M351 Study Guide 1 (S. Zhang) .

1. Verify that the piecewise defined function

1.45
—x2,
y =
3)2,

is a solution of the differential equation

<0
x>0

2y’ —2y =0 on (—oo,0).

e ans: We have to check the function in three parts of =

region.
1)z <0,
y=—a*
y =2z
r(—2z) —2(—2?) =0
(2) T = 07
y(0) = (4%)s=0 =
/ o / T _
y4(0) = lim y'(z) = lim 2z =0
y (0) = lim ¢'(z) = lim —22=0
r—0~ z—0~
y'(0) =¥, (0) =y~ (0) =0

differential equation becomes to

xy —2y=0
0(0) — 2(0) = 0
(3) x>0,
y =a
y =22

z(2z) — 2(x?) =0
2. Solve IVP with the general solution y = C1e® + Coe™:
802.29
¥ —y=0y(0)=14'(0)=2

® ans:

y(O):l =1=0C1+Cy
y = Cre® — Cye ™
y/(O):Q =2=01—-0Cy

3 1
:>Cl—§7 Cz——§
_§ew_l67w

Y=3° 73

3. Without solving the equation, find and plot the region in zy
802.37 plane for the following equation such that there is a unique
solution through each given initial point in this region

y =y

® ans:

For any point (zo, %) in the first and the third quadrant,
excluding y = 0 line, we have locally a unique solution for IV

y(70) = Yo

4. Make a table for ¥’ and plot the direction field, including at
so4.14 Jeast points (0,1) , (1,1) and (1,0). Then sketch the solution
curve corresponding to the given initial condition. Finally,

use this solution curve to estimate the desired value of the

solution:
dy
—= =y —I; 0) =1, 3) =7
o = y—o yO) y(3)
, (z,y) ] (0,1) | (1,1) | (1,0)
¢ ans: Yy =y—=z 1 | 0 | -1
We draw a little arrow at point (0,1) with a slope ¢y’ = 1.
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with(DEtools):
DEplot( diff(y(x),x)=y(x)-x,y(x),
x=-5..5,[[y(0)=1]1],y=-5..5,stepsize=.05);

From the graph, we can see y(3) = 4.

5. Construct a table for y’, y”” and solution curve y(z) shapes.
soa.16 Find and classify critical points Sketch phase portrait (phase
line + direction field). Sketchall typical solution curves on

the graph of direction field.

y =4y —y>.

® ans:

Y =dy—y =y —y)
y' =4y =2y = (4—2y)y



By 3’ = 0, we have critical points y = 0 and y = 4. 1 —r—224C
Y

For 4" = 0, we have an additional point, y = 2.
By the initial condition

t 0 2 4
y - + + 6=0C
4—y + + + -
y=yld-y) | - + + - _ 2
wp/down [N | | |/ N Ty T
(4 —2y) + + - -
y'=4-2y)y | - + - + _ 1
shape ~ — —~ - y= —6— 1 + 22
l —6—z+22=0
(x—=3)(z+2)=0, x=-2, 3
y = 4 stable Interval for the solution to exist
T (_23 3)
y = 0 unstable 1
1
1
l |
1
1
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-
7
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1
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1
1
1
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S oSS S
B D with(DEG0o1s) :
Vg o\ eq:=diff (y(x),x)=(1-2*x)*y(x)"2;
) DEplot( eq, y(x),
x=-5..5,[[y(0)=-1/6]],y=-5..5,stepsize=.05);
dsolve({eq,y(0)=-1/6}, y(x));
with(DEtools):
DEplot( diff (y(x),x)=y(x)*4-y(x)"2,y(x), 7. Solve the IVP. Determine an interval for which the initial
x=-1..5,[[y(0)=1], [y(0)=3], [y(0)=5], 415 value problem is certain to have a unique solution.
[y(0)=-11]1,y=-2..5, o
stepsize=.05); I = 3)=2.
P V=5 g y(3)

e ans: We solve the nonlinear equation first, then locate
6. Solve the equation and determine the interval in which the point ¢ at which y’ = +oo.

451 golution is defined. ( \d p
2 — 2y)dy = 2tdt

"= (1-22)y?% y(0)=-1/6
y =1 —2x)y" y(0) / /(2_2y)dy:/(2t)dt
e ans: When y # 0, 2y -yt =t2+C
dy y(3)=2= 4-4=9+C, C=-9
— =(1-2z)dz 9 2 _ 42
y y—y =t" =9



By the DE 3’ = +00 only when we take derivatives

2-2y=0 = y=1 1:(4y_t_9)y’
When y = 1, by above solution As o = oo
2-1=1"-9 49 49
210 O=dy—-—, v=g;
t=+V10 Plug this y back into z(y):
So the solution exists for (—oo,—+/10), (—+/10,/10), z =27 — Qy
(110, 00). Since y(3) = 2, the answer is (—+/10,1/10). 5
492 492
. Solve IVP. Find the largest interval over which the solution =205 T on/e
. 20 20(5)
is defined.
. B S |
d_x —r =2 y(1) =5 20(5) *2 200
Y — 12,005

e ans: Note that we solve z(y) as a function of y. This

So the 1 t int 1 taini 1) ) is (—12.005, c0).
way, we get a first order linear equation. 0 the largest interval ( containing y(1) ) is ( )

dr 1 9. Solve
o Y o 1 <1
1 Y t+y= y(0) =1
M:efp:eifl/y:eilny:_ -1 *TZ]-
Y
e ans: The solution is done in two steps.
pg=y [ 2dy R
First, we solve
=y 2y +0)
y+y=1y(0) =1
By y(1) = 5, we replace y by 5 and z by 1
49 S N (b S
=510+0C), C=-+, p=em ==
1
49 —— —e T [ ®
mzZyQ—Ey Y M/,uq /
=e (" +O)
Here when taking z(y) as a function of y, the solution exists
for all y, (—o0, 00). By y(0) =1,
— End of solution. — 1=1+C,C=0
But if we take y as a function of =, then we can solve the y=e % =1
equation to get
49 Then we evaluate y at x = 1, to get y = 1 (usually we get e
2y° — Y- T= 0 or e? or like that.)
In the second step, we solve the differential equation again
49/5 4+ /(49/5)2 + 8 ’ ’
= / (49/5)* + 8z but with new right hand side function and new initial condi-
tion:
For the value inside a square root, we need ,
) y+y=-1y1)=1
(49/5)° + 8z > 0,
2 : :
x>—49 :_2401 Iu:ejp:ellzef
—  52(8) 200 1
— —12.005 y=1 /uq = 6_9”/—69”
So the largest interval ( containing y(1) ) is (—12.005, 00). =e “(—e"+C)
There is/ another way. When the solution y = y(z) breaks By y(1) = 1,
down, y’ = co. So, by
_ -1 _
49 l=—1+eC, C=2e
x—2y—gy y=—142ee™”



Hence, combine them together, we get By y(0) =1,

1 r <1 0—1—tan'l1=c
V= —1+4+2ee™® x2>1 C:_l_g
10. Determine if the differential equation is exact, and solve it So
a2 if it ds. zy? —ycosz —tanly=—> —1
1 dy Y 4
2y — — +cos3z)—> + = — 4a® + 3ysin3z =0
2y x )dx x? Y 12.  Solve the equation of ' = f(y/z) form:
9.21
e ans: Rewrite the equation in the form Mdx + Ndy = 0: dy _ x+3y
dr 34y
Y4 4 3ysi L cos _
(x2 4x° + 3y sin 3z)dx + (2y - + cos3z)dy =0 o ans: Lety — uz
Check: wt o =y = T + 3zu
1 3z + zu
= — 1 1
M, x2+3sm3x u+au = - 3u
1 34+u
Na = 2 3sin 3z Separable
It is not an exact equation. We do not know how to solve it. md—u _ 1+ 3u B
dx 3+u
11.  Solve the IVP: du dx
8.43 T2, - —
dy 13+3u —u T
—— +cosx — 2zYy)—— = +sinz), y(0) =1 Tu
(1+y2 v =y ), y(0) /(3+u)du_ "
1—w2 ) =
e ans: Rewrite the equation in the form Mdx + Ndy = 0: . )
We use partial fractions:
2 .
+ysinz)dz + (— —cosz + 2zy)dy =0 34+u A B
(" +ysinz)de + (- 7 y)dy _ n
1—u?2 1-u 1+4u
Check (no need to check if we do the next step and find a 34+u=A(l+u)+ B(l —u)
solution): (u=1)= A=2
M, =2y +sinz (w=-1)= B=1
N, =sinz + 2y So the above equation is
It is an exact equation. / 2du + du . +C
l—u 14w
b= /Mda: = /(y2 +ysinz)dz —In|l —u? +In[l +u|=Inz+C
=2y® —ycosz + c(y)
F,=N 1
: 1 |1 - U|2 =G
2;vy—cosm+c’(y):—W—cosx—i—%vy (1—u)
/ 1 u=y/x:
d(y)=—-———
) 1+y2 |14 y/z|
1 L =y ="
cly) = /—Tdey =—tan "y
F=zy? —ycosz —tan"ty |22 + zy|
@z "
The general solution is F' = ¢: 4
xy? —ycosz —tan"ly = ¢ Clx—y)?=(z+y)



13.  Solve the equation of y' = f(Ax + By + C) form:

9.22

Izl_w_y
T+y

e ans: We use the following substitution:

y' = f(Axr+ By +C), u= Az + By + C

Here,
u=x+y
W =1+19
l—z—y 1—u
=1+ =1+
x+y
, 1
u = —
U
It is separable:
udu = dx
L o
§u =x+c

1
@ty =z+c

14.  Approximate y(1.2) by the Euler method with h = 0.1 and

w2 h = 0.05 (using 4-decimal approximation):

Yy =2y+2t+1, y(1)=0

Compare the numerical solutions with exact solution listing

errors and relative errors.
e ans: First we find the exact solution.

y —2y=2t+1

Mzefp:€f72dt:€72t

1
y=;/uq=62t/e’2t(2t+1)

= (—t—1)+C)=—t—1+Ce*

y(1) =0
0=—-1-1+4Ce?
C =22

y=—t—1+ 22
y(1.2) = 0.7836

Now we apply Euler method with A = 0.1 — 2 steps for y(1.2).

ti =to +ih, i1 =y +hf(ti, yi)
to=1, h=0.1, yo =0

y1 = yo + hf(te, yo) = 0+ 0.1(3.000) = 0.3

1 =1.1

yo =y1 + hf(t1,y1) = 0.3 +0.1(3.8) = 0.68

error: |y(t;) — il

ti — Yi
relative error: ly(t:) — vil
tn | yn | y(tn) | abs error | rel err
1 0 0 0 0

1.1 | 0.3 ] 0.3428 0.0428 | 0.1248
1.2 | 0.68 | 0.7836 0.1036 | 0.1322

Again, h = 0.05.

tozl, hZO.l, yQZO

Y1 = Yo + hf(to,y()) =0+ 005(3) =0.15

t1 =1.05

ys = y1 + hf(ty,y1) = 0.15 + 0.05(3.4) = 0.32

ty = 1.10

y3 = 0.32 4 0.05(3.84) = 0.512

ts3 =1.15

ys = 0.512 4 0.05(4.324) = 0.7282

tn Yn y(tn) | abs error | rel err

1 0 0 0 0
1.05 0.15 | 0.1603 0.0103 | 0.0644
1.1 0.32 | 0.3428 0.0228 | 0.0665
1.15 0.512 | 0.5497 0.0377 | 0.0686
1.2 | 0.7282 | 0.7836 0.0554 | 0.0707

15. A 4-1b roast, initially at 50°F, is placed in a 375°F oven at

s10.32 5:00PM. After 75 minutes it is found that the temperature

T(t) of the roast is 125°F. When will the roast be 150°F
(medium rare)?

e ans: When t = 0, it is 5pm. We have the model, the
time rate of change of the temperature of a body immersed

in a medium of constant temperature A is proportional to
the difference A — T

dr

— =k(A-T)



What we know:

The time rate of change of an alligator population P in a

81115 gwamp is proportional to the square of P. The swamp con-

T(0) = 50
T(75) = 125
A = 375.
dT
g _T
= k(375 1)

ar
/375—T_/kdt

~In(375 - T) =kt +C, T =375 — Be ™

T(0) = 50

tained a dozen alligators in 1988, two dozen in 1998. When
will there be four dozen alligators in the swamp? What hap-
pens there after?

® ans:

1
P:
C—kt
1 12
P0)=12,C=—, P=——
©  © 12’ 112kt
1 240

P=48, t=15
t—20, P— o0

Find the linear dependence by both finding nonzero solu-

_ —kt
T =375 —325¢ 1144 tjons and by Wrongskian:

125 = 375 — 325¢ K73,

1. 250
150 = 375 — 325¢0-0035¢
1
_ In(225/325) _ 105,
0.0035

We can skip the step of finding k:

125 = 375 — 325¢*75,
150 = 375 — 325¢ <,

125 -375\" (150 — 375"
-325 S\ -325
150—375 ™

ln( —325 )
= 105.12.

125-375
ln( —325 )

16. A tank contains 100 liters of salt water with a concentration

s10.46 of 2 g/liter. Pure water flows in at a rate of 2 liters/min, the

well-stirred solution flowing out at the same rate. Find the
time when the tank reaches 1 g/liter salt concentration.

t =

e ans: Volume 100, mass d(t).

d
= _ %9 =21
d g2 d0) 00

d = 200e /59

d(t) =1-100, t=>50In2 = 34.6

=142 yp=2>—z y3 =24z

e ans: (1) By finding non zero solution:

ciy1 + c2y2 +c3yz3 =0
(I +2%) +ca(a? —x) +es(x® +2) =0

Comparing coefficients:

22 c1+ca+ce3=0
T —cos+c3=0
1: 0120

We have unique solution
Cl = Cy = C3 = 0

Therefore, the three functions are linear independent. (If
we can find one set of non-zero solutions, they are linearly
dependent.)

(2) By Wronskian:

1422 22—z 224z
W=\ 2x 20—1 2zx+1

2 2 2
— (1447 2;102—1 2:52—&—1‘_(3:2_3:) 22;10 2:5;1‘
= (1 +2%)(=4) = (2" = 2)(=2) + (2" + 2)(2)
=—4#0

So linearly independent.



19. Given one solution, find another linear independent solution

1222 and the general solution:
ny”—yZO m =$3

Here we find y2 by y2 = u(x)y; and get

e —F
Y2 =1 D)
Y1

e ans: Rewrite the equation in the standard form

1
y//_ pyzo
[
Y2 = Y1
yi
Jo
=3 e—ﬁd;v
T

1
=23 /x_ﬁdx = 333(—5%_5 +0C)
= —lx_z +C
=75 Y

We can let ¢ = 0 above as it is included in the general
solution below:

Yy = C1yY1 + C2y2

=2’ 4+ char?

20. Find the roots of characteristic equation and the general
16.28 golution:

(1) 4y" -4y +y=0
(2) (D—1)*(D* =1)*(D—2)>=9)((D—1)*+4)*y =0

e ans: (1) Characteristic equation and roots

Repeated roots.

The general solution is

y = Ae®/? + Bre®/?

(2) Characteristic equation and roots

(r—=1*D*-1)*(D-2)*-9)((D-1)*+4)*=0,
r=1,1; 1,-1,1,-1; —1,5; 1+£2i1+2i

The general solution is
y =(A + Bz + Cz? + Da?)e® +

+ (F +Gr + Hr?)e ™ + e
+e*((J + Kx)cos 2z + (L + M) sin 2x)



