M242 Study Guide for E 3 (S. Zhang) .

1. Find the convergence by the integral test.
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e ans: We find the integral is convergent: (integration by

parts)
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The series is convergent by the integral test.

2. (1) Show the convergence by the integral test.
3333 (2) Find the sum by the telescoping series method.
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e ans: (1)
22+ 52 +6 = (v +2)(x+3)
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Yes, both the integral and series converge.
(2)
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Yes, as the function is decreasing, the area of rectangles is a
little bigger than the area under the curve (the right point
rule).

Find the convergence by comparison test:
f: 3 +sinn
o nlnn

e ans: In comparison test, to show a series diverges, we
need to find a smaller series (termwise) diverges too.

1
By the integral test, Z ——— diverges, because the inte-
nn

gral diverges (you may make variable substitution v = lnz):

We compare the given series with this series
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So, by the comparison test, (the bigger series)

= 3+4sinn
Z ——— diverges.

nlnn
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Find the convergence:
o0

"sin —

Z ln n

e ans: Yes, b, \, 0, the series converges by AST. To show
bn "\, 0, we use the derivative and the limit:

b, = sin —
Inn

1
f(n)=sin— >0, ifn > 2
Inn

f'(n)=— <cos lnln> (lnn)_2% <0, ifn>2.

1
lim b,, =sin — =sin0 = 0.
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5. Show the series is convergent. How many terms of the
3514 geries do we need to add in order to find the sum to the

indicated accuracy? |1 = |(=3)"""/(n +1)°) = 3
|an] [(=3)"/n?| 1+3)?
53(—1)"'Hi lerror| < 10™* — 3 3=R>1
=1 n®’ (140)?
The series diverges by the ratio test.
e ans: .
(3) We have to use the ratio test.
1
bn == 78
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f'(n)=-n __E<O —>OO—0—R<1
ZY The series converges absolutely by the ratio test.
Yes, b, \, 0, the series converges by AST. (4) We do not even know the general form of a, for the

. i series. So we have to use the ratio test.
Now, by the error bound for the alternating series, we get
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|an+1| _ |n+10an| _ 2n+1
Rn <bn+1 |an| ‘an‘ n+10
bpi1 < 1074 o4l o
n+1 _ 176 L2 Re
LIS 1+ 1
(n + 1)8 . . .
11> 1012 = 3.1622 The series diverges by the ratio test.
n > g .
n > 2. 7. Find the absolute convergence, conditional convergence

3632 and divergence by two methods:

0o
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(a) Root test or ratio test;

n
(1) Z (3 + 22) (b) Integral test or comparison test, or divergence test.
2—n
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We compute the first 3 terms.

6. Determine absolute convergence, conditional convergence
364 and divergence:

e ans: (1) Root test

lan| /" =222 5 2.20=2>1

The series diverges by the root test.

2 1
4)ay =2, apt1 = %am Zan If we use the ratio test: +
ansa] 270 5oy
e ans: (1) With the n-th power, it is best to use the root lan| — 2n+2

test: (for n > 2
( 22) The series diverges by the ratio test.

1n _|3+2n TR 34 2n (2) Integral test
‘an‘ - 2 _n2 - n2—2 - ) i o0
’ i 27 2y = =
LHopital 22\ _p oy /1 v (ln2>1 >
2n 00

Both the series and the integral diverge.
By the root test, the series converges absolutely. & verg

If we use the comparison test, we need to compare it with

(2) We can either use the root test or the ratio test. Using an r-series (itself is an r-series too)

the root test, we need to know the limit of n/™ is 1.

+2
Let us use the ratio test. 2>
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Z 2" diverges (r = 2 > 1, r-test). By the comparison test,
(the bigger one) Z 272 diverges.
If we use the divergence test,

Up =2"T2 5 2% =00 #£0
By the divergence test, Z 272 diverges.

Find the radius of convergence, interval of convergence:

> (-1 on+1

n=0

e ans: We apply the ratio test:
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n

comparing to the condition |z —a| <R = R=1

Check two end points

r=3-1=2, i
n=1

(Here we do not have exactly p series, but it can be compared
to the p-series by the limit comparison test.)

= (~1
r=3+1=4, Z(
n=1

)n
2n+1
Interval of convergence

di =1.
2n+1 VP

conv cond, AST and p =1

(2,4]

o0
Suppose Z cpx™ converges for x = —4 and diverges for
n=0
x = 6. What can be said about the convergence about

(a) ch

n=0
ZC,LS"
n=0
ch(73)”
n=0

oo

> (-1)"e9”

n=0

e ans: For power series: there is a radius R such that:
oo
E cpa™ converges for |z] < R

n=0
oo

Z cpaz™ divverges for |z| > R

n=0

From the given conditions, R would be no less than 4 but
no bigger than 6:

R>4, and R <6.

) Converge, as t =0 <4 < R.
b)
(c) Converge, as x = —3,| —3] <4 <R.
(d) Diverge, as z = —9,| —9| > 6 > R.

Diverge, asx =8 > 6 > R.
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(

10. Find the power series representation and its radius of con-
39.23 yergence

1'2

f(m):m

e ans: We note that the 22 on the top does not matter
as we can pull it out, or multiply the series by it.

Note that

1, 1
(1fx) (1 —x)2

we differentiate both sides of

1
— = 1l+4z+2*+..
1—2x

to get

1
m:1+2x+3x2+...+(n+1)m"+...

Replace = by 2x: to get

g = 1 H220) 4320 ot (n 4+ 1)(22)" +

Multiply the series by z2

2
=22 +2(22%) + ... + (n + 1)2"g" 2

(1—2x)2
=) (n+1)2"a""?
n=0
Ratio test:
|an+1| (TL + 2)2n+lxn+3 1+ %2| |
— = x
|an] (n 4 1)2ngn+2 1+4
—2lz| <1
2] <3
2| <=
2

Radius of convergence R = 1/2.

Done.



If we find the interval of convergence, we continue to check
two end points: z = —1/2

G n_.n 700 n]'
Z;m+1ﬂx*ﬂfg;ﬁ+np4)z

The series diverges by the divergence test (a, / 0)
The other end point x = 1/2.

oo o0

Z(n +1)2"2" 2 = Z(n + 1)%

n=0 n=0

The seies diverges by the divergence test(a, + 0)

The interval of convergence:
(-3+5)

11.  Find the power series (by the geometric series) and the
404 Taylor series

f(z)=In(1+z), a=0

and use it to evaluate

1
l—=—+_-—-..
2—|—

e ans: To find the power series representation, we use
only the formula for geometric series:

1

=1l+z+2°+..
1—2z

1
— =l-—az+2® -3+ ..
1+

Integrate both sides

/1Cfx :/(1—m+x2—x3+...)dm

2?2 3 2t

In(1 —r - -
n(l+w)=e—F+5 - T +.+C

Let z = 0 to find out C:

0=In(14+0)=0-0+0—..+C

Therefore
2 3 4
In(l+2)=o— 5 +5 -5+
B i (71)717 lxn
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The second method — Taylor formula:

f(z) =In(1 + x), f(0)=0
fll@)=0+a)", f10) =1
f@)=-1+2)72 f10)=-1
f(x) =21 +2)7%, f7(0) =2

f@) = fla) + L -0y L e
(™) (q
+fnf%$—®"+m
ln(1+m):x—%2+%3_%4+ +(_1)n—1$”+
_ i (71)71711.71

Let x = 1 in the power series representation for the series:

1 1
In2=1— -+ - —...
n 2+3

Find the Taylor series

f(z) =sinz, a= g

e ans:
f(@) =sina, 13 =1
f'(@) = cosz, F'(5)=0
J"(@) = —sine, /G =-1
" (z) = —cosw, fla)=0
Then the computation repeats.
sinz =f(a) + f/l('a) (x—a)+ f’;('a) (x —a)® +
@-3° @-3)
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13.  Use a well known Maclaurin series to find the Maclaurin

4053 geries for

f(l‘) =% 4 62.75

® ans:
SU2 CCS
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14.  Find the limit by both methods: (1) L’Hopital rule, (2)

4031 Taylor series expansion.

. sin x2
lim —
z—0 cosx — 1

o ans: (1) 0/0.

2
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z—0 7% +
1+4+... 1
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Find the Taylor polynomial T5(x) for the function f at
the number a. And bound the error for T5(x) by Ry on the

given interval .
1

flx) = 7 a=1, z€][0.9,1.2]

® ans:

f// a
2(' )((E _ a)2

T (z—a)+
1 3
:1—5@—U+§@—n2

_ f’;EZ) (z — a)S _ _%{82,77/2(‘@ - 1)3
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15 1

Ro(w)| = 151
w3y @l = s i
5 1

=8.310.072
5 0.23

16 V0.7

_ 1|3
1.2 -1

= 0.00963

Rough checking:

£(0.9) = T(0.9) = % (- %(_0.1) + 2(0.01))

= 0.00034
F(1.2) — T(1.2) = \/% _a- %(0.2) + 2(0.04))

= —0.00212



