M242 Study Guide for E 2 (S. Zhang) .
1. Find /sinchos2 xdz.
e ans: u = Cosx

/sin5 xcos® xdx = /(1 —u?)?u?(—du)

1 2 1
:—gcos?’x—ﬁ—gcosS:c—fcogx—l—c

2. Find /sin4 xdx.

® ans:

1 1
/sin4 xdr = / Z(l — 2cos2x + 5(1 + cos4dz))dx

3 1
4(530 —sin 2z + 3 sindx) + ¢

3. Find /sin 4x cos bxdx.
e ans:
sin Acos B = %(sin(A — B) +sin(A+ B))
sin Asin B = %(COS(A — B) —sin(A + B))

cos Acos B = %(COS(A — B) +sin(A + B))

1
/sin 4x cos brdx = 3 /(sin(—x) + sin 9z)dx

1 1
= i(cosx— §0059x)+C

dx
4. Find _—
/ 2222 + 4
e ans:

r = 2tan0

2
/ / 2sec” 0 _ 2sec”d
4tan® 6(2sec )
:/ ‘foie df
sin“ 0
L
4sin 6

hypotenuse vz2 + 4

sinf = ——
2+ 4

[

Check the answer by taking derivative.

22
. Find —_d
5. Fin /x2—4x+5x

e ans:
2 —dr+5=2>—dr+4+1=(z-2)%+1

x? x?

“dz+5 (z—22+1

r—2=tan0

(tan + 2 sec? 6
do
/ / sec2 0

0
/(sec 0+ 481119 + 3)db
08

=tanf —4lncosf + 30 + C

hypotenuse vz2 — 4z + 5

T —2
tanf = ——
an 7
/:(172)+2111\1274x+5|

+3tan" !z —2)+C

Check the answer by taking derivative.

2
6. Find / (:”—Jrldx

x? —2x + 2)?
e ans:

2 —2242=(x—-1)*+1

It is of type v 22 + a2. Here we can do a change of variable
first u = x — 1. But it is better to expand the idea above,
letting

r—1=tan6



dx = sec? 0do

2?2+ 1= (1+tan6)*+1
=1+2tanf + tan?6 + 1
= 2tanf +sec?f + 1

22 +1
(22 — 22+ 2)?
B 2tanf +sec? 9+ 1
7/ sect

dxr

sec? 0do

:/(251n00050+1+00520)d9
. 3 1
:/(sm29+§—|—§c0829)d9
1 3 1 .
7—5(:05294—50—5—1511120—1—6'
1
:sin20+;9+ isinécose—i—Cl

To find 6 and cos 6, we draw a right triangle:

hypotenuse vz2 — 2z + 2

223 — 1022 + 152 — 8

22 -5 +6 du

e ans: (1)
22 =52+ 6 = (v —2)(x —3)

3r —8 A B

x2—5w+6:x—3+m—2

3x—8=A(zx—2)+ B(z —3)

t=2,6-8=D
r=39-8=A4A

/;ﬁij:/ 1m+/ 2
z2 -5z 46 x—3 x—2

=ln|lz—3|+2Injz -2|+C
(2) Division:

223 — 1022 + 152 — 8
22 —5x+6

3r—8
22 —bx +6

=2z +

d
22 —b5x +6 v

1 2
= 2
/ xdx—l—/xigdx—i—/xide

=2 +Injz —3|+2n|z—2|+C

/2m3 — 1022 + 152 — 8

. 3—=x
8. Find /mdaj
3—=x
| e
A B C
:/%—1+u—1y+x+ﬂm

—1 1 1
:/(w—1+(x—1)2+x+1)dx

=—(z-1)"'=Injz—1|+hlz+1|+C

Here, to find out the constants, we let

r=1 z=-1, x=0.

9. Write out the partial fraction forms for f(x). But do not
determine the numerical values the coefficients A, B, C

2 A B
=24+ = thatis all

etc. For example, m x x-—1

224+z+2
(1) Lrrtr
x(x—2)(x2 -1)
(2) 5 + 1
x(x? + 2z) (22 + 2)2
e ans:
é+ B n C n D
r xz+1 zxz—1 x-—2
é+§+ C Dx+ F Gx+H
x x2 x4+2 224+2  (22+2)?
o0
d
10Fm1/ @
1 2*(1+a?)
1 A
e ans: Method 1. Par. frac. ———— = — +
x2(1 4 22) x
B+Cx+D 1 1 /‘ L >
A et R — -2 _tan _
2 1422 x2 1422’ z xl

0-3H-(-1-P=1-T.



Method 2. Trig. sub. z = tanwu,dz = sec? udu; /:

2
sec” udu
/27 = /cot2udu = /CSCQU— ldu = cotu —
tan® usec? u

1 {1 1 ]Oo 7r
u = —u=|——tan " x =1-—.
tanu T 1 4

11. Compute by the trapezoidal rule with h = 3 and h = 1.5 (2
4
methods) and find the error bound each time / 82? dx

1
e ans: Exact solution is (823/3)] = 168.

h=3, xzg=1Lx1=4, n=1
1 1
Th=s = h(§f($0) + §f($1))
=204

_ n_ _
Kz = max [f"] =16(1) =16

(b—a)’
12n2
=16(3)3/(12-1%) =36

|Er| < K

Actural error is 168 — 204 = —36. So we can roughly see
the above calculations of the integral and the error are

right.
h=15, xzog=1,21=25,29=4, n=2

Tirs = S(3 f(20) + f(a1) + 5 (22))

=177

(b—a)’
12n2
=16(3)*/(12-2*) =9

|Er| < K

Actual error is 168 — 177 = —9.S0 we can roughly see the
above calculations of the integral and the error are right.

Method 2: (Save more function evalutaions than the mid-

point rule)

Th=15= %Th:?’ + h(f(2.5))

=204/2 + (3/2)(2(5)%) = 354/2 = 177.

12. Given

in8

24sin 8
/ f(x)dx, Rp—o =0, Lp—p = 512; My—y = 32,

Find Th—o,Th—1,Sh—1.

e ans:
1 1
TL o tlh 7LL
h QR} + 5 L
1 1
T ~T: — M.
h= 5 2n + 5 Mzh
1 2
S =T: — M-
h=3 on + 3 Ma2n
Theo = 1R + 1L = 256
h=2 = 5lth=2 ¥ Sln=2 =
1 1
The1 = =Th—o+ =Mp—o = 144
2 2
1 2 320
Sh=1==Th= —Mp—g = —
h=1 = 3dh=2 + 3 Mh=2 3
13. Find
35
1
/ - dx
0 vx —8
e ans:

35 8 1 35 1
=/ —— 4 — 4
A e M e

Let
u=(8—x)'/3 w= (x — 8)1/3
wW=8—z wi=z-28
3uldu = —dzx 3w?dw = dx

/35 B _/ (—3u?du) +/ 3w?dw
0 o u w

= Cu)+ (5u?)

2 2
— (G -2+ (5o - 8
= (0~ (52) + (38 ~0)
15
~3

14. Find convergence:

o
/ T
2 s +1

e ans: ideas: Compare to some known integrals.



To show convergence, compare with something bigger and

convergent.

To show divergence, compare with something smaller and

divergent.

Try something not working:
[t
2 T4 + 1

*
—d
/z x4+1x

Method 1

| e =aca
2

The bigger one converges = the smaller one converges.
Method 2

T < 32
2641 2641

32 1 3o
L r—f—ldl’ = (tan 1I3)2

s
=§—tan_18<oo

The bigger one converges = the smaller one converges.

15. Find
/ 324z +4
—  dx
x4+ 322 +2
e ans:
ot 322+ 2= (2 + 1) (2* +2)
32 +x+4 _Ba:—l—C Dz + FE
A +3224+2 2241 2 +2
3x2 +x+4

=(Bx® + C2? + 2Bz + 20) + (D2® + Ex* + Dz + E)

B+D=0
C+E=3
2B+D =1
2C+E=4

)dx

[ o
/ x 1 x 1

Jra:2—|—17902—&—2+:c2—|—2

1
~3 In(z? +2) + vV2tan™! +C

Sl

16. Find

[
dx

—1 /|7

(hint: \/|z| = v/—2 when z <0.)

® ans:

/2 2 0 2 2 9
dgc:/ —dx—i—/ —dx

—1 /7] ~1 /|7 o Izl
_/0 2d * 2dx
-1V 0o VvV—ZT

Let
u=—z w=T
u?=—z w? =z
2udu = —dx 2wdw = dzx

/2 2 J /—4udu N /4wdw
T =
1 1/|_(L‘| u w

= —du+ 4w = (—4vV—2)° | + (4v/w)2
=(0—(—4)+(4V2—0) =4+4V2

17. Find the arc length on the curve from (0,—1) to (0,1) :
I
e ans: (Old method)

L=—-s=mr=mw

(New method) Two pieces of curves

y:\/lfx% yzf\/l*zQa
’ —T . X
CV1-a?

VT !

For both pieces:

TP = (a2



b
L:/ V1+ (v)3dx
o 1
:/ (1—x2)_1/2dx+/ (1—22)"Y2%dz
0

e / do

=2sin~ 2|} = 2(% —0)=n
(New method 2)
1
z=V1-y2 1+ (@)? =
1—y92

b
L:/\ﬂ+@W@
1
By
1 1/1—:1/2

y=ginf / o

=sin"tylt, =7

18. Find arc length:
=4z +4)3 y>0,0<z<2

e ans: Taking square root and choose the positive sign:

y = 2(z +4)**
y = 3(x+4)Y/?
Vi+y?2=/1+9z+4)

=9z + 37

b
L:/ V14 (v)3dx
2
z/ V9x + 37dx
0

(92 +37)%/2

- (3/2)09
2 .
=5 (55%% = 37°%)

2

0

=13.54286690

From the function graph, the y range goes from about 15
to 30. So the arc length is roughly 15. Our answer is

pretty close.

19. Show, by the sandwich theorem,

L (=1)?
(1) lim n(n+ 1)

(2) lim sinn

n

=0

e ans: (1)
e
= —
" In(n+1)
1 sinn 1
n n n
(3)
n
g<3 33393
—n T 12 n_ 2 n

. We can show (not required) that the sequence

01:1
12

, n=12,..
—a,

Ap4+1 = 7

is increasing and bounded above. Therefore it is conver-
gent. Find the limit.
e ans: Take limit on the equation
12
L=—
7T—L
TL—L1* =12
L?-7L+12=, L=34

To find out the unique limit, we check the first few terms:
12 60

1,2, —, =, ..
5 23



21.

The sequence is increasing, but less than 3.
The correct answer for the limit is 3.

Another way to find the answer. Since the sequence starts
from 1 and increases, as it has a stationary point at 3, the
sequence won’t pass 3 to reach the other stationary point
4.

Test if the following sequence or series converges or di-
verges and show your work (give, at least, the name of the
test used). If a sequence or a series converges, find the
limit or the sum.

4 1
(a) 23§a77'7n+a

2°3 n

3 4 n+1 n+1
b) 24>+ =
() 24545+ +——+ ; -
% 111 1
Y12 am1)

11 1 = 1

d) —4+>+— e
(4) 2+6+12+ +n(n—|—1)+ Zn(n—&—l)

e ans: (a) The sequence converges. By L’Hopital rule

. n—+1
lim =

n—oo M

(b) The series diverges, by the divergence test, because
an # 0, by (a), a, — 1.
(¢) The sequence converges.

1 1
lim ———=—=0
n—oo n(n + 1) 00
(d) The series converges, by the telescoping series compu-
tation.

1 7A+ B
nn+1) n n+l
1 1
n n+1
S —1+1+1+ + !
"2 6 12 77 n(n+1)
1 1+
12
1 1+
2 3
1 1+
3 4
1 1
n n+1
1 1
1 n+1
= 1
= lim S,
ZTL( _|_1) n—o0

22.

23.

24.

= 4
Find the sum of the series: _
; (n+2)(n+4)
e ans: This is a telescoping series. To find the sum,

we need to rewrite the rational functions as partial frac-
. 4 A L B 2 N
ions: = =

n+2)(n+4) (n+2) @n+4) (n+2)

N
- 4

. The partial sum would be —_— =

(n+4) P ;(n+2)(n+4)

(D60 G

2,2 2 -
_— = — _—_——_— = — n
N+2 N+4 374 Ny2 N+14 ¢

N goes to infinity, the partial sum is the whole sum of the
series. Since the last two terms go to zero when N goes to
infinity, the sum of the series is % + %. Note that you are
not asked to test if the series converges or not here. So,
you do not need to apply tests like the integral test, the
direct or comparison tests here (though they can tell the
series converges, but they could not tell what the limit the
series converges to — the sum).

Find the sum of the series: 3 ;fn
e ans: There are two gegjetric series cooronbined here.
We need to separate it into two. Z 3;# =
n=0
oo n oo n
2 @ > @ T1- ?1/5) C1- (12/5> &

Write the periodic decimal as a fraction, 1.2345.

e ans: 1.2+ 0.0345(1 + 1000~ + 100072 +---) = £ +
345 1 __ 119884345 __ 12333
10000 1—-1000—1 — 9990 9990



