M353 Hw 6 (S. Zhang) 3.5,4.1,5.1.
1. 3.51,2

26.99

1. (3.5:1c) Find the Bezier curve given 4 points:

® ans:

or
z(t) =14 3t* — 2¢3
y(t) = 2+ 3t — 3t*
check:

P(O) = X1, P,(O) = 3(X2 — Xl),
P(l) = X4, P/(l) = 3()(4 - Xg)

2. (3.5:2¢) Find the x; for the Bezier Curve

26.26

r(t) =2+t — 3
y(t) =1—t+2°

e ans: Method 1:

X1P(0), X9 = P/(O)/?) + X1,
x, = P(1), x3 =x4/P'(1)

Method 2:

e ()

ngb/3+X1:(2 2/3)

x5 =b/3+¢/3+x; = Gg)

2
x4=d+x;+b+c= <2)

1. 4.1: al, a2, a3, 2, 8a, 12

27.99

1. (4.1:al) Find the least-squares solution for the over-
2741 determined system. Compare the residual for the least-
squares solution with “solutions” (1) (0,0), (2) (1,1).

1 1 -1
1 0 Jax= 2
2 -3 1
e ans:
AT Az = ATh

v, (6 =5
AA<—5 10>

7 -1 _ (0.28571 0.14286
(A474) _(0.14286 0.17143)

o (2)

T vt gry [ 0.2857
r= (AT AT = (0.2571)
~1.0286
r=b—Ax=| 1.7143 |,
—0.3429

|b— Az|]y = v/1.02862 + ... = 2.0284

-1
r1=b—A(O>= 2
0 1

lr1]|2 = 2.4495 bigger

1 -3
r2=>b—A (1> =11
2
lr2]|2 = 3.7417 bigger

2. (4.1:a2) Find the least-squares solution for the under-
2742 determined system. Compare the length for the least-squares
solution with solutions (1) (14,0, 28), (2) (0,70/3,70/3), (3)

a solution found by Gauss elimination.

(o %)== ()

yATx

® ans:

AATy =1

r_ (6 -5
A4 <—5 10>



rv—1 _ (0.28571 0.14286
(447)™" = <0.14286 0.17143

y=aam) = (1)

8
r=ATy= |10
26
0
r=b—Ax=10],
0
[z]la = V/8% + 102 4 262 = 28.98
14 0
r = b— A 0 = 0
28 0
[21]]2 = v/ 142 + 02 + 282 = 31.3 bigger
0 0
ro=b—A[70/3] =10
70/3 0
lz2|l2 = 32.99 bigger
3. (4.1:a3) Find the least-squares solution each problem.
27.43
2 ! -2 1 3 21
Lobe=100 {11 1)*=9)
3 -1 14
e ans:
AT Az = ATb

4. (4.1:2a) Find the least-squares solution for the over-
2744 determined system. Find the root-mean-square-error.
1 10 2
0 1 1 ]2
12 1|7 |3
1 0 1 4
e ans:
AT Az = AT
3 3 2
ATA= (3 6x3
2 3 3
9
ATp= |10
9
2
x=(ATA) ATy = [ -1/3
2
1/3
- | 1/3
r=b—Azx = “13 ]
0
Ib — Azx||2 = +/(1/3)2 + ... = 0.5774
RMSE = ||b— Az||s/v4 = 0.2887
5. (4.1:12) Approximate the function z = f(z,y) by a
27.50 plane.
x 0 1111
Y 0Ol1]0]|1
fl@y) | 31273 6
e ans: z =a+ bxr + cy. Plug in all data points:
1 00 3
1 01 a 2
1 10 bl =13
1 1 1 c 5
11 2 6
AT Axxz = ATb
5 3 4 19
3 3 3|x=1[14
4 3 6 19
6
1
3

z=2+3z+y.




1. 5.1: 3ab, 4ab, 6, al-a2. 3. (5.1:6) Use the 3-point central-difference to approximate

: s fV d find th h
o1 (5.1:3) Use the 2-point forward-difference to approxi- wse f7(0) and find the error, where

084 mate f/(m/3) and find the error and the error bound, where f(x) =cosxz, h=0.1, h=0.0l1.
f(x) =sinz, h=0.1, h=0.01.

e ans:
e ans: Exact
Exact ) J"(x0) = —cosxg = —1
[ (zg) = coswg = =
— 2+
fl fO fO fl f(; f 1
fo= h h
_ Ji—2fo+ f
h=01; fil = f(”/?’H;) I3 _ g 4550 h=0.1; fo— T~ 099916
() = —sinz " (x) = cos( )
h 1 -
|e|§§|f()|<fsm(3+h) Ie\_12|f ()I— cos()
= 0.0433 = 0.00083333
h) — _ fi—2fo+f1
h=o01; f = LT F h) F@o _ o 4075 h= 0015 fj = S5t = ~0.999991666
e :f/(xo) _ fé = 0.0043 & =f ( ) - f(’) = —0.00000833330
h 1 h?
el < 217 (0] < sin(T 4 1) el < 7o) = cos(o)
= 0.0044 = 0.000008333333
h—fa
2. (5.1:4) Use the 3-point central-difference to approximate h =0.001; fg = “on = —0.99999991665
2085 f/'(7/3) and find the error and the error bound, where e —f'(x ) — f = —0.0000000833
f(z) =sinz, h=0.1, h=0.01. 12
< " _
. el < 1) = 2 cos(0)
Bxact ’ = 0.0000000833
xac
1 4. (5.1:al) Let f(z) = cosz, o = 0.8. Approximate
fl(xo) = COSTp = 5 0,621 f’(xo).
(a) Use the central difference with h = 0.2. Find the error
Si—fa and the error bound.
fo=
2h (b) Use the central difference with A = 0.1. Find the error
and the error bound.
n/340.1) - f(m/3—-0.1
h=0.1; fo = fin/ 2)(0 1{( / = 0.499167 (c) Use the Richardson extrapolation with the data above.
' Find the error.
e =f"(zo) — f{ = 0.00083291
f”l(l') _ —cos(x) ® ans:
h2 h? a) h=0.2:
< 1 = cos(T - )
6 6 3 i
= 0.0009732 fo="%5—
h=o001; =1 th‘ — 0499991666 g oot h);hf(xo —h)
= — 4, =0.00000833 5(1) — )
e=f"(z0) = fo _ cos(1) — cos(0.6) _ 07196
< h? ., h? T 0.4
lel < G 1f"(e)] = &5 cos(5 = h) #'(z0) = —sin(0.8) = —0.7174
= 0.000008477 err = f'(z0) — f = —0.0048



Error bound:

f"" =sinx

2
/() = o < o maxa s < 2 S ] (2)

022
< 5~ (sin(0.8 +0.2)) = 0.0056

Yes! It does bound the error above.

(b) h=0.1:
r_ fl - ffl
fO - 2h
£ = f(zo+h) — flzo —h)
o 2h
_¢0s(0.9) —cos(0.7)
= 03 = —0.7162

f'(x0) = —sin(0.8) = —0.7174
— fo

err = f'(zo) = —0.0012

The new error must be smaller!

Error bound:

f" =sinz

2
/(@) = o "o maxo s < 2 < ] (2)

0.12 .
< T(sm(0.8 +0.1)) = 0.0013

Yes! It does bound the error above.
(¢) We have a second order method:

22f(h=0.1) — f{(h =0.2)

fé = 22 _ 1
= —0.717353

err = f"(zo) — f{ = —0.0000024

Yes. The new error is much much smaller.

5. (5.1:a2) Let f(x) = cosz, xg = 0.8. Approximate
30.622 f”(xo)_

(a) Use the central difference with h = 0.2. Find the error
and the error bound.

(b) Use the central difference with h = 0.1. Find the error
and the error bound.

(¢) Use the Richardson extrapolation with the data above.
Find the error.

e ans: Exact

1" (x9) = — coszg = —0.6967

(a)

h =0.2:

" o_ fl _2f0+.f—1

Y= e = —0.6944

error
e = f'(z0) — fb = —0.0023
Error bound:

maxq, —h<z<zorh |f P (2)]

el < 12 "
F®(2) = cos z
| cos(0.6)] =,
< —>=0.2
= 0.0027

Yes. The bound is correct, “bigger” than the actual
error!

h=0.1:

v J1—=2fo+ f1

o= o = —0.6961

The error is
e = f"(zo) — fi = —0.0006
Error bound:

MmaXg,—h<z<zo+h |f(4) (Z)|

h2
12

e <

FD(2) = cos z

[f DO,
12
_ lo.648]
12

lef <
= 0.0006

Yes. The bound is correct, “bigger” than the actual
error!

Extrapolation (2nd order method):
" _ 4fg(h=0.1) — fi'(h =0.2)
o 4-1
= —0.6967

Checking error: new error is much smaller!!!

err = —7.7343 x 1077




