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Ab=tract

[t 12 shown that the conforming Qe e ¥ Qrxy |-Q_,: mixed element s stable, and
provides optimal arder of approsimation for the Stokes equations, on rectangular gricds,
for all & = 2. Here Qe stands for the space of conbinuous pecevise-paolynomials of
degree (k + 1) or less in o direction and of degres & or less in y direction. Q) is the
space of discontinuous polynomiale of separated degres © or less, wakth spoarious modes
Altered. To be precise, Qk it the divergence of the discrete velocity space Qe e ¥ Qeesl.
Polynomials of different degress in = and g are used for different components of velocity
=0 bhat the resulting Anite element solution s also divergence free point wise, This s the
frst divergencefree element found cn non frangular grids. &n efficient iterative method
15 presented where the discrete pressure function &2 produced as a byproduct. Mumerical
testa are provided confirming the theaory,
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1 Introduction

[t is a challenge. and of great interest in computation too, to construct stable pairs of finite
elernents in comnputing the incompressible Stokes or Navier-Stokes flows, RMany techniques wers
developed, mostly for low order finite elements, in the past thirty years, of. [14, 6. A natural
finite element method would be the mized element which approximates the velocity function
by continuous piecewise-polynomials and approximates the pressure function by discontinuous
piecewise-polynomials of one degres lees. Here the method can be truly conforming in the sense
that the incompressible candition would be satisfied point wise, and that the dizerete solution
for the velocily i= a projection within the divergence-free function space. A fundamental
study on the method was done by Seott and Vogelius in 1984 ([13, 16]) that the method is
stable and consequently of the optimal order on 2D triangular grids for the £y -F element,
k2= A, provided that the grids have no nearly-singular vertex. Here Py stands for the space of
polynomials of total degree & or less,

In this manuscript, we will show the stability and the optimal order of convergence of a
Clerre ¥ Qe -0y, element, where the velocity is approximated by continuous polynomiale,
and the pressure 5 approgimated by discontinooos polynomiale of separate degree kB owith
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gpuricus modes filtered, for all & 2 2, on rectangular grids. Here the polynomial sets are
defined by

m &
L S Z vyl b, and 6y = Q. (L.1]
il =1
Thiz work is related to a long-time research problem, the stability of Q. -0, mixed finite
elernent. Stenberg and Suri showed in [19] the stability, but a sub-optimal arder of approcima-
tion, for the Qe -0 element for all & 2 1 in 20, Bernardi and Maday showed the stability
and the aptimal order of convergence for the Qg - element, of. [4]. Ainsworth and Coggine
proved the stability and the optimal order of convergenee for the Taylor-Hood tvpe Q-0
elernent, where the pressure epace is continuous too, of. |1]. Bremi and Falk showed that the
C@e+1-x element ie unstable in [7], for any & = 0, in the traditional sense.

Given the "), , epace for the velocity, it is preferable (ef. [11, 13, &]) to use a higger
discrete space for the pregsure such that the incompressible condition ean be well preservesd.
The maximal poesible (in space dimension) discrete pressure space is the divergence of the
discrete velocity space. IF 2o, the discrete solution for the velocity would be also divergence free.
Mevertheless, we do not know yet if such a pair of mixed finite element would be stable or not,
anid how to amend it if it is unstahle, of. |6, 7. We note that div(G, ) @ Q@ and diviQ, ) &
i, in this casze, while Bresz and Falk proved instability of the pair Qep1-Qe. In the opposite
direction, to find a divergence-free element on rectangular grids, we seek a finite element space
whose divergence would be on to the discontinuous Q. space, This leads to the new element,
approximating the velocity by continuous &1y ¢ = Qe gy polynomials while approximating
the pressure by discontinuous polvnomials @ = Jdiv(Qrpe = Qregr) (Boe (2.4] below for the
precise definition where ). We note that, by choosing div(Qe ) ¢ = 5 1) as the
discrete finite element space for the pressure, the spurious modes In discontinuous Oy space
are filtered out autcmatically. On the other gide, the discrete velocity is divergence-fres if and
anly il the discrete pressure space is the divergence of the dizcrele velocity space. Becaues
the divergence of 8 Gy g @ Qe polynomial is & @ polynomial, the new element makes
a parfect mateh for the two discrete spaces and produces divergence free solutions for the
velocity, We will establish the stability and the optimal-order convergenee for the new element
for all & = 2. Numerical teste are provided in supporting the theory.

We note that the idea of using polynomials of different degrees in different directions for
different components is not new, for example, suggested by Stenberg and Suri in [19], where the
et % Qg p1-Ge—1 element ie studied and shown to have the same approximation resulis as
the Qe -0e element. Our new element increases the convergence order by one while having
the same order of computation. In addition, the discrete solution for the veloeity is divergenos
free. This is the first divergence-free element found on non triangular grids. We note that our
results can be extended to a 30 divergence-free element, G e = Gepire ¥ Qe -G
k=2, Another interesting question i= whether the new element rernaing stable for k& = 1, see
the nurmerical results and remarks in the last section.

The rest of the paper i= organized ae follows. [n Section 2, we define the finite element
for the Stationary Stokes equations and an iterative method for the resulting linear systems
aof equations. In Section A, we show the optimal convergence for the newly proposed @ 5 =
Cdg i1~ element. In Section 4, we provide some results of a numerical test. '




2 The )i 1k Qrryp-0), mixed element

In thiz section, we shall define a clase of finite elements for the stationary Stokes equations
on rectangular grids. The resulting finite element solutions for the velocity are divergence-fres
point wise. We will introduce the classic iterated penalty method (|10, 5, G, 18]) by which the
mixed element is reduced to a gingle divergence-free element. The mixed-element solutions for
the pressure are obtained as bvprodacts in the method.,

We consider a model stationary Stokes problem: Find the veloeity function u and the
pressure @ on a 20 polygonal domain £, which can be subdivided into rectangles |, such that

—Au+t Vp = f in £,
diva =0 in 2, (2.1)
u-=10 o e,

The standard variational form for (2.1) is: Find u € HJ{0)" and p € L3[(0) = L3/
Ipe 1?| [ p =0} such that

afu, )+ biv,p) = (£,v) v e Hy(0),

biu,g) = 0 vy & LA(6). (22)

Here HJ(£2)" is the subspace of the Scholev space H'(02)* (ef. [9]) with zera boundary trace,
and

alu, v f V- Vv dr,
f

blwv, ) —l;divv;.lu'::

(f.v) Lfvri:.

We nestedly refine each grid of £ by subdividing each rectangle into 4 sub-rectangles, of.
Figure 3:

g o= { K| UK =0, K = |2, 28] % [y, a] with size by = max[zs — 2o, pa —we} = 2},

Lt the palynomial spaces G and & be defined n (1.1]. The Qy g = Q- mixed
alemnent spaces are

Ve = {un € 0007 | ua|,e © Qeire % Grasr FHOS O, and  ugn = 0, (2.3)
Py, = {divuy | u, € Vi }. (2.4)

Sinee [ pp = [ndivuy, = [, =0 for any py € Fy,, we conclude that
Vi © HA(0),  Phoo Li(0),

i, the mixed-finite element pair is conforming. The resulting sevstem of finite element equa-
tions for (2.2) is: Find uy, € ¥, and p, € 7, such that

alug, v+ &Ev.pg) = (E.v] Yv e V.

2.5
Blug.q) =0 Wiy e (2:5)



Traditional mixed-finite elermnents require the inf-eup condition to guarantes the existence of
discrete solutions. As (2.4) provides a compatibility between the discrete velocity and dizcrete
pressure spaces, the linear svstem of equations (2.53) always has a unique solution, independent
af the infsup condition.

Proposition 2.1 ([/2{]) There is a unique solulion in the diserele linear sysiem (2.5) for any
polynomial degree k2 1 i (2.3)-(2.4). 1

By the sgecond equation in (2.5) and the definition of & in (2.4), we conclude that
Blug, g) = blug, — divug) = || divog|[fzne =0 [2.6]

and that div ug, is also point wise 0. In this case, we call the mixed finite element a divergence-
free element. It is apparent that the diserete velocity solution is divergence-free if and only if
the discrete pressure finite element space 18 the divergence of the discrete velocity finite element
gpace, Le, (2.4). In fact, it is trivial to show ([14, 6, 5 21]), in the next theorem. that u, is
the unique af-. -] orthogonal praojection from the divergence-free spase & to its subspace &, .
defined by

Z = {v e HNQ)" |divey =0}, (2.7]
FTr={veVy |divv =0} [2.8)

Theorem 2.1 The unique sofufion w, of (2.5) is divergence-free, and do the ai-, ) orthogonal
prection of u fn (2.2), Le,

Wy, = z'.'J: IJ['LI — Uy, ‘rﬁ..] 0 l"-".vh = zh .

Proof. By [2.6), us i& divergence-free. Letting v € &y in (2.2) and (2.5), we get the above
arthogonal prajection equation. ]

We note that by (2.4), 7, is 8 subspace of discontinuous, piecewise polynomials of separate-
degree & or less, As singular vertioes are present (see |15, 16]), Py, is a proper subset of the
discontinuous piecewise O, polynomials. It is difficult to find a local basis for B Bal on
the other side, 1t is the special interest of the method that the spacs Py can be omitted
in computation and the discrete solutions approximating the pressure function in the Stokes
equations can be obtained as byproducts, as we shall see next. We refer to |10, 6, 5, 18] for
more information on the following iterative method.

Definition 2.1 [The iterated penalty method.) Let the initial iterate ug = 0 for the finite

alernent Stokes equation (2.5). The rest iterates up are defined iteratively to be the unique

solution of

n—l1
alul, vy, )+ afdivay, div v, ) = (v, ) — (div E uu—ji: div vy vy €V, (2.0
=i
= 1.2,---. Here o is positive constant. At the end of iteration, we let

n
N i J
o cliv E L
j=0



Remark 2.1 e the dferaled penally melhod of Definilion 2.0, we need only fo do compualer
coding for the continuons Gy e 0 Qe ey element for the vector Laplacian-fike equations.

Roemark 2.2 8y Definition 2.1, af the convergence of iterafion, divul = 0 and we obtain the
sofution wy, of (2.5). Consequenily, the unigue sofution p, of (2.5) is obfeined o8 @ byproduct.
We note thal the spurious (checkerboard | modes, genemiled al each singular verter (ef. (3.8) ),
in fhe dizcrele pressure gpace are filtered oul nelurally, There are other slabilizalion lechnigues,
when singular or near-singuier vertices are presented, of, [12).

Theorem 2.2 (Theorem LI 19 in [51) Let the inf-sup condition (5.1) hold. The ileraled
peralfy melthod (2.9) converges wilh a consfant mte independend of e grid size b, de.,

et | sr1e= = Co I||E”||.rr'[!'!]==
where @™ = ugy — ug.

Proof. This theorem ie proved as Theorem 1.1.19 in [3]. For completeness, we present the
proof in our epecial case, slightly simpler than the original presentation. By (2.5) and [2.9),

ale™ v )+ al(dive ™t dive,) = (pe — Pl dive,] Yv, £ V. (2.10)
By (2.4) and (3.1}, as divea™ L' P, there is a wy, © WV such that

divw, = dive™t!, (2.11)

Wl s < O] dive™ | = (2.12)
By [2.59], we have also

E[u:'vh:l [.Ir ‘rh] } [I‘I:::':“.".‘rh.] W.‘J Ev.‘::
aleg. Vi) = (P — pR.divvg) vy € V. (2.13)

Therefare, by (2.10) and [2.13),
[ 2+ all ive™ s = a(e”, &™) < e[ e . (2.14)

By Lemma 2.1 of [21], ie, alu,. ve] = (divu,, dive,] + (curlug, curl vy ), (2.10) becomes to,
by letting vs = wa,

—||eurle™ | gz [|eurl Wy ||n= + (1 + Ca)||dive™ 72 = |(pa — pF. divwg ). (2.13)
By (2.15), (2.13) and (2.12), we get

(14 Ca)| dive™ |2 < [e] s [wilan + fleurl €|z cur wy | o
= ()| g || 4 I'."||t'urI|:“"||,._z]||| dive™ I||I_..-

< 30 g | dliv e+ 1,
where in the last step, we applied [2.14) again. Hence,

[ dive™ ||z = Ca e |m. (2.16)



Let wy, be defined in (2.11) and (2.12). Let zg € &y be af-, -] projection of (e™"! —w, ], defined
by

@(Ey, vy ) = ale™ ! —wp vy P € B (2.17)
Then [ent! —wy —2q4) € Eo*. But, by (2.11), diviet! —w,] = 0, ie, (@™ —w,] £ .
Since =, € &, we have also (g™ V' — wy — =) € &y, We conclude that

et — o, —m, — 0 (2.1%]

By (2.10),

ale" v ) =0 Vv, € Zy.

Then, by (2.17), we find out that = & also an af-,+) projection of —wg in & subspace Zg:
a(E,, Vi) = al—wWy. vy Vv, £ &y
S0 By = W] g Combining (2,18), (2.12) and [2.16), we prove the theorem as

| g = |Wn + 2o | < 2|Wa|p < O dive™ e = Ca e .

We next give a rough count on the number of arithmetic operations for the iterated penalty
method, We show that the method is of optimal order, ie, salving the linear eyetem [2.5)] of
N ounknowns within &8 operations for some constant O independent of &, but dependent on
the polynomial degree k& and the uniform inf~sup constant in (3.1). Firet, for a given & and
ke, let =+ be the truncation (discretization) error defined in (3.18). By Theorem 2.2, selecting &
fixed a according to the infsup constant in (2.1). we need to do m steps of iterated penalty

methood fo reach
o, — ug g = 72, (2.19)

where || - ||f,l B i.ﬂ Foa - "T; In (2.19), m i& independent of k. Le. the level of multigrid
refinement. We note that « depends on B, but m does not. m depends on the inf-sup condition

only, independent of & and & To be accurate, we need to use the multigrid solutions on coarse

levele ae initial goesses to avoid an f-dependence, of. [3]. We ekip such technical but also
purely theoretical details.

Let i1f be the multigrid iterative ealution to (2.9), up to the error 27™ ', To be precise,
iy is an approximation, recursively defined by the earlier inaccurate solutions, to the solution
af the following equation

n—1
aluf, vy ]+ al(divag, divwv,] = ([, vﬁ]—{di\'Znﬁi.d]v vy .
J=0

such that

ra—1

Jap — a2 ™ e

We analyze the iterative solutions inductively. As we choose uf = 0, we have u} = u} and

g, — g g = 27



Mewt, we solve the following equation to get ﬁ'f'
n{ui:v.«,] I ul{t]ivui:di\' vi) = (F.ve) — (v, divveg). (2.20]
By Theorem 2.2,

= -] R 1 - 2 o 3
At g —ag|la = 'v'E” diviuw, — g )| pe + [y — g |4

A+ I (1

7 .z T z
[y, — g |4 = |lug — ug

= g —

Inductively, we get that

m—1
ug? = 6 = i = af{la - u = a2 3wl - agfae 2
=l

A+ (124 1)+ (142444 1) 44 1927 1
3™ ey = g2,

Therefore, by m N operations (each equation (2.20) needs N operations in the multigrid
method, ef. |3]), the iterated penalty method combined with the multigrid solve would prodoce
a solution 4f® up to the optimal order of truncation error:

[up, — 0 e = s — 0|
™ ma =T H'. ﬂ'.
= lun — ol + i — 6l = S + 5

¥

3 Convergence theory

The central taek ie to prove the infsup condition, or the LBB condition (|14, @]). for the
discrete finite element spaces:

inf sup M =, (3.1)
d¥g=Flvev, || Vg (|9l
for eome constant & = O independent of the grid size k. We will conetruct a velocity v in
three steps for a given discrete pressure g £ 5. vy will matches the integrals _II'K.'; on each
alemnent, congtructed globally, we will be constructed locally go that div v, mateh g —divw, al
all vertices, within each element. vz will be constructed element-wise to match the difference
g — diviv, + vg).

Lemma 3.1 The finile element friple {ﬁ’: !Ck:f_;'-d_-_q:ﬁ]} ia well defined, where he set of fune-
tionals Xz @8 {oee Figure T

e 1
N =Af] flw): i'[u::l:]l]:[:lﬁfﬁ a u[:l:_—lg:[]]: [ u(£1, widy}. (3.2)
: 1

Proof. We note that we alter only two boundary degrees of freedom of the standard -
gz finite element, of. Ciarlet 9], from a mid-edge function value to an integral on the edge.
We only need to show the uni-solvency of X - as we have a finite dimensicnal problem. Let
W e Oy o, 8 polvnomial on K such that Flw) = 0 for the all 12 Functionals in (3.2), depicted in
Figure 1.



(—1.1) B (1.1)

Fu . . I

(—1.-1) (L-1)
Figure 1: The eet of linear functionals ¥z, ef. (3.2].

When restricted on an edge 3 = 1, ¢ I8 8 degrez 3 polynomial in 2 and vani=shes at 4 pointe on

the edge: (—1. 1),(—1/3,1),(1/3, 1) and [1.1). Sov=0onyg = 1 and v(x, %) = [¥— Lz y)
for some Qy polynomial o[z, 4], Repeating this argument on the edge 4 = —1 of K, we have

= (y? = Lefz),

where #g(x] & a cubic polynomial in . As v = 0 at two points on line g = 0 (see Figure 1),

o= [y — Lijaz + &)z ;—]g]{r—;—]g]

for some constants & and 8. Finally, ||' @ = 0 an the two vertical edges. By which, we get

1 I -
=] . a2
[ w1, o) dy a[b:l: n}f I:ﬂl— L)y _E{bi i) = .
J-1 : 1
Thus a=b=10, and v =10 1

By Lemma 3.1, we have a dual basis for )3 - polynomials on K corresponding to the mear

: el KL PULE i : 3 r : i a
functional set 3 - e, {@; 1=, such that f:(¢:] = 4;. Following the standard routine, we can
define a global basis {os} on the grid 05 via the referencing mappings defined on each element
I £ 1. The linear span of such global basis functions would define the €7-6 - space an £2,:

Vo = {uy € CY0) | thyloy = 0, |y € Paa VK E 2p}.

For any €% o function (=, ), we have

AEN) Z filup oz y),

where the functional f; either takes a nodal value of w; at a nodal point shown in Figure
. or the integral value of w, on a vertical edge in the grid 2,. The standard nodal value
interpolation cperator is defined as

Bt O0(0) = Viz, Tau— % felun el y). (2.3)

Bepealing above work, we can define the I.".":'--_'?-jl;, space V5 g replacing the two vertical-edge
integral functionals in (3.2) by two horizontal-edge integrals. Then for & = 2, the velocity space
in {2.3) i=

W= Vaz ® Voa.



Lomma 3.2 For any g € Py, defined in (2.4, k2 2, there is a funclion vy € Vg = Voo such
that

f-:!i\'w fq W e Ry, and ||vi|g = O g2 (3.4)
e K

Proof. For anv g £ Py, by the theory on regular inversion of the divergence operator devel-
oped by Arnold, Seott and Vogelius in [2], there 1= a ug & B0 M HL(0? such that

divugiz, w) = gle.w)  a e for (z0) €02,
ani
|[agllan = ||l c2

for amy o < 1/2, Let the nodal interpolant be v, Inu, where the first component of the
interpolation operator T, I8 defined in (3.3). Such a nodal interpalation is stable, of. [17] for
example, that

[Ty | = g |[g -

Further, the interpolant aleo preserve the divergence element-wise:

i = : 0
)f div vy drdy [ ||J|[”|:_1-.,.-g,r]— ul[”{:., 1. 4] |dy [ |w||”|:.i'. y_?-"]—i'::'llir:yj 1) iz
[ .

gt I

i 2, i .
[ |”FT”["='=1"':'_1LL”|:-E'£ L) ey f |"‘.£-'I':-"-:l'l'j:'_ﬂf]i-i':y_.' ldz
-1 .

[di\'uwdr.:tgr fq'.:i’zdy-
ey S w

where K = [z, 2] = |y_?- |--g,r‘;| is an element in £2,. Here we uege a super index for a component
index: v = (ol ol3h), 1

After matehing the integral values of g element wise by divw,, we next match the vertex-
values of g — divwy.

Lemma 3.3 For any g € P, defined in (2.4) auch Hal _ll'ﬁ_q 0 9K e, k22, there 18 n
Sunclion vo € Vaz = Vog such that

divvg(al®) = glal] v €1, (3.3]
[ divve = 0 WK € iy, (3.6)
Jr

[vall e = Cllall,2- (3.7

Here .::{"'. I = i=< 4, are the four vertices of element K.

Proof. According to Soott and Vogelins [15], all vertices in £, are eingular, which means a
function g € Py is subject to minor continuity constraints:

2_(~1)'aa) =0, (3.5)



ﬂf' nf‘
H-l_:- — — H-|
s
ﬂ;l'.'.\'.ﬂf'l n;"-" B
g — — Ky

Figure 2: Four vertices nf" meeting at a singular vertex, of. [3.9].

where uf" are the vertices of four elements K, meeting at an internal vertex, shown in Figure
2. In particular, at a boundary vertex, s=e Figure 2, we have

olaf) =0, glaf) = glal). (2.9)

We will construct part of v for the two vertex-values of g at 8 boundary point B in Figure 2.
Let the element /0 shown in Figure 2 be |2, m00] = [95.9501]. Similarly, we let 0
[#i0 2 1] = [wi-1, 0] Let

a o T
Ics [J.' ril® [J.' 1 x| [pias 1= . -
(q l:ﬂi I :I =41 -I"l;E ':::- |I :r]"' DJ ' l:'i ' y'] ER :

a o T
g r—rf | |4 J.-'| | 1~ , -
e qu l:ﬂflzl : =gy |[ -I'|;= ':':f B:} IIT'I []:I ' l:.! ’ !.I] = h'l I::]. l':'.]

|[IZI []jl ; all ather K € 2.

By the condition [3.9], v € Va2 = Vog. It can be verified that _II'&. div vy = 0 onall K& 0y
and that

K1
div vynia) ala) o =ay’, oz
i all other vertices a.

We compute the semi-H' norm of v, in two steps.

g : i I o -
];-'I ( A1 ) dady lﬂ-q [IJ'_=- ][I':'.| '!i-]['y_r'-l '!1"_;']:

W En : i 1, .a
L-, ( ity ) drdy T (o ')z — 2"

On the other gide, the L* norm and L™ norm are equivalent on the reference square K for
the epace of polynomials g, There is a constant © (depending on polynomial degree k only)
euch that

ﬁ grdrdy = Cgp(—1.1), T € Qs
ey

10



After being scaled by the reference mapping,

Fyll — Iy
Bitr — Wy

e
= — | =¥l = .
Vi~ /) O LAl

Summing over the bwo elements K and Ky in Figure 2, it follows that

|"b-:-|f;1|:+r. ) (] | ) g (g )iz — e — ;)

I¥sallern gz = Cllallez . (3.11)

where the constant © depends on & and the maximum aspect ratio of grids (independent of f.)

. . Fp . . . . .
Mext, ab an internal vertex, ai”’ in Figure 2, we need do the above construction thres times:

Vi ﬁ'(ﬂ;ﬁ:lwg_;; (rupported on Ky and #00).

Viz qu[ﬂf"'] - t.'liﬂf-"]ljl w12 {supported on Kz and K1),

Vi qu'[ﬂ':‘"] - i.ll:ﬂir"'zl I -'-]'I:ﬂ;""]:l W g (rupported on &) and #10;)
gl g (by (3.8) ),

where w; ; are special functions eimilar to that in {(2.10). Here the second components of we g
and wry g are zero while the first one of w2 is zero. We summer all such vy; to define wa
eatisfying the requirements of the lemma. Since we congtruct at most 2 nonzers vy, &t each

vertex,
vz llwgeye < 2v2Clgll 22 (e
where (7 18 defined in [3.11). 1

After we match the element-integrals and the vertex-values of ¢ € 5. we will next matech
g point wise on each element.

Lemma 3.4 Let g € Fy, defined in (2.{) with & = 2 such thal j:&"? 0 9K < 2y, and g
vanishes at all vertices of grid 02,. There és a funclion vy € WV, such fhal

divvalz.w) = gz u) "e.w) € 0, (3.12)
valzy) =0 Wiz u) € K and YR € £, (3.14)
[[va)le = g ez (3.14)

Proof. We first prove the lemma for B = 2. The construction i= nesded only on the reference
element /. We then map constructed va to each element K as the support of va 18 isalated,
Valase = 0. Let § € (&) such that g{+1.+1) = 0. Let

= 0 =0 =i (1)) i (U7

| &[D.—I}(] Eu) — (0.1} ( ] D| y)].

v, E f:‘:l—l:?;_gl: # e 5. By the conetruction, § — div v = 0 on the boundary K, ie.,

g —divig = el — 7)1 — 5.

11



By the given condition _|'IIL g = 0, we conclucde that ¢ = 0, and
div Ay = .

By such an element-wise construction, we obtain an vy such that div vy i. By the same
sealing argument used in Lemma 3.3, 1 follows Chat

Ivallar = ©llally2 (3.13)

The lemma % proven for & = 2. We note that the case k = 2 is special as the subset

Pup {qEJ".n,|fql 0 and glag =10 "r'h’-Eﬂ.u,} (3.16)
.

aof functione g € M, have no internal degres of freedom on each element.
For & = 2, the construction for v, on the boundary of each element K rernains the same.
Let wvan € Wy guch that, by (3.15) and [3.16),

q—divwe € Frg oand  ||vag | g < Olg||ez.

But for & > 2, when matching the internal values of (g — divvag), we have extra freedom in
defining vy, inside each element K. The reason is that we have internal divergenos-free modes,
g Figure 3. For low k, such as & = 3 and k = 4, it is not difficult to use a symbolic software to
generate a basis {py, ;} for Fyp in (3.16) and a corresponding basis {vy, b, where div v, = py,
and curl vy = 0. Instead of constructing such g and v for all degree of palynomial &, we
provide a combinatorial argument to prove the lernma.

If."-l?.-_. : f":'-l';-:';,j LA TR i I-I:'.| :

Figure 3: I[nternal degrees of freedom when k& = 4.

Let us consider the construction on the reference element J":’.ﬁTh-:: dimension of Gy poly-
nomials is [k + 1)?. When restricted 1o zero on the boundary of K, the dimension is (k —1)%.
With a further restriction _|'IIL g = O, denoting the epace by Fro(f0). the dimension is

dim Pog (8] = (k—1)% — 1.

Now, the dimension of Qp 0 = @y ooy polvnomials is 20k + 2)(k + 1), With zero boundary
condition on K, denoting the space by V(K] the dimension i redoced to

dim Vo (/) = 2k(k — 1).

Further, restricting -f}i'.'[”l."-':i.i' 0 on the two verfical edges and F.HJ'::],"r'}y 0 on the bwo
horizontal exdges, we have

dim Vol /) = 2(k — 2)(k — 1),

12



whers
VoK) {v £ VL) | divve Pm[ﬂ'}} .

The kernal of div on Wi (K) is the curl of ¢, polyvnomials with homogeneous houndary
conditions:

5 {H £ 62 1 (K) | &= 0 and #a/dn = 0 on m?}.
Sinee the kernel of curl on S i {0}, we have

dimn{div Vi K]) = dim Vo (i) — dim § = 2(k — 2)(k — 1) — (k — 2)?
(k—2)(2k —2— k+2) = (k — 2)k = (k — 1)° = 1 = dim Py,

Thus div i= an on-to mapping from V,,.;.l:!:"] Lo I’,.,;.[J'T.']l. For each g € f’m[fﬁ{}. fhere i= a
vo £ Vo /), alter an I.? orthogomal project to the complement of S in Vo[ ). euch that

divyy = gy and curlvg = 0.
Therefore,
[Vl me = |9iv ¥al gy + [leur] Val|3ainy = l9all gz o -

By the Poincars inequality, |[val sine = C|lgo||zzny. Finally, repeating such a construction
an each element, we find a vy, supported inside all elemente of £, such that

div vpn = g —divvan and that |[vga| g < C)lg — div vao||e=.
Let vy = vaq + V. The lemma is proven. ]

Theorem 3.1 Let k& = 2. The mized finite element pair (Wi, Fy) defined in (2.3) and (2.4)
iz afahle, ie., (3.1) holds,

Proof. Tor anv g € Fy, we construct a v € ¥V, to satisfy (3.1). By (3.4]. there is a v € ¥V
euch that

f{q—di\'v,} 0 v e,
.

[[villser e = Crllal]ezin;-
By (3.5]. there is a vy € %5 such that

[divwy — [g—divv]]|,. (a;) = 0 7K € £, and [or all vertices of K,

[vallerme = Ceflg — div vyl p2jm.
By (3.12), there is 8 va € Vg such that

diveg = g — div vy, —div g,

||"|.f:!||”|[|_':|-.' = Ca|lg — div v1 — div va||rzi.

13



Lat w = —w) —wy — vy 1L fallows Lhat

[¥llmriee = [lvallarime + [ vellmme + Ivallame
= gl pzpe + Collg — divva| gy + Callg — div vr — divva||pzim
= Ol qllpzpey + Calllgllzing + [[w1llam= )
F O allez oy + Ivillaroe + vl grpme)
= (€7 + Ca+ G + O + 010 + C203]||q] c2ioy

and that

biv.q) = (—divv.q) ||r||||i._.Im
2 (O + Ca+ Ca+ O 0 + C1Ca + Co ) 7 |v | gz 1l 22y -

(3.1) is proved with € = (€71 + €1 + Ca + C1072 + 103 + C2073) L 1

Corollary 3.1 i kb = 2. The discrete pressure space (2,040 is chamelerized by

éq
P {w | ale € 25 WH € 15 fnq 0% [~ 1) gla™) n}- (3.17)

: 2]
afere .:::'r" are defined in {3.8), and in = 4 at an infernal verfer, bul io may equal fo 1 or 2 at

the Soundary.

Proof. In the proof of Theorem 3.1, we constructed a v = —w — vz — vz for any gy in the set
of (3.17), such that div v = —gg. Thue the F}, defined in (3.17) is a subeet of that P, defined
in (2.4). On the other side, by the prool of Lemma 3.3, we known that div vy satisfies the
constraints in (3.17) for all v, € V. ]

Theorem 3.2 Let & = 2. The discrete solution (v, p,] of (2.5) approvimafe Bat of (2.2) in
the opltimal order;

e = sl + 0 = pallezge = O ullgeigoge + pllarey). 7210 (3.18)

Proof. By the inf-sup condition [(3.1) and the standard mixed finite element theory |14], it
fallows that

W Wy || er1ymye =Pl 2oy = O Ind Ju—w 1wz b inf el 1 | P
I wllerrjoye + 12— 2all e (51 [-r-...w || wll er oy s ”J”P Tl | .;m]

=i inf [lu—w, 4 inf ||p— .
I:\-.-,-\-'.-,” || £ 1y .I.'..-.'".-."P it [l 2oy

where Py is the space of continuous Qe polynomials with mean value zero;
7, {ﬁ'h e h(11) | /;_lﬁ'h 0, quli € Qe VK E ﬂ.u}' .

We note that P, © Py, by (A.17). a& functione in P, satisfy the constraints in (3.17). The

theorem is proven as both epaces ¥, and P, provide the optimal order of approcimation.
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4 MNumerical tests

[n thiz section, we report some results of numerical experiments on the Qepie = Qrera-
¢, element for the stationary Stokes equations (2.1) on the unit square. We choose a gimple
exact golution go that the right hand side function £ for (2.1) is

_E rr - E - g:.r.r
f— —-fearlg— V.. ¥ Hery , 4.1

wherns
i jﬂl:r_fﬂ}:{y_y:]'_".
The continuoue salution for the Stokes equations (2.1) is (zee Figure 4)

u=curly, p=—0f. (4.2)

Figure 4: The exact solution, second component of u and @ on the level 2 grid.

Figure 5: The first five levels of grids.

The grids 2, are depicted in Figure 5, le., each sguares are refined into 4 sub-squares
each level, In Table | we list various norme and orders of convergence for the finite element
galutions in the spacee Wi ox P odefined in (2.2%(2.4). Here we do encugh iterated penalty
iterations defined in Definition 2.1 until the iterative error is smaller than the truneation error
each time.

The #' and L7 errore and convergence orders, reported in Table 1, are consistent with
the error bound proved in Theorem 3.2, In Table 1, the nodal errors are of the aptimal order
too, but not proved in this paper. To be precise, the order of convergence for the velocity
when using the Qg = G z-Qs element, or uzing the Qa0 = Gy -8 element, is one order, or
two arders higher than that predicted by the theory, respectively. This might be due to the
superconvergence of finite elements, ef. [20]. Or it might be cansed by, inaddition, the special

[
P |



Table 1: The errors by spaces Vg = Py defined in (2.3)-(2.4), on Figure 5 grids.

level | ju—wgpm & Ju—ugl, A [lp—pallee | o el 8™
For the iy - » (g 5= element

2 1. DCAIRS 1.1231114 11.024 2HITTE

A 010747 3.2 nofmllEs s 273 20 OAGTOL 206
1 oolzvd al 00005780 4.0 Gyl 2.0 OLs30 2.5
5 000157 30 00000365 4.0 v 20 001257 2.7
i O.00i1s 30 00000023 4.0 i3 20 OA017TL 2.0
T .02 a0 00000001 4.0 11 20 iooz2z 2.0

For the £y » 3.4~ element

2 L0 TETEDE OLO0403GHTET O.7Tassy 20 ) 01949067 2.8
A OU00TEI147 4.3 | DODDDOGROTE - 5.4 0113360 28 | 00164541 3.0
-l 000028532 4.7 | 00000018505 5.7 00152360 249 | 00012285 3.7
5 OO0000AmGEE 4.9 | 00000000322 5.9 0001954 300 | 00000838 3.9
i Q00000031 4.9 | 00000000005 5.9 0000245 3.0 | 0.0o0oss 3.9
T Q00000001 5.0 | 00000000000 6.0 0000030 3.0 | 00000003 4.0

Table 2: The errore by the Qs 4 = @y =~ element, on Figure & grids,

level [ — g, [ i [ — [, Bl le—pelle ™ e — Pl &
2 QOm006532 53 | LD00O010262 5.9 (| QOD07ERE 28 | 0002340 30
3 Q0000000025 118 | Q000000002 122 | 00000005 10.3 | 00000001 108
4 QOM0EN0G 138 | 00000000000 13.8 ([ 00000000 5.5 ( 00000000 10.1

solution {4.2) used in the computation, noting that the convergence orders for the pressure are
not higher, We plot the error for the second component of w on the level 3 grid in Figure 6,
for the Qaa = Qoa-z element method, The error of p of the method = shown in Figure 7.

When we increase the polynomial degres B by one to 4, this time, both the exact velocity
salution and the exact pressure solution are inside the finite element subspaces, 2z 4 = Q-0
Then, on amv grid, the numerical solution should be exact, the same as the solution in '{-J.Ej:
if enough iterated penalty ierations are done and if there i= no round-off error. This can be
ezen in Table 2.

In Takble 3, we list the errars and convergence orders from the numerical results when using
the Gz = 2y g-0 element. A little gnrprising, the resulte are of optimal ordere too, but they
are not coverad by our theory, Further studies are needed to understand and explain the resulis
in Table 3.
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