M351 H1 1.1, 1.2, 2.1 (S. Zhang) .

1. (1.1:25) Verify that the piecewise defined function
—2%, <0
y= 9
T, x>0

is a solution of the differential equation

zy' —2y=0 on (—oo,00).

e ans: We have to check the function in three parts of x
region.

(1) z <0,
y=—a*
y =22
r(—2z) —2(—=2?) =0
(2) =0,
y(0) = (2%)sm0 =
'(0)= 1l ! =1 2¢ =0
0= g vie) =l o
y' (0) = lirgi y'(z) = lim —2x=0
y'(0) =9/ (0) =y (0) =

differential equation becomes to

2. (1.2:18) Without solving the equation, find and plot the
region in xy plane for the following equation such that there
is a unique solution through each given initial point in this
region

v =Ty
e ans:
f=vVxy = zy >0
1 [z

For any point (zo,%o) in the first and the third quadrant,
excluding y = 0 line, we have locally a unique solution for IV

y(wo) = yo.

xy —2y =0
0(0) — 2(0) = 0
(3) z >0,
y =21’
y =2z
r(2x) —2(2*) =0
1. (1.2:11) Solve IVP with the general solution y = Ch1e® +
Coe™7:
v —y=0,y0) = 1,y'(0) =2
e ans:

y0)=1=1=C1+ (s
y = Cie® — Che ™
y’(0)=2 :>2=Cl—02

3 1
=>Ci=-, Cho=—<
1= 50 &2 5

1. (2.1:22) Construct a table for y’, ¥ and solution curve
y(z) shapes. Find and classify critical points Sketch phase
portrait (phase line 4+ direction field). Sketchall typical so-
lution curves on the graph of direction field.

y/:y2_y3'

® ans:

v =y -y =y 1-y)
Y =2yy —3y%y = (2-3y)yy =

By vy’ = 0, we have critical points y = 0 and y = 1.
For y” = 0, we have an additional point, y = 2/3.

t 0 2 1
Yy
1—y
Yy =y*(1—y)
up/down
(2 —3y)
Yy
y'=2-3yyy | -
shape

N+ +

(++ 4+ +++

L+ N+ +
(++ 1|/

)
)

Ly = 1 stable

, ¥y = 0 semi-stable




with(DEtools):

DEplot( diff(y(x),x)=y(x)"2-y(x)"3,y(x),
x=-1..5, [[y(0)=0], [y(0)=1/4]1, [y(0)=3/4],

[y(0)=-1/4]1, [y(0)=1], [y(0)=5/4]1],y=-1..2,

stepsize=.05);

. (2.1:al) Make a table for ' and plot the direction field,
including at least points (0,1) , (1,1) and (1,0). Then sketch
the solution curve corresponding to the given initial condi-
tion. Finally, use this solution curve to estimate the desired
value of the solution:

dy o B o
il A y(0) =1, y(3)="
. (z,y) ] (0,1) ] (1,1)] (1,0
e ans: y’zy—x| 1 | 0 | —

We draw a little arrow at point (0,1) with a slope 3y’ = 1.

N N e e e S CC R,

with(DEtools):
DEplot ( diff (y(x),x)=y(x)-x,y(x),
x=-5..5,[[y(0)=1]1],y=-5..5,stepsize=.05);

From the graph, we can see y(3) = 4.

3. (2.1:a2) Construct a table for y’, y” and solution curve
y(z) shapes. Find and classify critical points Sketch phase
portrait (phase line 4+ direction field). Sketchall typical so-
lution curves on the graph of direction field.

y' =4y —y>.

® ans:

y =4y -y’ =y -y
y' =4y —2yy' = (4-2y)y’

By vy’ = 0, we have critical points y = 0 and y = 4.

For y” = 0, we have an additional point, y = 2.

t 0 2 4

Y - + + +
4—y + + +

y=yld-y) | - + + -
up/down N\ / / N
(4 —2y) + + - -
y'=WU-2y)y | - + - +
shape ~ — ~ —

L y = 4 stable

, ¥y = 0 unstable

with(DEtools):
DEplot( diff(y(x),x)=y(x)*4-y(x)"2,y(x),
x=-1..5, [[y(0)=1], [y(0)=3], [y(0)=5],



[y(0)=-1]1]1,y=-2..5,
stepsize=.05);



