M351 H5 (S. Zhang) 3.4-6. 1.
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1. 3.4: 7-8,12-14, 17, al-a2 1.

20.99
1. (3.4:12)

20.31

22.15
Solve

y" — 16y = 2¢%®

® ans:

For yy, char equation
r=16 =0

Roots are

r==4

yr = c1€* + cpe "

Because 4 is a root, we have _an extra =z in y,:
_ 4x
Yp = x(Ae™)

Plug it into equation, we fond A = 1/4.

1
Yy =ym +yp = cre’” + coe + er“

2. (3.4:al) Find the general solution of the homogeneous
2041 equation yy and _write down the form for undetermined co-
efficients for y,. (Do not solve the coefficients for y,,.)

(D? —1)(D — 1)(D* 4 4)%y =e™ " + 2¢” sin 2z
— 32 + x cos 2.

® ans:

r=1,-1,1,+2i +2i

Ye =yn =€*(A+ Bx) + ¢"(E)
+ ((G+ Hz)cos2x + (I + Kx)sin 2x.
yp =€ “(A1)z + €"(B1 cos 2z + Bysin2z) + (Cra + Cs)
+ ((D1z 4 Dy) cos 2z + (Eyx + E3) sin 2x) 2>
3. (3.4:al) Find the general solution of the homogeneous

2042 equation y. and _write down the form for undetermined co-
efficients for y,. (Do not solve for y,.)

(D? —9)(D +3)(D? +4)y =e"sinz — e~ 3® + cos 2.
e ans:

r=3,-3-3,£2

ye = yg = **(A + Bz) + **(E) + ((G) cos 2z + (I) sin 2.
yp =e*(Acosz + Bsinz) + (C)z%e 3"
+ x(E cos 2z + F'sin 2x)

3.5: 1,2, 9-12, 25

(3.5:2) Solve

y' +y=tanx
e ans: For y. = yy,

r24+1=0, r=+i

YH = C1 COST + Ca8inx

For y, by VP, (note that the method of undetermined coef-
ficients won’t work here as tan x is not one of those special
functions),

Yp = ury1 + u2y2
satisfies eqautions:
uyy1 + ugyz = 0
uyyy +ugyy = f
Here we have

U} cosT + ubsinz = 0

—uy sinw + ub cosx = tan x
(equationl) x cos x — (equation2) * sin x:

u) = —tanxsinz

. sin® x
U] = —tanxsinz = —

cos T

cos?z —1
= [ ——— = [ (cosxz —secx)
Ccos T

sec z(sec x + tan x)

= [ coszdxr —

=sinz — In(secz + tan z)

sec z(sec x + tan x)

(equationl) * sin x — (equation2) * cos x:
ubh = tanxcosz = sinx

Uy = /sinxd:c = —cosx

The general solution:

Y=y +Yyp =C1COST + cysinx
+ (sinz + In(secx + tanx)) cos x
+ (—cosz)sinz

=c¢j cosT + ¢y sinx — cos x In(sec x + tan x)

Note that we can use the following formula to solve the two
linear equations above:

U'll _ _y2f
W (y1,2)

up = y1f
Wy1,y2)



Here

W(cosz,sinz) =1

—sinztanx
U = fdx

cosrtanx
Uy = fdx.

Then repeating above work.

2. (3.5:25) Solve

22.16
"

y" +y =tanx

e ans: For y. = yg,

P 4+r=0,r=0,x=%i

Y = C1 + cacosx + cgsinx

For y, by VP, (note that the method of undetermined coef-
ficients won’t work here as tan x is not one of those special
functions),

Yp = U1y1 + U2y2 + uzys
satisfies eqautions:

w1+ usye + usys =0

uiyy + upys + ubys =0

1 N 1N

U1y + UgYy + Uy = ¢

Here we have

u)y +uhcosx +ussine =0
—ubsinx + uj cosz = 0

—uhHcosT — ujysinz = tanx
(equation2) * sin x + (equation3) * cos x:

—uh = tanxcosz

u2z/—tanxcosx:—/sinxdx:cosx

(equation2) x cos x — (equation2) * sin x:

uy = —tanzsinz

sin? z
us = —
CcosS T
cos?z —1
= [ ——— = [(cosx —secx)
cosT
secx(secx + tanx
:/cos:uda:—/ ( )da:

sec z(sec x + tan x)

= sinx — In(sec z + tan z)

By (equationl):

u) = —ubcosx — uysinw
=tanxcosxrcosx + tanzsinxsinx

=tanx

up = /tanx = —Incosx

The general solution:

Y=y +yp =c1 +cacosT +czsinz
—Incosz
+ (cosz) cosx
+ (sinz 4 In(secz + tanx)) sinx
=c} + caycosw + c3sinx

—Incosz —sinz In(secx + tanx))

Note that we can use the formula in the book for solving the
linear system of 3 equations above. But it takes more time
to compute 4 determinants that way.

1. 3.6:4-9, 20-22

23.99

1. (3.6:8) Solve an Euler equation:
23.41
22y’ 4+ 3zy — 4y =0
e ans:
r(r—1)+3r—4=0
r=-1£v5
Yy = 61.23_14_\/5) + (32.13_1_\/g
2. (3.6:9) Solve an Euler equation:
23.42
2522y + 252y +y =0
e ans:
25r(r—1)+25r+1=0
1
T 5
! .1
y=ac Sln(g Inz)) + co sm(g Inz)
3. (3.6:20) Solve an Euler equation:

23.43

2202y 4+ bxy +y=2%—=x

e ans: For yy = y.:

2r(r—1)+5r+1=0



1 1
y=c1— t+ce—F
x

NG
For y,, we have to use the method of variation of parameter

as we have a non-constant coefficient equation, the method
of undeteminend coefficients does not work.

However, we have to normalize the equation first!

I 1
Vropy TaeR¥ T o o
Yp = U1Y1 + U2Y2

Wi +uba T2 =0

1 1 1
=2ty 3 11
uyx 5 U2t 5 52

(1/2)eql/x + eq2:
1 1 1
/ Z 1 —2_7_7
nlz-Ue=5-5
1
=(=1+ 2)z?
uy = ( "‘m)ﬂ?
1
u1:—§x3+§x2
eql/x + eq2:
1 1 1
1— Vg3/2=2-_ —
up(l-3)e 2 2
1
!’ 1- = 3/2
uy = ( x)x
2 2
Uy = gx5/2 _ §x3/2
Yp = U1y1 + U2Yy2
1 1 2 2
= (—5302 + 590) + (3952 - gx)
1, 1
576"

The general solution is

1 1 1 5 1
y:yH‘f'yp:Cl;—Fsz-l-fx — -

Jr 150 6



