M353 Study Guide 3 (S. Zhang) .

1.  Compute f02 5z dx.

60.281

(a) Use the trapezoidal rule with m = 1(h = 2), and m = 2.

Find the extrapolation. Find all three errors.

(b) Use the mid-point rule with m = 1(h = 2), and m = 2.

Find the extrapolation. Find all three errors.

(c¢) Use the Simpson’s rule with m = 1(h = 1), and m = 2.

Find the extrapolation. Find all three errors.

® ans:

Exact value

2
/ 524 dx = 32
0

(a) Trapezoidal rule:

m=1 h=2:
T, = g(fo + f1)
h
= U0+ f(2)
=380
err = —48
m=2h=1

Ty = g(fo +2f1 + fa)

= 200 + 270 + £(2)
=45

err = —13
Extrapolation (second order)

22T =2 — Tye1
22 -1
= 33.333333
err = —1.3333333

extrap =

(b) Midpoint rule:

m=1 h=2:
h
My, = h(fi2) = §(f(1))
=10
err = 22

My = h(f1/2 + f3/2)
= h(f(0.5) + f(1.5))
= 25.625

err = 6.375

Extrapolation (second order)

22Mpp—o — Myp—1
22 -1
= 30.8333333
err = 1.1666666

extrap =

(¢) Simpson’s rule: h = 1:

Sh = 5(F0) +47(1) + £(2)

= 33.33333333
err = —1.33333

h=1/2:
h

Sn=5(/0) +4f(3) +20(1) +47(5) + f(2)

3
= 32.083333333

err = —0.08333333

Extrapolation (4th order)

extrap = —24Sm:2 ~ Sm=t
24 — 1
=32
err =0

2. Find Romberg R33 and the error for

62.61
3
/ 62° dz.
1

e ans:
fo N1
Ri1 =Ty=1 = h|=— + =
1 1 [2 + 2]
6(1°)  6(3°)
R
Roy =Thp—o = % +hfi
R
- % +1(6(2°)) = 934
R
Rz =Ty = % + hlf1 + fa]
=777.75
ARot —
Ry = 7]%213 u =744
ARar —
Ray = R313 Ry _ 799
16R32 — Rao
_ —79
R33 16-1 728
Exact

3
/ 62° do = 35 — 16 = 728
1

Error is 0.



3. Determine the smallest integer j and N, for which the Accepted.
626 Romberg integral R;; (starting from Rj;) and the Gauss-
Legendre integral G is the exact, respectively.

12
/ 77" — 23 dx
2

e ans: (1) For Romberg integrals, R(J,J) are exact for

T(3/2,7/4) = Th=1/8 =4.3291
(e) On (7/4,2),

Th:1/4 == 667977
Th:l/S = 6.6357

polynomial of degree 25 — 1 > 14, 8. tol = 3-TOL - b —a =0.15
(2) For Gauss-Legendre integrals, Gy are exact for polyno- -
mial of degree 2N — 1. 2N —1 > 14, N = 8. Top, — T3, = 0.0439
4. Compute the integral by adaptive quadrature with tolerance Accepted.
63.14 ()2 T(7/4,2) = Th:l/S = 6.6357
2
/ 423 dz. (f) Together
1
T="T,-: T T
o ans: (1.3/2) T L3/2,7/4) T L(7/4,2)
ns: = 15.1055
Checking:
a =1, b= 2. remain the same. )
(2) On (1,2), / dx%dr =15
Th=1 = 18, Error:
Th:1/2 = 1575 2 3
b —a |/ 4a° dx — T| = |15 — 15.1055| = .1055 < .2.
tol =3-TOL- —— = 0.6 1
b—a Yes.
Th:1 — Th:1/2 =2.25 . . 5 8
5. Compute Gauss integration Ga, G3 (z; = +v.6,0,¢; = 5%
Too big. Not accepted. We cut the interval into 2. saa ) for
(b) On (1,3/2), 2
/ zt 4+ 1dz.
Th—1/2 = 4.375, 1
Th=1/4 = 4.1406 e ans: Formula (change variables — must apply Gauss
tol = 3-TOL - b;) M3 formula on [—1, 1])

Top —Tp = 0.2344
2h h b ds — L oa+b b—a b— @,
Accepted, the difference is smaller than the control. u fl2)dz = f 2 tu 2 ) g

-1

T1,3/2) = Th=1/4 = 4.1406

(c) On (3/2,2), /_11 ((u—;—3>4+1> %u

Th—1/2 = 11.375

Th—1/a = 11.0469 g\ PR
v by — ay ( “§+3> +1 (“5;3) +1
tol =3-TOL - = 0.3 _
© b—a Gz 2 * 2
Ton — Tj, = 0.3281 = 7.19444418

Not accepted. Just slightly too big.

4
—.6+3
(d) On (3/2,7/4), G 5(%) +1+8(%)4+1
s =2 8
Th:1/4 = 4.3672 9 24 9 2

Th—1/s = 4.3291 . (@) L1

_ bi —ar 9 2
ol =3 TOL === =015 — 7.19999988

Top — T, = 0.0381 The exact integral is 7.2.



6.

66.401

Solve the IVP. Find y(0.5),

67.401

y' +2y=2¢"" y(0) =2

Apply Euler method with » = 1/2 and h = 1/4. Extrapolate
the solutions for y(1/2). Find three errors.

e ans: 1st order linear:

M:efp:th

y=u‘1/uq

y = eiQt/2eft62tdt

sol:

y=e (2" +C)
y=et, y(1/2) = 1.2131
Yir1 = Yi + hfi = yi + hf(ti, us)

y' = fty) = -2y +2e"
Euler for h =1/2,

t0:07 90:2>

1
y1=2+5(=2(2) + 2¢%)
=1, err =0.2131
Euler for h = 1/4,
tO = Oa Yo = 27
1 0
= 1.5,

ty=1/4,

yo = 1.1394, err = 0.0737

The error is roughly 1/2 of the previous one.

Extrapolation, the Euler method is a first order method (one
step error O(h?) is of second order, though)

2Yn=1/4 — Yn=1/2
2—1
= 1.2788, err = —0.0657

extrap =

The extrapolated solution is slightly better. It should be

much smaller if we did more steps.

Given an initial value problem

0<t<0.2
2'(0) = —2.

" — 4z = 8¢,
x(0) =0,

(a) Find the exact solution.

(b) Convert the equation to a system. Use Euler’s method
with step size h = 0.1 and find the error.

(¢) Use R-K method with step size h = 0.2 and find the

error.

e ans: We find solution in two steps.

First, find xy (for the homogeneous equation)
2 —4x =0
r?—4=0
(r+2)(r—2)=0, r=-2,2
TH = cle_2t+02ezt

Step 2, find a particular solution for the nonhomogeneous
equation:

zp, = Al + B
(0) —4(Az + B) = 8¢
A=-2 B=0

T=TH+Tp= cle_%—i—cze% — 2t
By the initial condition, we get

r = —2t.

Next, we convert one equation to a system of first order equa-
tions. For a second order equation, we always let

Use Euler’s method.

tOZO;ZOZ(_O2>;h

Zy = Zy + hF(to, Zo)

-2

‘We need two steps.

ti=ts+h=0.1



Zy = Zy + hEF(t1, Z)
=Zith (4(—0.2)_i 8(0.1))
o)

err = 2(0.2) — (Zo)1 = —0.4 — (—0.4) = 0

Use the Runge-Kutta method.

ki = F(to,yo0)

(%)=

h h
ko = F(to + 5:%0 + 576‘1)

= F(to + g <__Oé2>)

Il
/‘l\
OL\D
N~

ky = F(to + h,yo + hks)

e () -3)

ki1 4+ 2ko 4+ 2ks + k
leyo—i—hl 26 3 4

ann(3)- (%)

2(0.2) — (Z1)1 = —0.4 — (—0.4) = 0

Error:

8. Find the exact solution. Apply backward Euler with h =

7 1/4 for y(1), find the error. 9.

y(1) = e ! = 0.3678794411714

Backward Euler: y' = f(t,y).

y1=1yo +hfi =yo+ hf(ti,v1)

=yo + ht1 — hiyy
_ Yo+ hiq
NETT
_Yithtin
Yirr =

h:1/475 90207 tOZO

04 0.25(0.25)

t1 = 0.25; =
1=0.25 wn 195
=0.05
err =y(t;) —y; = —0.0212
i=2; t; =05
Y; = 0.14

err =y(t;) —y; = —0.0335

1=3; t; =0.75
y; = 0.262
err = y(t;) —y; = —0.0396
i=4; ti=1
yi = 0.4096
err =y(t;) —y;, = —0.0417

Solve the boundary value problem (BVP) by shooting

72.3001method:

y =t—y, y(0)=0

® ans:

1st order linear: y' + py = q.

p=el?=¢

y=p" /uq = e_t/ettdt

=elle't—e'+C)=t—1+Ce*

sol:

y(0)=0 = y=t—1+¢e"

2 — 3z’ + 2x = 4t? — 12t + 6,
z(0)=1, z(1)=3

(a) Find the exact solution. (zg + zp)
(b) Find the exact solution u = z(t) for IVP (shooting 1)

" =32 + 20 =4t - 12t +6, x(0)=1, 2/(0)=0
(c) Find the exact solution v = z(t) for IVP (shooting 2)
2" =32 +2x=0

(d) Then combine u and v by the shooting method to get
the exact solution of the original BVP.



()

(f)

(2)

(h)

(k)

(Linear Euler Shooting) Convert the above two shooting
problems to systems of two equations, and apply the
Euler method with A = 1/2 to them. Combine the
two discrete solutions and find the approximate value
of 2(1/2). Find the error.

(Linear Euler Shooting) Solve the BVP by the Euler
shooting method with h = 1/4. Find the error at ¢t =
1/2. Extrapolate two linear shooting results to get a
better approximation of z(1/2).

(Linear shooting) Solve the BVP by the Runge-Kutta
shooting method with h = 1/2. Find the error at ¢t =
1/2.

( Nonlinear Euler shooting ) Apply the 2 steps (5
shootings) of the bisection method with Euler dis-
cretization of grid size h = 1/2, using starting interval
2'(0) € [-1,1]. Find approximate z(1/2) and its error.

Solve the finite difference equations for the boundary
value problem with grid size h = 1/2 to get an approx-
imation of x(1/2). Find the error.

Solve the BVP by the finite difference method with h =
1/4. Find the error at t = 1/2.

Use extrapolation on the last two x(1/2) values to find
a new z(1/2) and the error.

® ans:

(a)

Find zg and xp:
r2—3r+2=0,r=1,2 x5 = Cret + Cye*,

tp=At? +Bt+C =zp=2t>+1
r=xy +xp = Cre’ + Coc® + 2% + 1.
By boundary conditions,

x =2 +1.

) = 1.5.

1

Exact shooting 1.

Find zy (same): 7> —3r +2 = 0, r = 1,2, oy =
C1€t+0262t7
Find zp:

tp=At? +Bt+C =zp=2t>+1
u=zxy +zp = Cre’ + Coe® + 2% + 1.
By initial conditions,

1=Ci+Cy+1
0=0C1+ 20,

u=2+1.

(¢) Exact shooting 2.
Find gy (same): 72 —3r +2 = 0, r = 1,2, vy =
C’let + 0262t,

v=x=xg = Cie’ + Cye?.

By initial conditions,

0=C14+Cs
1201+202
’U:—Bt—|—62t.

(d) Combining (2 exact linear shootings) u and v,

z(1) —u(l)
— v
v(1)
3-3
—u———v=u=2t>+1.
—e + €2

T =u-+

(e) Linear Euler Shooting with h = 1/2.
Linear Euler Shooting 1 with h = 1/2. For u:

/
r =Y

y =3y —2x+4t> — 12t + 6

o5 ()= () ) - )
U =F(t,U) = J
’ 3y — 22 + 4t — 12t +6

U, = Uy + hF (to, Up)
B (é) " % (3(0) —-2(1) +40(0) — 12(0) + 6) - G)

Uy = Uy + hF(t1,Uy)

(2
- \4.5
Linear Euler Shooting 2 with h = 1/2. For v:

=y

y =3y —2x

Vi = Vo + hF(to, Vo)

()42 o ) = (32)



Vo = Vi + hE (0, V1) V' Rt v)< y >
’ 3y — 2z
(175
 \5.75

v(1) ~ (Vo)1 = 1.75 Vi = Vo + hF(to, Vo)

Combine Linear Euler Shootings with h = 1/2: ( 25 >
—\175
2(t) = u+ B—ul),
v(b)
Ut

0.6875
Vo =Vi+hF(t;,V1) = (2.9375>

=u + 0.57142v

In particular,

2(1/2) ~ u(1/2) + 0.571420(1/2) = (Uy)1 + 0.57142(V;);

1.421875
V3=v2+hF(t2,v2>=( )
= 1.2857

4.796875

Error is 0.2142.
(f) Linear Euler Shooting with h = 1/4.

2.62109375
Linear Euler Shooting 1 with h = 1/4. For u: Vi=Vs+hF(ts,Vs) = (7.68359375)
=y
2
Yy =3y —2x+4t7 - 12t +6 v(1) ~ (V4)1 = 2.62109375
U1 T 1
h=1/4U=2= us )~ \a! Uo = 0/ Combine 2 Linear Euler Shootings with h = 1/4:
r_ _ Y B — u(b)
U_F(t’U)_(3y—2m+4t2—12t+6> x(t):”twwv
. 3 —2.57421875
Uy = Uy + hF(to, Up) 2.62109375
1 =u+ .162444v
-()
In particular,
1.25
Uy =Uy + hF(t1,Ur) = (2 0625) x(1/2) ~u(1/2) + .162444v(1/2)

= (Usy)1 + .162444(V3)4
= 1.25 + .162444(0.6875) = 1.36168

1. 2
Us = Uz + hF(t2,Us) = ( 7656 5>

3.234375
Error is 0.1383. (smaller than that of h =1/2.)

Us = Uy + hF (ts, Us) = (2.57421875) (¢) Linear Runge-Kutta Shooting with h = 1/2.

4.58984375 Linear Runge-Kutta Shooting 1 with h = 1/2. For u:

u(1) ~ (Uy)y = 2.57421875
=y

Linear Euler Shooting 2 with h = 1/4. For v: )
y =3y —2x+4t° — 12t +6

=y

!
Yy =3y — 2z B L, (wm\ (= (1
1=z (%) = (2) vo- (1)

_ () _ (= _ (0 r_ _ (]
V_<v2>_<x’>’ VO_(1> v _F(t’U)_<3y—2x—|—4t2—12t—|—6>

h=1/4,



k1 = Fto, Up) = @

h h
kng(t0+,U0+k1)=( L >

2 2 4.25
h h 1.0625
by = Fllo+ 5. U0+ 5he) = (3.9375)

)

1.96875
ky = F(t() + h,Uy + hkg) = (384375)

k1 4+ 2ko + 2k3 + k4

U =Uy+h 6
. 1.5078125 \
—\2.018229167 ) °

t1 = 0.5

2.018229
k1 = F(t1,U1) = (4.0390625)

h h 3.02799479
kzzF(t1+,U1+k):< )

2 2™ 4.30924479
h h 3.0955403
by = F(ti+ 5. U+ gha) = (4.0069986)
4.0217285
k’4 :F(tl +h,U1+h/€3) = (395402()) )
ki + 2ko + 2ks + k
U2:U1+h1+ 2J6r 3+ Kq
[ 3.031731 \
~ \4.07035997 ) °

u(1) ~ (Us); = 3.031731

Linear Runge-Kutta Shooting 2 with h = 1/2. For v:

¥ =y
y =3y —2z

h=1)2,

k1 = Flto, V) = (;)

h h 1.75
ko = F(tO + §7V0 + 7k1) = <475)

2
h h 2.1875
3.84375
k4 = F(to + h, Vb + hk’?,) = <934375> 3

k1 + 2ko + 2ks + k4
6

Vi=W+h
~ (1.05989583
—\ 3.7682291 ) °
t, =0.5

3.7682291
ki = F(t;,V1) = (9,18489583)

h h 6.064453125
kQ:F(t1+7V1+k1):< )

D) 9 14.189453125
h h 7.315592
ks = F(t, + 7 i+ §k2) - <16.794759>
12.16560872
ks = F(t1 + h, V1 + hks) = (27.06144205) ;
k1 + 2ky +2ks + k
Vp =13+ ht 2; S
[ 4.6177232 1
T \11.9527926 )’

v(l) ~ (Vo)1 = 4.6177232
Combine Linear Runge-Kutta Shootings with h = 1/2:

_ . Bu(d)
z(t) =u+ o(0) v
3 — 3.031731v
4.6177232

= u — 0.0068716763v

In particular,

2(1/2) ~ u(1/2) — 0.0068716763v(1/2)
= (Uy)1 — 0.0068716763(V1),
= 1.5078125 — 0.0068716763 * 1.05989583333333
= 1.500529238

Error is —0.000529238. (much smaller)

Nonlinear Euler shooting with h = 1/2.

Here we repeatedly doing the first shooting in the lin-
ear shooting method — and use bisection to adjust the
shooting angle 2/(0) for better landing on the target.
Convert the second order equation to a first order sys-
tem:

/
X
/

Y
z

y =a" =3y —2z+4t>— 12t +6



’_ — a! = Y
Z'=F(t,2)= <x”> = (3y—2$+4t2 - 12t—|—6>

Discretization:

h=1,t=0,t, =1, ty =2

The key job is to find 2/(0). So we start with two tries
2’(0) = =1 and 2/(0) = 1.

(Note that, for linear shooting problems, two tries are
enough to find the correct shooting. But for nonlinear
shooting problems, we have to try many many times,
each time, we try again shooting in the middle — bisec-
tion method.)

Shooting 1: 2/ = —1 (the lower end point)

- ()

71 = Zo + hF(to, Zo)
() (V)
()

ti=to+h=1/2
Zy = Zy + hF(t1, Z1)

SHERNE

We shoot at = 1/4, too low (target 3).
Shooting 2: ' = 1 (the high end point)

()

Z1 = Zy+ hF(to, Zp)
(1 +1 1
—\1 2\7
_(3/2
—\9/2

ti=to+h=1/2

Zy =7y + hF(t1,Z,)

2,4 L (293//22> (15;/4)

We shoot at « = 15/4, too high (target 3).

So, we know we need to choose a shooting angle z'(0)
in between. We apply bisection method.

Shooting 3: #’ = =5+ = 0 (the middle point)

()

Zl = ZO + hF(to, Zo)
_ (1), L0
—\0 2 \4
1

2

ti=tg+h=1/2

ZQ Zl+hF tl,Zl)

#+3(5)= ()

We shoot at © = 2, too low (target 3).

What do we try next? Between (—1,0) or between
(0,1)7

Since the target is between the shootings of angles 0 and
1, we use (0, 1) for the next shooting.

Shooting 4: ' = %1 = 0.5 (the middle point )

Zo = (1}2)

Z1 = Zoy+ hF(to, Zo)
- <1}2) *% (111//22>
- (153//44>

t1=te+h=1/2
Z2 = Zl +hF(t1,Z1)

Ziid (13*/4> <23*/8)

We shoot at © = 23/8, a little too low (target 3).
What do we try next?

We finished two bisection iterations. We know the right
shooting z’(0) would be between 0.5 and 1. To find
the x(1/2) for the best shooting, we compute one more
time.

Shooting 5: ' = %5+ = (.75 (the middle point)

Zo = <3}4>

Zl = Z() + hF(to,Zo)
(1Y L3
~\3/4) T2 \25/4
~ [11/8
~ \31/8

ti=to+h=1/2

Zy = 71 + hF(t1, Z1)

2+ % <31*/8> _ (53116)




So we find only one approximate value for the z in the 1.125

middle z=A"b=| 15
2.125
error: ) x(1/2) ~ xo = 1.5 = 2(1/2)!
x(i) ~Z11 =15 - 1375 = 0.125. The error is 0 again.
Finite difference method with h = 1/2. (k) Extrapolation.
Central difference: The method is a 2nd order method.
To — 271 + T2 2%y 4(1) — Th=1 2(l)
zy = e extrap = / 222 — /212
= 1.5 =2(1/2)
;T2 — X0
="y Exact again.
Only 1 unknown 1. g = 1, and 2o = 3. At t =¢; = 10. Solve the boundary value problem by the Euler shooting
1/2, 7215 method with h = 1/2 (find approximate values z(1/2) ) :
T — 2x1 + T2 Tg — Xg .1 1 2 —a' =22t z(0)=2, =z(1)=3
W2 3 o +2x1—422 122+6

Then solve it by the finite difference method with h = 1/2,

2wy + 2h2ay and h = 1/3. The exact solution is given:
1 1 zoh zoh z=1>1+2
=h*(d— —12= +6) —xg — 13 — 3~ — +3——
(g —125+6) =20 —a2 =35+ 3
—1.5x1 = —2.25 e ans: Exact solution is
=2(1/2) ~ 21 = 1.5 = 2(1/2)!

z(1/2) ~ @ =(1/2) 2(1/2) = 2.25
The error is 0! (Because the method is a second order .
one.) Shooting 1 — For u:
Finite difference method with A = 1/4. 2 —a =22y =2 =y+2-2t
3 unknowns z1,xs, 3. Given x¢g = 1, and x4 = 3. At
t=t; =1/4, h=1,

o — 221 + o T2 — To 1 1 u x x
— 201 =4— — 12— 46 —z=(")= =
h? STon PR EAp ol v=2= <u2> B (x’) B (y>
h
—2x1 + a9 — 3mi + 2}7,23?1 2
2 Ug = .
1 1 xoh 0
=h*(4— — 12~ +6) — 29 — 3~
( 12 1 +6) —xo 9 / y
U =F@tU)=
Similarly, *U) (y +2— Zt)
h h
T —2{E2+$3—3%+3%+2h2$2 U, :U0+hF(t0,UQ>
1 1 0 2
12 — =
—h*(d5; — 125 +6) Uo+h (2) (1)

h
To — 223+ x3 + 3% + 2h2.’)32
Uy = Uy 4 hF(t1,Uy)

1 1 l‘4h
=h%(4— — 12> +6) — 3=
0 o))
Write three equations in a system Az = b:
—1.875  0.625 —1.171875 Shooting 2 — For v:
1375 —1.875 0625 |z=| 0.0625 . . 0
1.375 —1.875 —1.921875 V= (é) = (x,> . Vo= <1>



Vi = Vo + hF(to, Vo)
1 5}
-von(1) = (i5)
Vo=V + hF(tl,Vl)

15\ (125
=Vi+h (1.5) - (2.25)

Combine them:

1.25
=u+0.4v

In particular,
x(1/2) ~u(1/2) + 0.4v(1/2) = (Uy)1 + 0.4(V1)1
=22
Error is 0.05.
Finite difference for h = 1/2:

to t1 ta

When h =1/2, only 1 unknown x1. x¢ and z3 and known.

Ty — 2x1 + X2 To — XTo
— =2-2t
E 2h !
(—2)1}1 = —4.5
xr1 = 2.25

The error is 0!
Finite difference for h = 1/3:

to t1 ta tz
When h = 1/3, 2 unknowns z1,x2. 2o and z3 are the two
given boundary values. The 2 equations are similar to the
one above except h is different and all indices are increased
by one.

To — 2T + To To — X

=2-—2t
h2 2h !
T — 2T9 + T3 xr3 — I
— =22t
h2 2h 2

We would get the following linear system:
-2 0.8333\ [x1\ _ (—2.1852
1.1667 -2 To)  \—2.4259
x| (2111
ro)  \2.4444

10

The errors are
1
x(1/3) —2.111 = (5)2 +2-2111=0

2(2/3) — 2.444 = 22+2—2.44:4::0
3



