlinear Shooting 3 — 2’(0) =1: h =

‘- () (i)v”()
7= <y+4 4t>

Zy = Zy + hF (to, Zo)

n()-)

Zy =71+ hF(t1,21)

-

x(2) ~ 8 too low. Nonlinear Shooting 4 — 2/(0) = 1.5: h =1,

2-(2)- () 2= ()
7=re2)=(,, )

7y = Zo + hF(to, Zo)
-z (33) = (%)
Zy = Zy + hF(t1, Z1)
()~

x(2) ~ 9.5 too high. If we bisect again, we try 2/(0) = 1.25.
So

.Z‘(l) ~ Zl,l =25

Finite difference for h = 1:

to t1 ta

When h =1, only 1 unknown x;. zg and x2 and known.

To— 201 +2x2  T9 — X
— =4 —4¢
h2 2h !
(—2)(E1 = —6
xr1 = 3

The error is 0!

15. Solving the heat equation by the finite difference method.
up = 4dug, for t € (0,0.1) and = € (0,3) with initial and

boundary values

u(z,0) =23 —x)z, u(0,t)=0, u(3,t)=0.

Let At =0.1. Find u(x;,0.1) by the following methods with

h=1.

(a) the Euler (explicit) method.
(b) the backward Euler (implicit) method.
(¢) the Crank-Nicholson method.

® ans:

We cut the domain this way :

For all three methods

Euler method:

0.2 04 2.4
Ur = Alo = (0.4 0.2) Vo= (2.4)

Backward Euler:

18 —04
AUy =Uo, A= <—0.4 1.8 >

U, = AU,

_(0.58442 0.12987 U
~\0.12987 0.58442

(28571
~ \2.8571

Crank-Nicholson:




AU, = BUy
28 —-04
A= (_0'4 98 ) , (see the graph)

1.2 0.4
B_(0.4 1.2)’
A1 (045833 020833

0.20833  0.45833

Uy = A-1BU, = <2.6667>

2.6667
16. Solving the wave equation by the finite difference method.
Uy = gy, t€(0,4), z€(0,1)
with initial and boundary values

w(z,0) =4x(l — ), u(z,0)=—ux,

u(0,t) =0, wu(l,t)=0.
(a) Let h = Az = %, k= At = 0.1. Find u(z;,0.4).
(b) Let h = Az = %, k= At =0.1. Find u(z;,0.2).
e ans:

(a) When h =1/2, the grid is

To T1 X2

k At
C , O Ch CAx

The graph for the first level is

The graph for high levels:

11

The grid points in x direction:

0 L 1
r; =Y, 5,
2

For u(x,0) = 4z(1 — z), we get

K u(zo,0) 0

Ug=[u(z1,0) | = [1
u(xs,0) 0

Up = (u(3,0)) = (1)

For u;(z,0) = —x, we get

G = (Up)o = (us(z1,0)) = (—1/2)

A = tridiag (02 2 — 202 02)
= tridiag (16 1.68 .16) = (1.68)

1
U, = §AU0 + kG

% (1.68) (1) +0.1(-1/2)

— (.79)

Put the two boundary conditions on U;, we have

U,(O,tl)
U= Uy
’U,(l,tl)
0
=1.79
0

(No need to show Uy, as we have 0 b.c. in this class.)

The formula for higher levels are

U, = AU, — Uy
= (1.68) Uy — Uy

= (1.68) (.79) — (1)

= (.3272)
Now, repeating two more times, we get

Us = AU, — Uy = (—.2403)

Us = AU3 — Uy = (—.7309)

We can draw the graph to see a string wave.



(b) For h = 1/4 we have

ro X1 X2 T3 T4
k At
c , O Ch ch 8
For u(z,0) = 4x(1 — z), we get
u(xo,0) 0
R u(zy,0) 75
UO = u($2,0) = 1
u(xs,0) .75
u(xy,0) 0
.75
Up=1 1
.75
For u(x,0) = —x, we get
ug(x1,0) —.25
G = (Ut)o = ut($2,0) = —-.5
ug(zs3,0) —.75

A =tridiag (c* 2—20% o?)
0.72 .64

.64 0.72
.64

.64
0.72

1

iAUO + kG
.75
1
.75

.565
.79
515

U, =
1 —.25
—.75

The formula for higher levels are

Uy = AU, — Uy
565

.79
515

1624
.26
.1264

.75

=A
.75
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17. Solve the finite difference equations for the Laplace equation
with h = 1.

Ugy + Uyy =2+ 2z, 0 <z, <2
with the boundary condition
u(2,y) = 29> + 4
u(z,2) = 4o + 22

e ans: The rectangle is cut by a vertical line x = 1 and a
horizontal line y = 1. So we have 2 unknowns shown in the
picture.

Uy Ju2

From the derivatives, the ghost point values are obtained by
the central difference method
ug —u(—1,1)
2h

uy(0,1) =93 =1

w(=1,1) = up — 2
At the unknown u points, we get equations

(ug — 2) + (22) — 4uy + up + (4o + 23) = (2 + 220)h?
uy + (22) — dug + (day + 22) 4 (207 +4) = (2 + 22,)h?

Solution

18. Approximate the area bounded by

2 <y<(1-2%)

by the Monte Carlo method with N=6 and the linear con-
gruential generator:

a=2,b=1 m=13, xg =2

® ans:

x; =2x;1 mod 13, wu;=x;/m

xo = 1 Then, the generated x; are

z; = 5,11,10,8,4,9,6,0,1,3,7,2,5, ...,



(a) Point 1 (z,y) = (u1,u2) = (3, 13)- Check the condi-
tion:

1
4(x — 5)2 <y<(1—2%?
0.0533 < 0.8462 < 0.94317

Yes. The point is inside the region.

(b) Point 2 (z,y) = (us,us) = (13, 15). Check the condi-
tion:

1 1

1{1 —i
=311 2
1 1
y:an:

-1 )
1 -1
-1 —
0
—1
0

1
4(x — 5)2 <y<(1—a%)?

0.2899 < 0.6154 < 0.54487

(skip the portion
(noting even rows repeating)

between these two lines.) Idea: w

4

L,

11 1 1
No. The point is not inside the region. 11 w w? W
== x
(c) Point 3 (2,y) = (us,ug) = (15, %). Check the condi- Y791 o Wt WS
tion: 1 w3 Wb WO
1 11 1 1
4(m—§)2§y§(1—x3)? 11w w? ww?
=3 2 2
0.1479 < 0.6923 < 0.97097 2 1 wo Lo ((12))
w® w w(w
Yes. The point is inside the region.
(d) Point 4 (z,y) = (ur,us) = (%, 3%). Check the condi- , WO 0
tion: =w?, My =
1 H 2 110 Ml)
4(x — 5)2 <y<(1-—2x3)?
0.0059 < 0 < 0.9017? u= M, (i‘)) L v= M, (il
2 3
No. The point is not inside the region.
(e) Point 5 (z,y) = (ug,u10) = (75, 15). Check the condi- up + w%vy
tion: = L up Wi
1 y= V4 | o+ w2y
4(x — 5)2 <y<(1—2%? u1 + w3vy
0.7160 < 0.2308 < 0.9995 Now,
No. The point is not inside the region. w=—i, p= W= 1
Check the condition:
1
4(x—§)2§y§(1—x3)7 " <1 1)
5=
0.0059 < 0.1538 < 0.8439? -l
Yes. The point is inside the region.
n=mn(2) = (6) -0 2a
Out of N = 6 points, 3 of them are inside the region. So 2 3
A://ldmwizw o + wvg
N 6 y = 1 U1 + w vy
T /4 | uo +w
19. Find (1) the Fourier transform, (2) the fast Fourier transform va u? LWl v?
x=1[0,1,0,-1] Uup + Vo 0
1 Uy — iUl o —1
e ans: 2w —=1vo| | O
uy + Z"Ul 1
n = 4;w _ —i27/n i
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