M341 H10 (S. Zhang) 3.4: 2, 5, 8, 10, 14
L35 1,256
L3.6: 1,2 4,5,8.

1. (3.4:2) Determine whether the following vectors form
6820 g basis in R3.

(a)

OO = OO
—_ o = O

ORSENE

e ans: If the number of vectors is 3, we can compute the
determinant. Otherwise they do not form a basis.

Note the difference between this problem, and the one find-
ing a spanning set, or the one determining linear depen-
dency.

(a) A basis. The determinant is 1 (non zero). So they are
linearly independent and Az = 0 has a unique solution
0. In addition, we have precise 3 vectors.

(b) Not a basis. Too many vectors (must be 3).

(c) Not a basis. The vectors are linearly dependent, be-
cause the determinant is zero (in this case, Az = 0 has
non-zero solutions):

2 3
1 2
-2 =2

=1 S
I
o

(d) Not a basis. The vectors are linearly dependent, be-
cause the determinant is zero:

2 -2 4
1 -1 2|=0
-2 2 4

(e) Not a basis. Too few vectors (must be 3).

2. (3.4:5) Given

68.22

2 3 2
Xr1 = 1 , Lo = -1 , L3z = 6
3 4 4

(a) Show that x1,z9,x3 are linearly dependent.

(b) Show that 1, x5 are linearly independent.

(¢c) What is the dimension of Span(z1, z2, z3)?

(d) Give a geometric description of Span(z, 2, x3).

® ans:

(a) As we have precisely 3 vectors, we can simply check the

determinant.
2 3 2
1 -1 6
3 4 4
=2(-1)4—2(6)4 + 3(6)3 — 3(1)(4) +2(1)(4) — 2(-1)(3)

=—-8-48454—-124+84+6=68—-68=0

So the three vectors are linearly dependent.

(b) We solve the homogeneous system, Az = 0.

2 3 |0
1 -1 |0
3 4 ] 0
2 3 |0
= ~5/2 | 0
~1/2 | ©

So we have only zero solution x = <8> So the two
vectors are linearly independent.

(¢) By (a), the dimension of Span(zy, x2, z3) is less than 3.
By (b), as we found two linearly independent vectors
in Span(z1, 2, x3), the dimension of Span(x1, 2, x3) is
at least 2. So the dimension of Span(z1, z2, z3) is 2.

(d) By above work, we know the third vector is a

linear combination of the first two vectors. The
Span(zy,xe,x3) =Span(zy,Ts2). All vectors in
Span(z1,z2,z3) are in the format

SIS
I
S
W~ N
+
(ol
|
[t

for any real numbers a and b.

We can eliminate a and b by substituting the first and
the second equation into the third equation. I.e., by
adding —2 times the second equation to the first equa-
tion,

x —2y=>5b

by adding 2 times the second equation to the first equa-
tion,

x4+ 3y = 5a
Put them into the third equation,

T+ 3y

2= (3) +

T — 2y
5

(4)



This is an equation for a plane in 3D, (must passing

the origin).

Tr+y—5z=

(we can verify that the given three vectors all satisfy

the plane equation. )

3. (3.4:8) Given
68.24

1
Tr1 = 1
1

(a) Do x; and xo span R3?
(b) Let w3 be a third vector in R® and set X =
What condition(s) would X have to satisfy in order for

, T2 =

3
-1
4

x1, T2, x3 to form a basis for R3?

(¢) Find a third vector z3 that will extend the set {1, 22}

to a basis for R3.

® ans:

(a) No. dim R* = 3. To span R3, a set must have at least

3 (linearly independent) vectors.

(b) A simple condition is det X # 0. In this case, the 3
column vectors of X are linearly independent.
3 linearly independent vectors would form a basis as

dim R? = 3.

(¢) We can do it by a simple inspection. Let x3 =

Then

det X =

1
1
1

3

-1

4

So the three form a basis.

In general, for example, in R* or R®, it is not easy to
do inspection. We can do it by adding a standard basis
of R3 to the set, then pare down the set to get a basis.

—ri+r3
—Tri+T2
—

T2>T3
—

4ro+r3
—

We pick up the column vectors corresponding to the

pivoting columns, so

1
1
1
1

3
-1
4
3
—4
1
3
1
—4

3

0
0
1

1
0
0

1
-1
-1

1
-1
-1

0 0
10
0 1

—4#0

O = O = OO

—_

form a basis.

(3.4:10) Given

1 2 1 2 1
20, (5], 3], (7], |1
2 4 2 4 0

Pare down the set to form a basis for R3.

® ans:
121 21
2 53 71
2 42 40
—2rm+rs (1 2 1 2 1
2k 113 -1
—2

‘We pick up the column vectors corresponding to the pivoting
columns (1, 2, 5), so

1 2 1
20, 5], |1
2 4 0

form a basis.

(3.4:14) In each of the following, find the dimension of
the subspace of P (all degree 2 or less polynomials) spanned
by the given vectors.

(a) 2,2 —1,2% + 1.

(b) m,x— 1,22+ 1,22 -1
(c) 2,22 —x -1,z +1
(d)

e ans: If we do all the work for determining a spanning
set, we can easily answer the question of dimension, which
is simply the number of vectors in a spanning set.

But this problem can be done easier by inspecting linearly
independent vectors.

(a) @,z — 1,22 + 1. The set is linearly independent (can
check Wronskian). So the dimension of the spanned
subspace is 3.

(b) z,x — 1,22 + 1,22 — 1. As we show the first three are
linearly independent, so the dimension of the spanned
subspace is 3 (the maximum dimension.)

(c) 22,22 —x — 1,2+ 1. Tt is obvious that the third vector
is the first one subtracting the second one. So the third
one is redundant in spanning. The dimension is 2.

(d) 2z,2z — 2. The two vectors are linearly independent, so
the dimension is 2.

(3.5:1a,2a) Find the transition matrix from [ey, es] to

0 [u,us], then the transition matrix from [uy, us] to [e, es].

- ()= (7)



70.22

3.

70.24

e ans: A given vector can be written as linear combina-
tions of different basis.

U1
v =161 + vaey = [€1, €3] s

Uy
v =uju; + usUp = [Ug, uy] <u )

()=o) =5 (1) |

In general, from V to U, S = U~'V. From [uj,uy] to
[91,62].

1 (1 -1
S=1 U—U—<1 1)

From [e1, eq] to [ug, ug],

s—on- (X5 1)

ul=[1 1]’; uw2=[-1 1]’

U=[ul u2]

iU=inv (U)
(3.5:1b,2b)

Find the transition matrix from [e1, es] to

[u1, us], then the transition matrix from [ug, us] to [e1, es]. 020

=) -0

e ans: A given vector can be written as linear combina-
tions of different basis.

U1
v =vie; + v2ey = [e1, €] vy

Uy
v = uju; + ugup = [up, ug] v

()-vi(m)-s()

In general, from V to U, S = U~'V. From [uj,uy] to
[e1,e3].

1y g (12
S=1 U—U—(2 5)

From [61,62] to [U.1,112]a

-1, (5 2
seo- (% )

ul=[1 2]’; u2=[2 5]’
U=[ul u2]
iU=inv (U)

(3.5:1¢,2¢) Find the transition matrix from [eq, eq] to
[ug, ug], then the transition matrix from [ug, us] to [e, eq].

e () ()

e ans: A given vector can be written as linear combina-
tions of different basis.

U1
v = v1€e1 + v2es = [e1, €] vy

U1
v = uju; + uguy = [ug, ug] iy

() =oe () =5 ()

In general, from V to U, S = U~'V. From [uj,usy] to
[61,62}.

1 (001
S=1 UU<1 0)

From [e1, es] to [ug, ug],

o, (01
s=v=(0 1)

ul=[0 1]’; u2=[1 0]°;
U=[ul u2]
iU=inv (U)

(355)  Letw = (LL1D), wp = (1,2,2)", ug =
(2, 3, 4)T. Find the transition matrix corresponding to the
change of basis from [er, e, e3] to [ui,us,u3]. Find the
coordinates of each of the following vectors with respect to
[ulv Uz, u3} .

3 1 2
V] = 2 , Vo = 1 , V3 = 3
) 2 2

-1

1 1 2 2 0 -1
S=U"'1=(1 2 3 =|-1 2 -1
1 2 4 0o -1 1
3 3 1
vi=|[2], vy =8v, = 21 =1|-4
5 5 3
To check:
1 1 2 1 3
Uv,=V,=11 2 3 4|1 =12
1 2 4 3 5



ul=[1 1 1]’; uw2=[1 2 2]’;
u3=[2 3 4]’; U=[ul u2 u3]
iU=inv (U)
iUx[3 2 5; 1 1 2;2 3 4]°
T T
5. (356) Letw = (LLD", uw = (1,2,2)7, us =
2 (2,3,4)7. Let vi = (4,6,7)7, va = (0,1,1)7, vg =
(0, 1,2)T. Find the transition matrix from [vi,va,v3] to
[u1,uz,us]. Find the coordinates of x = 2vy + 3vy — 4vy
under the basis [u, ug, us)

e ans: The transition matrix

S=U"'v
112\ '/4 00
=11 2 3 6 1 1
1 2 4 71 2
2 0 -1 4 0 O
=1-1 2 -1 6 1 1
0 -1 1 7 1 2
1 -1 -2
=11 1 0
1 0 1
Vo =SV,
1 -1 -2 2
=11 1 0 3
1 0 1 —4
7
=15
-2
To check:
Uv, =Vv,
1 1 2 7 4 0 0 2
1 2 3 51=16 11 3
1 2 4 -2 7 1 —4
8 8
1] =1{11
9 9
ul=[1 1 1]’; u2=[1 2 2]7;
u3=[2 3 4]’; U=[ul u2 u3]

ul=[4 6 7]1’; u2=[0 1 1]°;

u3=[0 1 2]’; V=[ul u2 u3]
iU=inv (U)

uv=iU*V, v=[2 3 -4]°
uv*v

U*ans, V*v

1. (3.6:1a) Find a basis for the row space, a basis for the
72.20 column space, and a basis for the nullspace.
1 3 2
A=1(2 1 4
4 7 8

72.21

e ans: We reduce A to upper triangular matrix, and
identify the rows and columns of pivots, which will tell the
independent rows and columns of the original A.

1 3 2 1 3 2
2 1 4| 7" o —5 0
4 7 8 4 7 8
1 3 2

o -5 0

0 -5 0

1 3 2

—r2+r3 0 -5 0

0 0 0

Now it is easy to do backward substitution to find the so-
lution of homogeneous system Ax = 0. These solutions x
form the nullspace. Here, we have x3 as a free variable.

2
N(A) =Span{| 0 |}
1

Note that we do not do row permutations here. So the
original first rows are linearly independent. A basis for the
row space of A is

{(1 3 2),(2 1 4}

A basis for the column space of A is

A=[1 3 2;2 1 4;4 7 8]
A(2,:)=A(2,:)-2%xA(1,:)
A(3,:)=A(3,:)-4xA(1,:)
A(3,:)=A(3,:)-1*%A(2, )

(3.6:1b) Find a basis for the row space, a basis for the
column space, and a basis for the nullspace.

-3 1 3 4
A=|(1 2 -1 =2
-3 8 4 2

e ans: We reduce A to upper triangular matrix, and
identify the rows and columns of pivots, which will tell the
independent rows and columns of the original A. Not we try
to avoid the row permutation.



72.22

-3 1 3 4 -3 1 3 4 L I S S
3ry 21 3 2 -5 7 0
1 2 -1 =23 6 -3 -6 34 5 6 3 4 5 6
-3 8 4 2 -3 8 4 2
-3 1 3 4 T
ritrs = -5 7 0
- ro o2 -5 11 3
-3 8 4 2
-3 1 3 4 s 2 2
—ridrs = -5 7 0
7T 0 -2 i 3
7T 1 =2
-3 1 3 4 Now it is easy to do backward substitution to find the so-
—r2fTs 70 -2 lution of homogeneous system Ax = 0. These solutions z
1 0 form the nullspace. Here, we have x4 free. Let x4 = C, then
. o 13/20
Now it is easy to do backward substitution to find the so- —21/20
lution of homogeneous system Ax = 0. These solutions z =1 _3 /4 C
form the nullspace. Here, we have x4 free. 1
10
- 2 . B 13
N(A) = Span{C 0 }, dimN(4) =1 o1
7 N(A) = Span{ 15 }, dimN(4) =1
20
A basis for the row space of A is A basis for the row space of A is
(-3 13 49,1 2 -1 -2),(-3 8 4 2)} {3 21,213 2.03845 6.}
A basis for the column space of A is
A basis for the column space of A is 1 3 9
20,11),1 3
-3 1 3 { 3 4 5 J
{11 ],12),[-1]}
-3/ \8 4 A=[1 3 -2 1;2 1 3 2;3 4 5 6]
A(2,:)=A(2,:)-2%A(1,:)
A(3,:)=A(3,:)-3%A(1,:)
A=[-31 3 4;1 2 -1 -2;-38 4 2] A(3,:)=A(3,:)-1*A(2,:)
A(2,:)=3*%A(2,:)
A(2,:)=A(2,:)+1xA(1, ) 4. (3.6:2a) Determine the dimension of the subspace of
A(3,:)=A(3,:)-1xA(1,:) 724 R3 spanned by the given vectors.
A(3,:)=A(3,:)-1*%A(2,:)
1 2 -3
V] = -2 , Vo = —2 , V3 = 3
(3.6:1c) Find a basis for the row space, a basis for the 2 4 6
column space, and a basis for the nullspace.
e ans: We write the vectors together as a matrix A =
13 -9 1 [V1, V2, Vv3]. We then do row operations as if we find a basis
A=12 1 3 2 for the column space of A.
34 5 6 1 2 -3 12 -3

A=|—2 —2 3 |4 2 -3

2 4 4 6
e ans: We reduce A to upper triangular matrix, and

6 2

identify the rows and columns of pivots, which will tell the o s 12 -3
independent rows and columns of the original A. Not we try - 2 =3
to avoid the row permutation. 0 12



72.25

72.26

Therefore, the dimension is 3. (The dimension of N(A) is basis for the column space of A.
0.)

1 -2 3 2 1 -2 3 2
We note that in this case, we can compute det A = 24 so A=|-1 2 —9 _1| "t 0 1 1
the three vectors are linearly independent. So they span the 2 —4 § 3 2 —_4 5 3
whole R3 space, and the dimension of span is 3. 1 _2 3 9
T2t 0o 1 1
A=[1 -2 2;2 -2 4;-3 3 6]’ 0o -1 -1
A(2,:)=A(2,:)+2xA(1,:) 1 -2 3 2
A(S,:):A(3,:)—2*A(1,:) 7‘2i)7‘3 0 11
0

(3.6:2b) Determine the dimension of the subspace of

R? spanned by the given vectors, Therefore, the dimension is 2. (The dimension of N(A) is

2.)

1 1 2 By the way, a basis for the Span(vy, va, vs, vy) is
V] = 1 , Vo = 2 , V3 = 3
1 3 1 1 3
V] = -1 , V3 = —2
2 )
e ans: We write the vectors together as a matrix A =
[V1,Va,Vv3]. We then do row operations as if we find a basis A=[1 -1 2;-2 2 -4;3 -2 5;2 -1 3]°
for the column space of A. A(2,:)=A(2,:)+1xA(1,:)
A(3,:)=A(3,:)-2%A(1,:)
1 1 2 1 1 2 A(3,:)=A(3,:)+1xA(2,:)
A=|1 2 3| ™" 11
I 31 31 7. (3.6:45ab)  Determine if b is in the column space of A
11 2 7228 and state whether the system Ax = b is consistent. If the
—rifTs 1 1 system is consistent, determine whether there will be one or
2 1 infinitely many solutions.

1 1 2 1 2 4
2T 11 (a)A:<2 4)’b:<8)

wa-( =)

Therefore, the dimension is 3. (The dimension of N(A) is

0.) e ans: We need to solve the linear system [A]b]. (a)
We note that in this case, we can compute det A = —3 so 1 2 | 4\ —2rtm (1 2 | 4
the three vectors are linearly independent. So they span the (2 4| 8) < 0 | 0)

whole R3 space, and the dimension of span is 3.
We can find solutions. So the system is consistent and b
is in the column space of A. And there are infinitely many

A=[1 1 151 2 3; 2 3 1]’ solutions.
A(2,:)=A(2,:)-1%A(1,:) b
A3, )=A(3, D-1#A(1, 1) (b)
A3, :)=A(3,:)-2%A(2, 1) 3.6 | 1\ 13n+n (3 6 | 1
1 2 |1 0 2/3
(3.6:2¢) Determine the dimension of the subspace of

There is no solution. So the system is inconsistent and b is

3 .
R° spanned by the given vectors. NOT in the column space of A.

! 2 5 2 a=[1 2;2 4]; b=[4 8]7;
V] = -1 , Vo = 2 , V3 = —2 , V4 = -1
9 4 5 3 A=[a b]
A(2,:)=A(2,:)-2%A(1,:)
a=[3 6;1 2]; b=[1 1]’;
e ans: We write the vectors together as a matrix A = A=[a b]
[vi,Vva,v3,vy]. We then do row operations as if we find a A(2,:)=A(2,:)-1/3%A(1,:)



8.

72.29

72.30

10.

72.31

(3.6:45¢) Determine if b is in the column space of A
and state whether the system Ax = b is consistent. If the
system is consistent, determine whether there will be one or
infinitely many solutions.

=)

e ans: We need to solve the linear system [A|b].

21\4(—3/2)_:1+r22 1 | 4
3 4 ] 6 5/2 | 0

We can find a solution. So the system is consistent and b is

in the column space of A. And there is a unique solution,
(2,0)7.

a=[2 1;3 4]; b=[4 6]7;
A=[a b]
A(2,:)=A(2,:)-3/2%A(1,:)

(3.6:45d) Determine if b is in the column space of A
and state whether the system Ax = b is consistent. If the
system is consistent, determine whether there will be one or
infinitely many solutions.

112 |1 112 | 1
11 2 | 2| e 00 | 1
112 | 3 112 | 3
112 | 1

T 00 |1

00 | 2

There is no solution. So the system is inconsistent and b is
NOT in the column space of A.

a=[112;112;112]; b=[12 3]7;
A=[a b]

A(2,:)=A(2,:)-1xA(1,:)
A(3,:)=A(3,:)-1xA(1,:)

(3.6:45¢) Determine if b is in the column space of A
and state whether the system Ax = b is consistent. If the
system is consistent, determine whether there will be one or
infinitely many solutions.

01 2
A=[1 o],b=15
0 1 2

e ans: We need to solve the linear system [A[b].
01 ] 2
10 1] 5
01 ] 2

11.

72.32

12.

72.34

It is easy to see there is a solution

()

So the system is consistent and b is in the column space of
A. The solution is unique.

a=[ 1; b=[17;

A=[a b]
A(2,:)=A(2,:)-1xA(1,:)
A(3,:)=A(3,:)-1xA(1,:)

(3.6:45f) Determine if b is in the column space of A
and state whether the system Ax = b is consistent. If the
system is consistent, determine whether there will be one or
infinitely many solutions.

1 2 5
A=[2 4|, b=[10
1 2 5

e ans: We need to solve the linear system [A|b].

12| 5 12| 5
2 4 | 10| Pt 0] 0
12| 5 12| 5

It is easy to see there is a solution

(%)

So the system is consistent and b is in the column space of
A. However, the rank of matrix A is 1. We have infinitely
many solutions. All solutions can be written as

5 2
o= (o) +e ()
a=[1 2;2 4;1 2 ]; b=[5 10 5 ]’;
A=[a b]

A(2,:)=A(2,:)-2%A(1,:)
A(3,:)=A(3,:)-1*A(1,:)

(3.6:8) Let A and B be 6 x5 matrices. If dim N(A) = 2,
what is the rank of A? If the rank of B is 4, what is the
dimension of N(B)?

e ans: It holds that
rank(A4) 4+ dim N(A) = n ( the number of columns in A )

So If dim N(A) = 2, rank(A4)=3.
dim N(B) = 1.

If the rank of B is 4,



