M353 Hw 11 (S. Zhang) 8.1. Crank-Nicholson:

1. (8.1:al) Solving the heat equation by the finite differ-
8228 ence method. uy = 4uy, for t € (0,0.1) and x € (0,3) with
initial and boundary values

Let At = 0.1. Find u(x;,0.1) by the following methods with

u(z,0) =23 —x)z, u(0,t)=0, u(3,t)=0.

h=1.

(a) the Euler (explicit) method.

(b) the backward Euler (implicit) method. AU, = BUy
¢) the Crank-Nicholson method. _

© A= ( 2(’)8 | 20;) ,(see the graph)
e ans: o )

1.2 0.4
B_<0.4 1.2)’
A1 (045833 020833

0.20833 0.45833

We cut the domain thisway : L__1 | |

_ 2.6667
For all three methods Ur = A7 BU, = (2.6667)
k At
7':02? = Czp =0.4

z 2. (8.1:a2) Solving the heat equation by the finite differ-

826 ence method. u; = 4ug, for t € (0,0.1) and z € (0,1) with

Uy = (j"t Exlg) — <i) initial and boundary values
T2

u(0,t) =0, wu(1,t) = 0.(initial conditions)
u(z,0) =2z, (BC, use x(1,0) = 0 from the IC above)

Let k = At = 0.1. Find u(z;,0.1) by the following methods
with h = 1/2 and with h = 1/3 again.

(a) the Euler (explicit) method .
‘ Q ’ (b) the backward Euler (implicit) method.
(¢) the Crank-Nicholson method.
0.2 04 2.4
Uy =AU, = <0.4 0_2> Uy = <2.4) e ans: FEuler method h = 1/2:

We cut the domain this way:

Euler method:

Backward Euler:

We replace the differential equation at point (z;,t;) by
0 Ui+l — Uij _ 2 Ui1,j — 2Uq 5 + Uiyl
k h?

or
1.8 —0.4
AU =0, A= (‘0'4 1.8 ) Ui g1 = TUi—1,5 + (1= 2r)ugj + TUiy
U1 — A*on Where k At
r=c—==c—=16
~ (0.58442 0.12987 U 12 A2
—\0.12987 0.58442) ~°

So matrix A is tridiagonal shape like:

(28571
— \2.8571 A:(r 1—2r 7’)



Since we will always have 0 boundary condition, we omit the
two compoents at the ends.

U = (20) = (1)

A= (-22)

Uy = AU = ((=2.2)) (1) = (~2.2)

Bad, unstasble solution.

Backward Euler:

We replace the differential equation at point (x;,t;) by

ijb1 = Uiy pUi-1j41 = 2Uije1 + Uit 541
k h?

or

—rui—1 41+ (14 2r)u 11 — T j1 = Uij

AUy = Uy, A= (42)

U, = A7,

= (0.2381) (1) = (0.2381)

Good, stasble solution.
Crank-Nicholson:

We replace the differential equation at point (z;,t;) by

Uil — Uiy _ ol Uim1j = 2Uij + Uity

k 2 h?
+621ui—1,j+1 — 204 41+ Uig1 41
2 h2

AU, = BU,
A=(52),
B=(-12),

A7'B = (—0.23077)
Uy = A~'BU, = (—0.2308)

Bad, unstasble solution.
Euler method h = 1/3:

We cut the domain this way:

Euler method: For all three methods
ok 5 At

r=c—

h2—C m:36

Uy = AUy = <(_3(.362 Eé(.sQ ) (ig

[ 6667
= \-5.8667

For Euler :

Backward Euler:

AU, = Uy, A= ( 8.2 —3.6>

—3.6 82
U, =AU,
~ [ 0.15107  0.066323\ (2/3
~ \0.066323  0.15107 / \4/3

1891
.2456



Crank-Nicholson:

AU, = BUy

9.2 3.6
A= (—3.6 :
6

o)
B (—5.2 3.6)7

3. —5.2

1, _ (—0.48661 0.20089
A B_<0.20089 —0.48661)

Uy — A-'BU, — (—0.0565)

—0.5149

3. (8.1:a3) Solving the heat equation by the finite differ-
8229 ence method. uy = uy, for t € (0,0.2) and = € (1,5) with
initial and boundary values

w(z,0)=b—x)(1—2), u(l,t)=0, u(5,t)=0.

(a) the Euler (explicit) method. h =1 and k = 0.1.

(b) the backward Euler (implicit) method. h =1 and k =
0.1.



