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1. (2.2:20) Solve

4.21

Zhang) .

;Y +2y—x—2
xy—3y+x—3

e ans: We try to separate x and y.

y+1.
y—177
y—142

zy+ 2y —x —2
xy—3y+x—3
(x+2)y—(x+2)

(x=3)y+ (x—3)
(z+2)(y—1)
(x—=3)(y+1)
x+2

m_gdw
r—34+5

dx

y—1

r—3

2 5
1+ —ydy= [(1+—2)d
Jos 2w far 2o
y+2lnly—1|=2+5n|jz - 3|+ C

2. (2.2:al) Solve the equation and determine the interval
451 in which the solution is defined.

y' = (1-22)y° y(0) = —-1/6
e ans: When y # 0,
dy

o (1 —2x)dx

1
——=z-2*+C
Y

By the initial condition

—6—z+22=0

(x=3)(z+2)=0, z=-2,3
Interval for the solution to exist

(_273)

4.15

with(DEtools):

eq:=diff (y(x),x)=(1-2%x) *xy(x) "2;

DEplot( eq, y(x),
x=-5..5,[[y(0)=-1/6]]1,y=-5..5,stepsize=.05) ;

dsolve({eq,y(0)=-1/6}, y(x));

(2.2:a2) Solve the IVP. Determine an interval for which
the initial value problem is certain to have a unique solution.
2t
= , 3) =2.
V=54, y(3)

e ans: We solve the nonlinear equation first, then locate
point ¢ at which y' = foo0.

(2 — 2y)dy = 2tdt

/(2 —2y)dy = /(2t)dt

2y —yi=t>+C
y(3)=2= 4-4=9+C, C=-9
2y —y? =1>—9

By the DE 3’ = +00 only when

2-2y=0 = y=1
When y = 1, by above solution
2-1=t*-9
t* =10
t=+V10

So the solution exists for (—oo,—v/10), (—+/10,+/10),
(v/10, 00). Since y(3) = 2, the answer is (—+/10,v/10).

1.
2.99
1.
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§2.3: 8-14, 25-26, 31-32

(2.3:25) Solve IVP. Find the largest interval over which
the solution is defined.

zy +y=¢€", y(1)=2



® ans.
zy +y=e",
/ 1 v
y+-y=—
s X
M:efp:efl/w:elnwziv
Jua= e
y=—[pug=~ [e
w x
Ler 1)
= —(e
X
By y(1) =2
2=e+C

1
= — & 2—
Yy x(e +2—ce)

Only when = = 0, y would be discontinuous. So the largest
interval ( containing y(1) ) is (0, 00).

(2.3:26) Solve IVP. Find the largest interval over which
the solution is defined.

X
== 22 1) =5
Vg " v, y(1)

e ans: Note that we solve z(y) as a function of y. This
way, we get a first order linear equation.

M:efp:eifl/y:eilnyzl

Yy
/ q—y/Zdy

=y2y+C)
By y(1) = 5, we replace y by 5 and z by 1
49
=5(10+ C), C’z—g,
49
—oy2 - =2
€ Y 5y

Here when taking z(y) as a function of y, the solution exists
for all y, (—o0, 00).

— End of solution. —

But if we take y as a function of z, then we can solve the
equation to get

4
2y2—€9y—x:0

49/54,/(49/5)? + 8
n 4

For the value inside a square root, we need

(49/5)% + 8z > 0,

497 2401

T > — =——

= 52(3) 200
= —12.005

3.

2.55

So the largest interval ( containing y(1) ) is (—12.005, c0).

There is another way. When the solution y = y(z) breaks
down, y’ = co. So, by

49
=92 - =2
€z Y 5 Yy
we take derivatives
49
1= (dy— =)y
(y - =)y
Asy' = o0
49 49
frng 4 _ e
0=d=75 v=75
Plug this y back into z(y):
49
=2 - =
€ Y 5 Y
492 492
202 20(5)
_a
-~ 20(5) 2 200
= —12.005

So the largest interval ( containing y(1) ) is (—12.005, c0).

(2.3:32) Solve

1 r<l1
/
¥ty {_1 2> 1 y(0)

e ans: The solution is done in two steps.

First, we solve

y+y=1,y0)=1

M:efp:eflze

1=1+C, C=0

y=e ¥ =1
Then we evaluate y at =, to get y = 1 (usually we get e or
e? or like that.)

In the second step, we solve the differential equation again,
but with new right hand side function and new initial condi-
tion:

y+y=-1,y1)=1



/_L:ejlpzejll :er

1/ _z/ »
y=- [ pg=ce —e
I

=e (=" +0)
By y(1) =1,
l=—-14+elC, C=2¢

y=—142ee™”

Hence, combine them together, we get

_ 1 <1
v= —1+4 2ee™*

r>1

1. 2.4:6-12, 26-29

8.99

1. (2.4:6) Determine if the differential equation is exact,
842 and solve it if it is.
1 d
2y — —+ cosSm)—y + % —4a® 4 3ysin3z = 0
x dr =z

e ans: Rewrite the equation in the form Mdx + Ndy = 0:
1
(% — 42® 4 3ysin 3x)dx + (2y — — + cos 3z)dy = 0
x x
Check:

1 .

M, = ) + 3sin3x
1 .

N, = —5 - 3 sin 3x

x

It is not an exact equation. We do not know how to solve it.

2. (2.4:26) Solve the IVP:
8.43
1 d
(1 + 2 +cosz — me)ﬁ =y(y+sinz), y(0) =1

e ans: Rewrite the equation in the form Mdx + Ndy = 0:

(y? + ysina)dz + (— —cosz + 2zy)dy =0

1
L+y?2

Check (no need to check if we do the next step and find a

solution):

M, =2y +sinz
N, =sinx + 2y

It is an exact equation.

F:/de:/(yQ—i—ysinac)dac

= 2y? —ycosx + c(y)

F,=N
2 cosz + ¢ (y) ! cosz + 2z
xy —cosw + ' (y) = ——— —
y y e y
1
/ _—
C(y)_ 1+y2

1
= [ - dy = —tan~*
c(y) / L an” y

F=ay?> —ycosx —tan" 'y

The general solution is F' = ¢:

ny —ycosm—tanfly =c

By y(0) =1,
0—1—tan'l1=¢
T
= —]_— —
¢ 4
So
zy? —ycosz —tan ty = —% -1

1. 2.5 7-11,24-26
9.99
1. (2.5:8)

9.21

Solve the equation of y' = f(y/z) form:

dy _ x+3y
de 3z +y

e ans: Let y = ux

T+ 3zru

3x + xu
14 3u

3+u

ut+au =y =

u+zu =

Separable

d
dx
du

14+3u
Stu u x
dx

/(3+u)du_
1—u2 T

We use partial fractions:

3+u A B

1—u?2 1—-u 1+4u

3+u=A(l+u)+B(1l—-u)
(u=1)= A=2

(u=-1)= B=1

14 3u

3+u
s




So the above equation is

2d d
/ Y + Y =lnz+C
l—u 14w

—In[l—u+In|[l+ul=lnz+C

14+u]
(1—u)2 Ca
u=y/x:
1+ y/a]
— = =Cz
= y/o)?
2% + ay|
—— =Cx
(x —y)?

Clx—y)? = (z+y)

2. (2.5:24) Solve the equation of y' = f(Az + By + C)
022 form:
y_l—az—y
Yy =—"—"—""
Tty

e ans: We use the following substitution:

y' = f(Ax+ By +C), u= Az + By +C

Here,
u=x+y
u/:1+y/
1—2— 1-
1 T—y 14 U
Tty U
1
u ==
U
It is separable:
udu = dzx
Lo
2u =r+c

1
@ty =z+c



