M353 H5 (S. Zhang) 2.6 3.1 3.2.
1. 2.6: 1,2,4

1. (2.6:1a) Show A is positive definite.
1 0
=0 3)

2T Ar =22 + 323 >0

e ans: If z #0,

2. (2.6:1b) Show A is positive definite.
1 3
A= <3 10)

2T Az = 27 + 62122 + 1023

= (21 +3w2)? + 25 >0

e ans: If z #0,

3. (2.6:1¢) Show A is positive definite.

1
A= 2

e ans: If v #0,

el Az = 2% + 222 + 322 >0

4. (2.6:2a) Show A is not positive definite.

=)

T Ax = 22 — 322,

® ans:

xz((i), T Ar = -3<0

5. (2.6:2b) Show A is not positive definite.
1 2
4= )

el Az = 22 + day g + 222 = (21 + 22)% — 222

® ans:

x(?), 2TAr=-2<0

6. (2.6:2c) Show A is not positive definite.

a=(4 V)

® ans:

2T Ax = 22 — 2x120 = (11 — 12)? — 23

x<(1)), TAr=-1<0

7. (2.6:2d) Show A is not positive definite.

1
A= -2

® ans:

z=|1], 2zTAz=-2<0

8. (2.6:4a) Do CG iteration with zg = [0 0].

1 -1 0
=4 5) =)
e ans:

clc; b=[0 1]’; x=0%b; A=[1 -1; -1 2];
d=b, r=b,

al=(r’*r)/(d’*A*xd), rats(al)
x =x + al xd

rl =r - alx A *xd

ba = (r1’*r1) /(r’*r)

d=1r1 + bax*xd

r=ri;

al=(r’*r)/(d’*A*d), rats(al)

x =x + al xd
rl =r - alx A xd

0
doT0$0(1>



first iteration

2nd iteration (at most 2 for 2 by 2 systems)

rgro 1
alz = -

d¥Ady 2

0
1 =0+ a1do = (1/2)

™ =To— alAd() = (162
T T 1
Pr=roro/(rim) =

di =711+ frdo = (}ﬁ)

T‘{Tl
d¥ Ady

1
To = T1 +Ot2d1 = <1>

Tg =71 — OégAdl = (O>

Qo = =2

The exact solution is

9. (2.6:4b)

® ans:

clc; b=[-3 3]’; x=0%xb; A=[4 1; 1 4];
d=b, r=b,
al=(r’*r)/(d’*A*xd), rats(al)
x =x + al xd
rl =r - alx A *d
= (r1’*r1) /(xr’*r)
d=1r1 + bax*xd
r=ri;
al=(r’*r)/(d’*A*xd), rats(al)
x =x +al xd
rl =r - alx A *d
-3
d0=7“0—960:<3>
first iteration
r&ry 1
041 = T = —
dyAdy 3

o)
=)

-1
1’1:$0+a1d0:<1>

M =Ty — OzlAdO = (8>

)

Do CG iteration with z¢ = [0 0].

At most 2 steps for 2 by 2 systems.
the exact solution in one step.

The exact solution is

But we are lucky to get

1. 3.1: al, a2, 1c, 2¢, 3, 5, 8

l:al) Find the P(z) interpolation by

) solving equations for unknown coefficients,

(3

(1

(2) Lagrange nodal basis,

(3) Newton’s divided differences.
zi || -1]0|1]

yi [ of-2]0]
e ans:
P=22"-2
Method(1) We look for a degree 2 polynomial to fit 3 data
points.
Psy(x) = a + bz + ca?
For example, when zg = —1, yg = 0 we get one equation:
0=a—-b+c
Then for the unknown coefficients (vector X = (a,b,...)),

we get the following equations obtained by evaluating the

polynomial at the given points:

1 -1

1 a
1 0 0 b| =
1 1 1 c
Solve the system of equations:
—2
X=10
2

Py(x) = —2 4 222

Method(2) Using Lagrange basis

o (w—z)(r—20)
PQ(CU) =Yo (330 — $1) To — x2)
(x — x0)(x — 22)

+n

($1 - 330) 1 — $2)

(
(
(
(
(z = @o)(x — 1)
(
)
(

M (w2 — x0) (w2 — 1)

B (z+1)(z—-1)
=0-— 2W +0
=2(z? — 1)

=272 — 2



2.

We must get the same answer. Also we can check the function
by evaluate it at the 4 given point!

Method (3) Newton’s divided differences:

flzk] = f(zk)
_ flrrega] = flze]
f[$k,$k+1] = —ka _——
fl@rs1, Trgo] — flon, Tpqi]

fl@r, Tha1, Thyo) =
Tk4+2 — Tk

n

P = Z f[moxz](x - $0)(‘r - xi*l)

=0

We can use the above formulas directly. But it is much easier
to use the following table.

-1 [0 ]

0 -2
2

1 0

Py(z) =0—-2(z+1)+2(x + 1)(x)
=2 — 2422+ 2
=222 -2

1:a2)
) solving equations for unknown coefficients,
) Lagrange nodal basis,
3) Newton’s divided differences.
i | -1]O0f1]2]
vifol-2[0]0]
e ans: Method(1) We look for a degree 3 polynomial to
fit 4 data points.

Find the Ps(z) interpolation by

Py(x) = a + bx + cx® + da?
For example, when xo = —1, yo = 0 we get one equation:
O=a—-b+c—d

Then for the unknown coefficients (vector X = (a,b,...)),
we get the following equations obtained by evaluating the
polynomial at the given points:

1 -1 1 -1\ /a 0
1 0 0 o|o| [-2
1 1 1 1]]el " |o
1 2 4 8) \d 0.

Solve the system of equations:

Py(z) = -2+ x + 22° — 2°

Method(2) Using Lagrange basis

(z —x1)(z — x2)(x — w3)
o — {)31)(1'0 — 1‘2)(1:0 — LL’g)
(x —xo) (2 — w2)(x — w3)
(z1 — o) (21 — 22) (71 — 23)
(@ —x0)(x — x1)(x — x3)
(IEQ - l’o)(mz - $1)(932 - 303)
(z —xo)(z — x1)(x — x3)
(z3 — 20) (23 — 1) (T3 — T2)
(x+1)(z—1)(z—2)

(D(=1)(-2)
=— (22— 1)(z—-2)
=—23 4222+ —2

p3(7) =vo (

+y1

+Y2

+ys3

—0—2 +040

We must get the same answer. Also we can check the function
by evaluate it at the 4 given point!

Method (3) Newton’s divided differences:

_ flrrga] = flog]
flek, i) = m
flTr, Trr1, Thao] = ﬂxk“’m;l:;] : il[:”k’xkﬂ]

flTr, Try1, Thyo, This)]
flars1, Thog2, Thts] — fl@r, Tho1, Thoyo)
Tk4+3 — Tk

n

P= Z f[.’]?oxl](l’ — wo)(.’lﬁ — SCZ‘,1>

=0

We can use the above formulas directly. But it is much easier
to use the following table.

-1 [0 ]
0 -2
2
1 0 ~1
0
2 0

P;=0-2z+1)+2(z+1)(z) — (z+ Dz(z—1)
=22 —-24+22°+2x — 2%+
=23+ 2% -2



3. (3.1:1b)

4. (3.1:5)

Find Ps;(x) by (1) solving equations, (2) La-
grange nodal basis,

zi || -1]2]3]5

vi[[of1]1]2

e ans: (1) solving equations,

Ps(z) = a + bx + ca® + da?

matching the given points:

1 -1 1 -1 0
1222 2| (V) [
1 3 32 38 ~ |1
1 5 52 53] \° 2
. 04167  1.6667 —1.2500 0.1667 \ [0
»| _ | —04306 07778 —03750 0.0278 | |1
. 01389 —0.7778 0.7500 —0.1111 | |1
—0.0139 0.1111 —0.1250 0.0278 / \2
0.7500
| 0.4583
= | —0.2500
0.0417

So

Py(z) =0.75 4 0.4583z
—0.2522 + 0.2500 + 0.041723

(2) Lagrange nodal basis,

(x — 1) (x — x2)(x — x3)
o — .Tl)(.’L‘Q — l‘g)(l‘o — 1‘3)
(x — wo)(x — x2)(x — w3)
(l“l - Io)(xl - 932)(1171 - 5173)
(x — o) (x — 21)(x — x3)
(2 — xo) (22 — 1) (72 — 73)
(x — o) (x — x1)(x — @)
(x3 — z0) (23 — 71)(T3 — T2)

:(gc +1)(z—3)(z—5)
@+1)2-3)2-5)
+(a: +1)(x —2)(x —5)
B+1)B-2)3-5)
(z+ 1)@ -2
G+1)(5-2)5
=0.75 4 0.4583x
—0.252% +0.2500 + 0.04172°

p3(z) =Yo{

+n

+Y2

+Yy3

—3)

2
+ 3)

Interpolation the function by a degree 3 polyno-
mial P(z): at points

x| —2]0]|1] 3

v s [1]2] 2
For P;, d = 4, how many polynomials interpolate the func-
tion at the 4 points?

e ans: Use the method of Newton’s divided differences.

f[g:k] - f(l’k)
Flow, wp] = 2121l = Flow]
Tp4+1 — Tk
flek+1, Trt2] — floe, Tt

fler, Thg1, Thyo] =
Tg42 — Tk

ks Tha1s Thoo, Thoys)]

Fl®ha1s Tog2, Togs) — flr, Tog1, Thoo]
Tk4+3 — Tk

P= Z f[.’]?oxl](.%’ — ZEo)<.’E — CI?Z‘,l)

We make a table:

-2 8
-2

0 4 0
-2 0

1 3 0
-2

3 =2

Plx)=8—-2(x+2)+0+0
=4-2z

d = 4, infinitely many polynomials, one parameter

Pafa) = P(2) + Q()(x +2)(2)(z — 1)(z — )
Q) = A

. (3.1:8) Find Py(0) interpolating f(x) at the given points,

if £(1) =112, f(10) =2 and f(i) =0, i = 2,3,4,5,6,7,8,9.
e ans: 2 Methods.
(1) using Lagrange basis:
(= 2)(x —3)...(x — 9)(z — 10)
(1-2)(1-23)...(1-9)(1-10)
(r—1(x—2)...(z —9)
(10—-1)(1 -2)...(10-9)

Py(z) = f(1) +0+...

+ f(10)

But the second method is better:

(2) Solving equations:

Py(z) = (A+ Bx)(x —2)(x — 3)(z — 4)(x — 5)
(&~ 6)(x — T)(z — 8)(x — 9)
112 = f(1) = (A+ B)(8!)
2 = f(10) = (A + 10B)(8!)



Equation 2 minus equation 1: 3. (3.2:4) Let f(z) = 1/(z +5). Let z; = 0,2,4,6,8,10.
Find the bound on errors e(1) and e(5), e(x) = f(x) — Ps(z),

110
—110=9B(8!), B = o by the Lagrange theory.
Equation 2 minus 10 times equation 1: ¢ ans:
1118 FO(2) L
2- 1120 = —9A(8)), A=——— elr) = — [N EEED
i=0
f'(z) = =(z+5)
Py(0) = A(—9!) = 1118 FO) = Bl(z+5)°
[FO(2)] <510 +5)7°
1. 3.2: 2,4 51
2. (3.2:2) Let f(z) =Inz. Let x; = 1,2,4 (L) = 56-6'|1(172)(174)(176)(178)(1710)|
= 0.0504
(a) Interpolate f at the three points by a Ps. 0 055'0
(b) Find f(3), P»(3), and the error . le(5)] < W'5<5 —2)(5—-4)(5-16)(5—8)(5— 10)|
(¢) Find the bound on error e(xz) = f(x) — Pa2(x) by the —0.012

Lagrange theory.

(d) Compare error bound with actual error e(3)
e ans:
(a) We look for a degree 3 polynomial to fit 3 data points.
Py(x) = A+ Bx + Cx?

Then for the unknown coefficients (vector X =
(A, B, ...)), we get the following equations obtained by
evaluating the polynomial at the given points:

1. 1 1 A 0
1. 2 22 B|=(In2
1. 4 42 C In4

Note that the rhs are values f(z;)

—0.9242
X =1 1.0397
—0.1155

Py(x) = —0.9242 + 1.03972 — 0.11552>

(b)
e(3) = f(3) — P»(3) = —0.0568
(c)
e(x) = f”;z) (x — ) (x — x1) (T — 22)
f///(z) — 2273
2273
e() = —e— (-1 -2)(z-4)
2273
@)l = 12 (-2)
< 2(16_3> 2) = ; 0.6

le(3)] = 0.0568 yes, smaller



