M353 Hw 7 (S. Zhang) 5.2 5.3 5.4 .
1.

60.99

5.2: al, a2, a3, lab, 2ab, 3ab, 10

1. (5.2:al) Compute || 13 2% dx by the Trapezoidal rule with
6071 m = 1 and m = 2, and extrapolation. Find the error each
case.
e ans:
3
/ 2® dx = 121.3333
1
m=1,h=2
h
T = §(f0 + f1)
=1°+3° =244
error:
/—T = —122.66667
m=2 h=1
h
T= §(f0 +2f1 + f2)
=154
error:
/—T = —32.66667
Extrapolation
ATh=1 — Th=
extr = =L Th=2 _ 19y
4-1
error:
/fe;vtr = —2.66667
2. (5.2:a2) Compute f13 2® dx by the mid-point rule with
60.72 m = 1 and m = 2, and extrapolation. Find the error each
case.
e ans:
3
/ z® dx = 121.3333
1
m=1h=2
M = h(f12)
= 2(2°) = 64

60.73

error:
/—M = 57.3333
m=2 h=1
M = h(f1/2 + f3/2)
= 105.25
error:
/—M = 16.0833
Extrapolation
AMp=1 — Mp=2
tr=—=11
extr -1 9
error:
/—extr = 2.3333
(5.2:a3) Compute ff’ 2% dx by the Simpson’s rule with

m =1 (h = 1) and m = 2, and extrapolation. Find the
error each case.

® ans:
3
/ x5 dr = 121.3333
1
m=1h=1
h
S = g(fo +4f1+ f2)
1
= 5(15+4.25+35) =124
error:
/—S = —2.66667
m=2,h=1/2:
h
S = g(fo +4f1+2fo+4f3+ fa)
=121.5
error:
/—S = —0.166667
Extrapolation
24Sp=1 — Sh=2
= —= =121.
extr T 3333
error:

/—emtr =0



4. (5.2:1a) Compute fol 22 dz by the Trapezoidal rule with
6074 m =1, m = 2 and m = 4. Find the error each case.

m=2, h=1/2:

M = h(fi)2 + f3/2)
e ans:
=h(f(1/4) + f(3/4)) = 0.3125
5 erTor:
2dr =1
/1 v /3 /—M:0.0208
m=1h=1 m=4, h=1/4:
T:g(f0+fl) M = h(fij2 + faj2 + f572 + f7/2)
1 = 0.3281
=-0+1)=.5
2 eITor:
eIToT:
/—M = 0.0052
/—T = —0.1667
6. (5.2:3a) Compute fol 22 dz by the Simpson’s rule with
m=2h=1/2 6078 m =1, m = 2 and m = 4. Find the error each case.
) e ans:
T= §(f0 +2f1 + f2)
_ 3
=0.375 / 22 de — 1/3
eITor: '
m=1,h=1/2:
/—T = —0.0417 L
5= g(fo +4f1+ f2)
m=4, h=1/4 h 1 1
/ =20 a1 ) = 4
h
T=5(fo+2fi+2f2+2f5+ f1) error:
= 0.3438 /_S _ 0
eIToT:
m=2, h=1/4
/—T — —.0104 b
S = g(fo +4f1+2f2+4f3 +2f4)
h 1 1
5. (5.2:2a) Compute fol 2% dz by the midpoint rule with = g(f(O) +4f(1) + 2f(§) +4f(%) + £(1))
6076 m = 1, m = 2 and m = 4. Find the error each case. 1
e ans: ~ 3
eITor:
3 —
/dele/?) —5=0
1
h
M = h(f12) S=g(fotdfi+2fatdfs+2fa+..+ f5)
=(1/2)*= .25 _1
3
eITor: erTor:
/—M = 0.0833 /—S =0



7. (5.2:10)

60.81

Find the constants so that

1
| 1) de = 0 + caf(3) +eaf ()

is exact for P, polynomials. What rule do you get?

e ans: Let f(z) =1, 2,22, we get 3 equations:
1
1=/ dr=c1+ca+c3
0

1 1
:/ xdr = ¢1(0) +02(§) +c3(1)
0

Wl N

3 equations and 3 unknowns, we get

1
- / 2% dr = c1(0)* + cz(%>2 +e3(1)?
0

1 2
c1=c3==, Cg=—
1 3= 5 273
That is
1
fO) 2. 10 fQ1)
de=——"+ - f(=
[ payde =22 S0+ 5
This is the Simpson’s rule.
1. 5.3: lab, al-a2
62.99
1. (5.3:1a) Find Romberg Rg3 for
62.26
1
/ z? da.
0
e ans:
Ryy =T = h[% + %] = 0.5000
Ry =T = N + hf1 =0.3750

R
R31 = Typ=g = % +hlfi + f3] = 0.3438

4Ry — Ry 1
Rog = — 2~ - — _
22 3 3
4R31 — Ry 1
R = - = —
32 3 3
 16Rsy— Ry 1
Re=—"5-7 =3
Exact
1
1
/ 2?dr ==
0 3
2. (5.3:al) Find (1) Th=1, (2) Th=1/2 by the recursive for-

6220 mula, (3) Th—1/4 by the recursive formula, (4) Romberg R33

and (5) Simpson Sj,_; /o for

2
/ 82> du.
1

e ans:
R11 == Th:1 == Tm:1 = h[% + %} = 36
R
Roy =Th=1/2 = Tin=2 = - T hfi =315
R31 = Th—1/s = Tin=4 = -+ h[f1 + f3] = 30.375
4Rs1 — R
Roy = % - 30
4R31 — R
Rsy = % - 30
_ 16R32 — Rop
R33 = BT 30
4 1
She1/2 ==Th= —The
h=1/2 =3lh=1/2 + 3ln=1
2 1
=—(31.5 —(36) =30
2 (315) + 5(30)
Exact
2
/ 823 dx = 30
1
3. (5.3:a2) Suppose we are given

62.291

Th=g =20, Th—4 =10, Th—2 =6, Tj,—1 = 4

find the Romberg integral Ry4.

® ans:

Riy1 =Th—s =20
Ro1 = Th=4 =10
R31 =Th=2=6
Ry =Th—2 =4

Ryy — 43213‘ fu ? = 6.67
AR21 — R 14

Ry = 2B _ 8 g1
R42:‘““34137—R3>1:?:3.33

Rys — 241’;3;27_—1322 _ Ti — 4.5333

Rug — 245;27_—1332 _ % = 3.2444

Rus = 26};4;37_—1% _ ‘1%;’ — 3.224

1. 5:4:1ab
T (5.4:1b) Compute the integral by adaptive Trapezoid

63.12 quadrature with tolerance 0.05

/2
/ coszdx
0

® ans:



(a) On (0,7/2),

Tt = 0.7854, Thnes = 0.9481

by —ay

tol=3-TOL - =0.15

Tom=1 — Tpn=2 = —0.1627

Not accepted. We cut the interval into 2.
(b) On (0,7/4),

Te1 = 0.6704,
Tz = 0.6980

tol — 3-TOL-b;)_7a1 — 0.075

Tr=1 — Tm=2 = —0.0276

Accepted.
(¢) On (7/4,7/2),

Ty = 0.2777,
T, _o = 0.2891
tol=3.TOL- =™ _ 0,075
b—a

Ty=1—Thn=2 = —0.0114

Accepted.
(d) Together

T = 0.6980 + 0.2891 = 0.9871

w/2
/ cosxdr =1
0

/fT =2 —2.0547 = 0.0129

Error

It is less than 0.05




