M351 Study Guide 2 (S. Zhang) .
1. Solve
y" — 16y = 2¢%®

® ans:

For ypg, char equation

Roots are

r==44

yi = c1e' + cpe”

Because 4 is a root, we have _an extra =z in y,:
Yyp =12 (ABM)
Plug it into equation, we fond A = 1/4.

. an L4
y:yH+yp201€4"L+026 4"L+Zﬂce4*

2. Solve
y" — 2y — 3y = 3e*.
e ans: Characteristic equation is
r?—2r—3=0, r=-1,3

Yyg = cleft + 0263t

r#£2,
yp = Ae?
Plug yp into DE:
A=-1

Yy=yg +yp= et 4 Cg€3t —e?

3. Solve IVP

y" +y=2sint, y(0)=0, ¢y (0)=-1.

e ans: Characteristic equation is

r?+1=0, r=d=i
yg = c1cost + cosint

yp = (Acost+ Bsint)t
Plug yp into DE:
A=-1, B=0

Yy=1vyg +yp =cicost+ cosint —tcost

By IVP
y = —tcost

4. Find the general solution of the homogeneous equation y.

and write down the form for undetermined coefficients for
Yp. (Do not solve for y,,.)

(D? —9)(D + 3)(D? 4+ 4)y =e” sinz — 3% + cos 2.

® ans:

r=3,-3,-3,+2i

Ye = yg = **(A + Bz) + **(E) + ((G) cos 2z + (I) sin 2.
Yy, =e"(Acosz + Bsinz) + (C)z?e 3"
+ x(E cos2x + F'sin 2x)

Note the extra z and z2 above.

. Find the general solution by both the undetermined coeffi-

cients method and the variation of parameters method.

y" —y = cos® x.

e ans: For y., r2 —1=0,
ye = Cre® + Cae™ ",
2, _ 14 cos2s

For y, by UC, we need to rewrite f = cos 5 5

Yp = A+ Bcos2z + C'sin 2z

=
—4Bcos2x — 4C sin2x — A — B cos 2z + C'sin 2x
1 cos2zx
2T
Sy, = _1 _ cos 2x
2 10

The solution is

Y=Yc+Yp = Cre” + Coe ™™ — % _ C01802x
For y, by VP,
Yp = ure” + uge”
ule” +upe™* =0
uye” —uhe " =cos’ x

Add the two equations,

1 _
u1:/§€ T cos?

To find the integral, we still need to rewrite cos?x = % +
€522 The first integral is [ te™® = —+e™®. The second
integral needs integration by parts twice. Let us see.

u = cos2x,dv = e “dx

du = —2sin2xdr,v = —e~ 7



/eﬂ cos2x = —e” ¥ cos 2x — /2671 sin 2zdzx

Once again

u = sin2zx,dv = e "dx

du = 2 cos2zxdx,v = —e~ "

/ e *cos2x = —e ¥ cos2x

+2e Fsin2x — 4 / e ¥ cos2x

Move the integral term to left,
_ 1 _ 2 ..
e ¥ cos2x = —ge T cos2x + 56 ¥ 8in 2x
Therefore,

1 1
ur=—ge " - %e_m cos 2z + 1—06_”0 sin 2

By the first equation of the two equations for u}&ub,

uy = —e* )
— _e2® (ie—I + ie“” cos 2m>
= —ie’” — ie” cos 2z

Uy = fie“" — i/e“" cos 2x

Well, we need integration by parts twice again.

/e”” cos 2xdx

=e” cos 2z + 2 / e” sin 2zdx

=e” cos 2z + 2e* sin 2z — 4 / e” cos 2xdx

1 2
/ €” cos 2xdx = gex cos 2x + ge‘r sin 2z

Therefore,

1 1
Uy = ——e% — —e% cos 2z — Toe‘r sin 2

4 20

Finally y = y. + vy, and (the same as the one by UC)

Lo L oos2e+ L in2

= — — — — COS 4 — SIN 2
=747 9 10
1 1

— — — —cos2x — — sin 2z
1720 10

6. Solve

y' +y=tanzx
e ans: For y. = ym,

r?4+1=0, r==4i

Yg = C1C0sT + cosinz

For y, by VP, (note that the method of undetermined coef-
ficients won’t work here as tanx is not one of those special
functions),

Yp = ury1 + u2y2
satisfies eqautions:
uyy1 + ugyz = 0
uyy +ugyy = f
Here we have

uy cosz + uhsinz =0

—u) sinz + v cosxz = tanz
(equationl) x cosx — (equation2) * sin x:

u] = —tanxsinx

. sin’ z

U = —tanxsinx = —
cos T

cos?x —1
= [ ———— = [(cosx — secx)
Ccos T
sec x(secx + tanx

:/cosxd:r—/ ( )dx

sec z(sec z + tan x)

=sinz — In(secx 4 tan )

(equationl) x sin x — (equation2) * cos x:
uy = tanxcosz = sinx

Uy = /sinwdm = —cosx

The general solution:

Y =y +Yyp =c1COST + cysinx
+ (sinz + In(secx + tanx)) cos x
+ (—cosz)sinz

=c¢j cosT + cp sinx — cos x In(sec z + tan x)

Note that we can use the following formula to solve the two
linear equations above:

u'll _ _y2f
W (y1,2)

up = y1f
Wy1,y2)



Here
W(cosx,sinz) =1

—sinztanx
Uy = fda:

cosrtanzx
Uy = fdx.

Then repeating above work.

. Solve
"

y" +y =tanz
e ans: For y. = yy,

P 4r=0,r=0+i

Yyg = C1 + cacosx + cgsinx

For y, by VP, (note that the method of undetermined coef-
ficients won’t work here as tanx is not one of those special

functions),
Yp = U1Y1 + U2y2 + uzys
satisfies eqautions:
uiyL + uzye + uzys =0
iy + uhys + uhys =0

i 1N 1N

UYy + UgYy + U3Y3 = ¢

Here we have

u) +uhcosx +ussine =0
—uy sinx 4+ uj cosx = 0

—uhcos T — usinx = tanx
(equation2) * sin x + (equation3) * cos x:

—uh = tanx cosx

uQ:/ftanzcosx:f/sinxdz:cosx

(equation2) *x cos x — (equation2) * sin x:

uy = —tanzsinz
sin? 2
us = -
cos

cos?x — 1
= [ —— = [ (cosz —secx)
coSx

By (equationl):

/ / /)
U] = —UyCOST — Uy sinx
=tanxcosxcosx + tanzsinxsinx

=tanz

Uy = /tanx = —lIncosx

The general solution:

Y=Yy +yp =c1 +capcosT +c3sinw
—Incosx
+ (cosx) cos
+ (sinz + In(secx + tan x)) sin x
=c| + cacosx + c3sinz

—Incosz — sinz In(secx + tanx))
Note that we can use the formula in the book for solving the

linear system of 3 equations above. But it takes more time
to compute 4 determinants that way.

8. Solve an Euler equation:
(z—1)%" 48z —1)y +12y =0
e ans:
r(r—1)+8 +12=0

r=-3,—4

y=ci(x—1)3+co(x—1)"*
9. Solve an Euler equation:
2y — bxy + 9y =0
e ans:
r(r—1)—5r+9=0

r=3,3

y=ci1z®) +cox’lnx
10. Solve an Euler equation:
22y 4+ 3zy’ — 4y =0
e ans:

r(r—1)4+3r—4=0

r=-1+£5

secx(secx + ta
:/cos:uda:—/ z(seow nx)da:

sec z(sec x + tan x)

= sinz — In(secz + tan z)

—1+\/5)

Yy =cCc1x + cox

1-v5



11. Solve an Euler equation:
2522y + 252y +y =0
e ans:

25r(r—1)+25r+1=0
T:ili
5)

1 1
y=c sin(g Inz)) + co Sin(g Inz)
12. Solve a non homogeneous Euler equation:
2%y + 5xy +y=2*—x
e ans: For yg = y.:
2r(r—1)+5r+1=0
r=-1,—=
2

1+ 1
=c1—+co—
Yy 1:17 2\/5

For y,, we have to use the method of variation of parameter
as we have a non-constant coefficient equation, the method

of undeteminend coefficients does not work.

However, we have to normalize the equation first!

”_A'_i ’_|_i _1 i
Yooy TV T o 9,
Yp = ULY1 T U2Y2

Wi +ubr T2 =0

1 1 1
—uha? = Zuhr T = 2 —
2 2 2z
(1/2)eql/x + eq2:
1 1 1
N -2 _ - _
wg =T =5m 5
1
up = (=14 E)ﬂc2
1
up = —§x3 + 5352
eql/x + eq2:
1, _ 1 1
us(1 — §)$ 82 = 9 o
1
uy = (1-— E)ﬂfgﬂ
22 3

2
Uy = g:c‘)/ - =z

Yp = ULY1 + U2Y2

1 1 2 2
= (*5952 + 599) + (gzz - gx)
1
= g2 — lx
15 6
The general solution is
n 1 n 1 n 1 5, 1
= =c—+c—+ —z°— -z
R Y A
13. Taylor series solution of IVP:
y// 4 y2 =1
y(0)=2, ¥ (0)=3
e ans:
" o__ 2 " _ 2 _
y =-y +1 y'(0)=-2"+1=-3
y/// _ —21/@// y///(o) - 12
y W = —2yy" - 2(y)? y@(0) =6
y©® = =29y — 6(y")y" y™(0) =102
Taylor formula:
/ 0 1 0
y:y(0)+y( )x+y ( )x2+...
1! 2!
3 1 17
y:2+3m—§x2—2x3—1x4+%x5

14. Solve the equation by 3 methods. (A) As a constant coeffi-
cient equation, (B) By reduction of order method, type no-y,

(C) By reduction of order method, type no-z.

Sy” _ Qy/ — O
e ans: (A)
3r —2r =0, r=0,2/3
y=yn =c+de*/?
B)u=1y

3u' —2u=0
d

38— 94y
u



S3lhu=2z+C

u= CE2I/3

y:/u:c/e%/?’

3
= 0(56%/3 +d) = c1e2%/3 4 ¢y

(C) u=1y, but
du
n_ o
Y _udy
d
3ud—Z—2u:0

Divided by u (may check additional solution u = 0 below.)

3du = 2dy
Ju=2y+c
d
B—y =2y+acy
dx

3d
[EE
2y 4+
3
51n(2y+cl) =z+c

20, 2
2y +c; =e3 T3

1 1
Yy = _501 + 56%6262w/3

y=0C1+ Coe?*/3
15. Solve the nonlinear equation by reduction of order:
wy' = (y')?

eans: Nouz, u=2y, du/dy = (dy'/dz)(dy/dx).
check u = 0.

du  dy
u oy
u=cy
dy
==y
Y = coe™”

16. A mass of 4 pounds is attached to a spring whose constant is 2
Ib/ft. The medium offers a damping force that is numerically
equal to the instantaneous velocity. The mass is initially
released from a point 1 foot above the equilibrium position
with a downward velocity of 8 ft/s.

Determine the time at which the mass passes through the
equilibrium position.

Find the time at which the mass attains its extreme displace-
ment from the equailibrium position. What is the position
of mass at this instant..

e ans: Change the mass unit:
4 1
m= - = -1l

= = - 2f
3 8bsec/t

The gravity cancels a stretch of spring. We have only two
forces, spring force and resistance force:
ma” + vz’ 4+ kx =0
1
éx” + 2’ + 2z =0
L
é'f’ +7r+ 2 =0

First time passing equilibrium point, z(¢) = 0

0=—1+4, t=1/4
o' (t) = e (4 — 16t + 4)
2 (t) =0,
0=8—16t, t=1/2
2(1/2) = e 4?3 (—1+4/2) =2 =0.135

17. Find the charge on the capacitor in an LRC-series circuit
when

1
L= §h, R=10Q, C =0.01f, £ =150V
with initial condition
q(0) = 1C, i(0) = 0A.

What is the charge on the capacitor after a long time?

® Aans:
LQ” +RQI +C_1Q _ E
1
5@“ +10Q" + 100Q = 150



18.

19.

Find Qg:

1
§r2+ 10r +100 =0, 7 = —10 + 10i

Qu = e % (Acos 10t + Bsin 10t)
Find Qp:

QPZC = (=

3
Q=Qu+Qp=-e"(Acos10t + Bsin10t) + 3

By

1 3
Q) = —56_10t(COS 10t + sin 10¢t) + 3

When t — oo, e 10 — 0
Q) — -

Find linearly dependence
(1) u; = <O7171>7 U2 = <17270>3 us = <713072>7
(2)u; =z +2% uy=1+22, ug = -1+ 22%
e ans: For both problems, we look for nonzero solutions:

c1u] + caug + c3ug = 0

We derive the same system of three equations for both prob-
lems:

Co —C3 =0
Cc1 +2c9 =0
Cc1 +2c3 =0
Let ¢c3 = —1, we get a set of nonzero solutions:

2111 —Ug — ug = 0
So the answer is linearly dependent for both problems.

Given three vectors:
u; = (0,1,0), uz = (1,2,0), uz =(1,1,3),

(a) Show linearly independence

(b) Find a linear combination for a = (0, 1,0), i.e, coordi-
nates of a, under the basis, uy, ....

(¢) Find the orthgonal bases by the Gram-Schmidt orthog-
onalization process, vy ....

(d) Find the orthnormal bases by the Gram-Schmidt or-
thogonalization process, wi ...

(e) Find a linear combination for a = (0, 1,0), i.e, coordi-
nates of a, under the orthnormal basis above wy ....

® ans:

(a) Only zero solutions:

ciuy + coug +cguz =0

C2 +c3 =0
c1 +2co  +cg =0
363 0

61262203:0.

(b) Solve linear system:

ciuy + coug + csug = a

C2 +c3 =0
c1 +2cy Hcg =1
303 =0

to get

61:1, 62:0, 0320

<O, 1,0> = (1)111 + 0112 + 0113

Coordinates (1,0, 0).
(¢) Orthogonal basis.

Vi =u; = <0,1,0>
vy = ug — projv,u; = (1,0,0)

V3 = usg — ijvl us — p’I’Ojvzllg = <07 01 3>
(d) Orthonormal basis.

wi = vi/|[vil

wi = (0,1,0)
wo = (1,0,0)
ws = (0,0,1)

(e) The coordinates under w;.
2 method:
(1) solving lienar system as in (b):

C1W1 + CoW9 + CcsWw3 = a



C1 =1

C3 =0
to get

61:1, (22:07 63:()

<0, 1,0> = (1)W1 + OW2 + OW3

Coordinates (1,0,0).
(2) using inner products.

01:a~w1:1

co=a-wy=0

cg=a-w3=0

a=1w; + 0wy + Owg



