M341 H4 (S. Zhang) . 6. (3.3:23) Solve IVP

36.10
. 11 (3.3:1)  Solve y" — 6y +25y =0, y(0) =3, y'(0) =1
y' —4y=0

e ans: Characteristic equation
e ans: Characteristic equation

2 . . .
P2 4=0, r =42 r°—6r+25=0, r=3x4

The general solution is The general solution is

_ 2x —2x : : .
Yy =cie”’ + cae y = 137 cos 4z + co€> sindx

2. (3.3:2) Solve
36.2 2 — 3y = 0 c1 =3, 3c1 +4cy =1

e ans: Characteristic equation )
y = 3e3 cos dx — 237 sin 4x

3
2r* =3r =0, 7=0,3
7. (3.3:24) Solve IVP
The general solution is 36.11
y = + cpe3®/? 29" —3y" -2y =0,
y(0) =1, y'(0) = -1, y"(0) =3
3. (3.3:10,) Solve
36.5 5y(4) n 3y(3) —0 e ans: Characteristic equation
3 2 _ _
e ans: Characteristic equation 2r° =3r" =2y=0, r=0,2,-1/2
514 4313 =0, r=0.0.0 _§ The general solution is
) - ) b ) 5
_ 2x —x/2
The general solution is y=c1+coe® +cze "/
y=c1+ cox + cgx? + cpe32/5

c1+co2+c3 = 1, 262703/2: 71,
4. (3314) Solve 4(32 —+ 63/4 =3

36.6
y@® 4+ 3y — 4y =0

e ans: Characteristic equation y= —g + %62“” + 4e7/?
432 —4=0, r?=1,-4, r=+1,+2i
Lo 8. (3.3:33) Given one solution, find the general solution.
The general solution is -
y = c1e” + coe” ¥ + c3cos2x + ¢4 8in 2x y" +3y" =54y =0, y =e**

5. (3.3:21)  Solve IVP
36.9
y' — 4y +3y =0, y(0) =7, y(0) =11

e ans: Characteristic equation

r+3r? =54 =0

e ans: Characteristic equation )
One root is r = 3,

r’>—4r+3=0,r=1,3

3 2 2
3rc°—54=(r—3 6 18

The general solution is T4 dr (r—3)(r* 4+ 6r +18)

= 1% 4 coe’”
yoae Ta r—3-3+3

citca=T7 c+3c=11 The general solution is

y = be® 4 2¢3® y = 1637 + ¢2€3® cos 3z + c3e3” sin 3z



9. (3.3:35)

36.14

Given one solution, find the general solution.
6y + 5y"" + 25" + 20y’ + 4y = 0, y = cos 2z
e ans: Characteristic equation
6rt + 5r° + 257 + 20r +4 =0
Two root2 are r = 421,

67t + 5r% + 2502 + 20r +4 = (r? +4)(6r* + 5t + 1)

r=+2,-1/2,-1/3
The general solution is

Yy = ¢1 €08 2% + co 8in 2z + cze % 4 chem /3

10. (3.3:39) Find a linear homogeneous constant-
3617 coefficient equation with the given solution.

y(x) = (A + Bz + Cx?)e**
e ans: Roots are

r=222

(r—23=r%—6r+12r -8
DE:
y" —6y" +12y — 8y =0

11. (3.3:40) Find a linear homogeneous constant-
3619 coefficient equation with the given solution.

y(x) = Ae** + Bcos2x + C'sin 2z

e ans: Roots are

r=2,+2i

(r—2)(r*+4)=0
DE:
(D—2)(D*+4)y=0

12. (3.3:42) Find a linear homogeneous constant-
3621 coefficient equation with the given solution.

y(z) = (A+ Bz + C’x2) cos2z + (D + Ex + FxQ) sin 2z

e ans: Roots are

7= £2i,4+2i, +2,

(r*+2%)%=0
DE:
(D*+4)*y=0

1.

38.1

38.5

38.9

Determine the period and frequency of the simple har-
monic motion of a 4-kg mass on the end of a pring with
spring constant 16N/m.

e ans: EP §3.4: 1

Freqency
[k [ 48 rad 4
frd —_— = _— = _— 7H
o m 0.75 8sec s z

2T T
= — = —sec
wo 4

Period

A mass of 3kg is attached the end of a pring that is
stretched 20 cm by a force of 15 N. It is set in motion with
initial position o = 0 and initial velocity vg = —10m/s.
Find the amplitude, period, and frequency of the resulting
motion.

e ans: EP §3.4: 3
The spring constant
k=15/0.2 =T5N/m
The solution for
32" + 752z =0, z(0) =0, z'(0) = —10
is
x(t) = —2sin 5t

The amlitude is 2 m; the frequency is

k 2.5
wo =1/ — =brad/sec=—Hz
m 7r

The period is

2w
T=—
3 sec

Assume that the equation for a simple pendulum of length
L is
LY +g0=0
where g = GM/R?. Two pendulums are of lengths L; and
Lo and — when located at the respetive distances R; and

Ry from the center of the earth — having periods p; and
p2. Show that

Pr_ RV L1
P2 RoVILo

2

e ans: EP §3.4: 5

When 6 small, the equation for a pendulum is

0”+%9=o



g=GM/R? 5. For a mass attached to a spring and a dashpot, find z(t).

3821 Determine whetcher the motion is overdamped, critically

The circular frequency w of a pendulum is damped, or underdamped. If it is underdamped, write the
position functio nin the form

o g GM
Y T LT RL z(t) = Cre P cos(wit — ay)
So the period is Also, find the undamped position function
27 L u(z) = Cp cos(wot — ap)
= — =21R\/ =—
b w i GM
that would result if the mass on the spring were set in
Now motion with the same initial position and velocity, but
7 with the dashpot disconnected. Finally construct a figure
p1 27TRl\/ Gt that illustrates the effect of damping by comparing the
Do raphs of z(t) and u(t).
D2 2Ry /éf]@ g ( ) ( )
RV, m=2, c=12, k=50, xg =0, vg = —8

" RoVIL
v e ans: EP §3.4: 18
4. For a mass attached to a spring and a dashpot, find x(¢).
3817 Determine whetcher the motion is overdamped, critically " )
damped, or underdamped. If it is underdamped, write the 227 + 122" + 502 = 0

position function in the form r=—3+4i
() = Chre P cos(wnt — an) x(t) = Ae 3" cos 4t + Be 3t sin 4t
= —2¢ " sin4t
Also, find the undamped position function 3
= 273" cos(4t — 7)
u(z) = Cy cos(wot — )
Underdamped.

that would result if the mass on the spring were set in
motion with the same initial position and velocity, but
with the dashpot disconnected. Finally construct a figure 22" 4+ 50z = 0
that illustrates the effect of damping by comparing the
graphs of z(t) and wu(t).

If no damping,

r = %5t
x(t) = Acos(5t) + Bsin(5t)

1
_ — — — — 8 8 3
m_iac_gak_47 (EO—2, UO_O :—*Sin5t:*COS(5t—i)
5 5 2
o ans: EP §3.4: 15 6. (Underdamped) Show that the local maximum and min-
3823 ima, of
LIV WP 2(t) = Ce™ cos(wit — a)
2
r=-2, —4 occur where
_ A2t —at
o(t) = Ae™™" + Be tan(wit — a) = L
— 4672t _ 2674t w1
Conclude that
Overdamped. onctude tha
If no damping, to —t; = 2r
w1
530” +4z =0 if two consecutive maxima occur at time t; and to.
r = +92v2i e ans: EP §3.4: 32
a(t) = Acos(2x/§t) n Bsin(2\/§t) For underdamped oscillation:
= 2cos(2V2t — 0) x = Ce P! cos(wit — a)



we find its peak points where the derivative is zero:

7' = —pCe P! cos(wit — )

— Cwie Pl sin(wit — a)
=0
p

tan(wit — a) = ——
w1

The gap between two peaks is when

tan(wit — ) = tan(wst — @)
wity = woty + 27
2

to —t1 = —
w1

7. (Underdamped) Let 21 and x2 be two consecutive local
3825 maximum values of z(t). Show
In 2L =

€2 w1

2mp

The constant %p is called the logarithmic decrement of
the oscillation.

e ans: EP §3.4: 33 For underdamped oscillation:
r = Ce P! cos(wit — a)

we find its peak points where the derivative is zero:

7' = —pCe P cos(wit — )

— Cwie P sin(wit — )
=0

tan(wit —a) = P
w1

The gap between two peaks is when
tan(wit — o) = tan(wat — )

wity = woty + 27

2T
to —t1 = —
w1

At the two t;, we have

z1 = Ce P" cos(wit) — a)

x9 = Ce P2 cos(wity — @)

1 — ep(tz—tl)

)

T 2w
In = =p(ty —t1) = p—

L2 w1



