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Abstract

It is shown that the conforming Q2,1;1,2-Q
′

1 mixed element is stable, and provides opti-
mal order of approximation for the Stokes equations on rectangular grids. Here Q2,1;1,2 =
Q2,1 ×Q1,2 and Q2,1 denotes the space of continuous piecewise-polynomials of degree 2 or
less in the x direction but of degree 1 in the y direction. Q′

1 is the space of discontinuous
bilinear polynomials, with spurious modes filtered. To be precise, Q′

1 is the divergence of
the discrete velocity space Q2,1;1,2. Therefore, the resulting finite element solution for the
velocity is divergence-free pointwise, when solving the Stokes equations. This element is
the lowest order one in a family of divergence-free element, similar to the families of the
Bernardi-Raugel element and the Raviart-Thomas element.

Keywords. mixed finite element, Stokes, divergence-free element, quadrilateral element,
rectangular grids.
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1 Introduction

In the finite element methods for computing incompressible flows, such as Stokes or Navier-
Stokes flows, the incompressibility condition is usually enforced weakly, cf. [21, 8]. In order
to satisfy the inf-sup stability condition, the incompressibility condition is weakened often by
enlarging the finite element space for the velocity or decreasing the space for the pressure.
This does not only waste computational work, but also lead to inaccurate mass conservation,
especially in a long time range computation, and to large local errors. A natural approach
would be choosing the divergence of the finite element space for the velocity as the space for
the pressure. This would generate a divergence-free finite element, i.e., the incompressibility
condition holds exactly for the finite element solution. Nevertheless, the method does not work
when commonly used finite elements are used for the velocity, known as a type of locking.

A fundamental study on the method was done by Scott and Vogelius ([23, 24]) that the
Pk+1-P

dc
k method is stable and consequently of the optimal order on 2D triangular grids, for

k ≥ 3. Here the velocity space is the continuous piecewise-polynomials of degree (k +1) or less
while the the pressure space is the discontinuous piecewise-polynomials of degree k or less, or
the divergence of the velocity, to be precise. There are several other such divergence-free finite
elements, cf. [2, 18, 20, 29, 30, 31].

In this manuscript, we propose a new, low-order, divergence-free element on rectangular
grids, extending the family of divergence-free elements in [31]. This is the lowest order element
in the family, and of most interest. The velocity space is the continuous Q2,1 × Q1,2 space,

∗The work of the first author is supported in part by the NSFC for Distinguished Young Scholars(10625106)
and National Basic Research Program of China under the grant 2005CB321701.
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Figure 1: Degrees of freedoms for the velocity uh and the pressure ph.

i.e., the first component of velocity is a piecewise polynomial of degree 2 in x direction but
degree 1 in y direction while the second component is a rotation of the first one. The pressure
space is the subspace of discontinuous bilinear polynomials, the divergence of the velocity, to
be explicitly. The nodal degrees of freedom of the finite element pair are shown in Figure 1.
We note that it is not new to use different polynomial degrees in different directions, when
solving partial differential equations involving ∇· and curl operators, cf. [27, 16]. The stability
and the optimal order convergence will be proved for the new divergence-free element.

There is a long series of work on Qk mixed finite elements on rectangular grids in 2D and
3D. In [27], Stenberg and Suri showed the stability, but a sub-optimal order of approximation,
for the Qk+1-Q

dc
k−1 element for all k ≥ 1 in 2D. Bernardi and Maday proved the stability and

the optimal order of convergence for the Qk+1-P
dc
k element, cf. [4]. Ainsworth and Coggins

established [1] the stability and the optimal order of convergence for the Taylor-Hood Qk+1-
Qk element, where the pressure space is continuous too. Brezzi and Falk showed that the
Qk+1-Q

dc
k element is unstable in [9], for any k ≥ 0. The new divergence-free method is an

optimization of the unstable Q2-Q
dc
1 element, shown unstable by Brezzi and Falk. Here we

decrease the Q2 space for the velocity to Q2,1;1,2. This reduces the dimension of velocity by
a factor of 2. Meanwhile, we decrease the space Qdc

1 for the pressure to Q′
1, by removing all

spurious modes, i.e., eliminating one degree of freedom at each vertex. We have to emphasize
that the discrete pressure space is introduced for the analysis, but not in the computation. By
an iterated penalty method, we obtain the discrete solutions for the pressure without coding
the pressure element, as the pressure solution is a byproduct, cf. [30] and Section 4 below.
This is an advantage of the divergence-free element, which is not carried to other mixed-finite
elements, neither to nonconforming (discontinuous) locally-divergence-free elements [6, 10, 12,
15, 14, 17, 28].

The new Q2,1;1,2 element is similar to two other finite elements, the Bernardi-Raugel element
and the Raviart-Thomas element. The Bernardi-Raugel element has the same structure for the
velocity approximation, i.e., the Q2,1;1,2 velocity space, but the Q0 pressure space, cf. [5, 27].
So the element is not divergence free and loses one order of approximation in theory. The
Raviart-Thomas element also has the same structure for the velocity space, Q2,1;1,2. But the
space is of discontinuous, or an H(∇·) space, to be exact, cf. [22].

The rest of the paper is organized as follows. In Section 2, we define the finite element for
the Stationary Stokes equations. In Section 3, we show the inf-sup condition and the optimal
order convergence for the newly proposed Q2,1;1,2 element. In Section 4, we provide some test
results confirming the analysis. We also make a numerical comparison with the most popular
Q1/P0 element.
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2 The Q2,1;1,2 divergence-free element

In this section, we shall define the new finite element for the stationary Stokes equations on
rectangular grids. The resulting finite element solutions for the velocity are divergence-free
point wise.

We consider the stationary Stokes flow: Find the velocity u and the pressure p on a 2D
polygonal domain Ω, which can be subdivided into rectangles, such that

−∆u +∇p = f in Ω,

∇ · u = 0 in Ω,

u = 0 on ∂Ω.

(2.1)

The weak form for (2.1) is: Find u ∈ H1
0 (Ω)2 and p ∈ L2

0(Ω) := L2(Ω)/C = {p ∈ L2 |
∫

Ω p = 0}
such that

a(u,v) + b(v, p) = (f ,v) ∀v ∈ H1
0 (Ω)2,

b(u, q) = 0 ∀q ∈ L2
0(Ω).

(2.2)

Here H1
0 (Ω)2 is the subspace of the Sobolev space H1(Ω)2 (cf. [11]) with zero boundary trace,

and

a(u,v) =

∫

Ω
∇u · ∇v dx,

b(v, p) = −
∫

Ω
∇ · v p dx,

(f ,v) =

∫

Ω
f v dx.

Figure 2: Three levels of nestedly refined grids, and a macro-element grid.

The finite element grids are defined by, cf. Figure 2,

Th =
{

K | ∪K = Ω, K = [xa, xb]× [yc, yd] with size hK = max{xb − xa, yd − yc} ≤ h
}

.

We further assume, though the analysis can be easily extended to the general case, that the
rectangles in grid Th can be combined into groups of four to form a macro-element grid:

Mh =
{

M |M = ∪4
i=1Ki = [xi−1, xi+1]× [yj−1, yj+1], Ki ∈ Th, ∪Ki = Ω

}

.

See the 4th diagram in Figure 2. Let the polynomial spaces Q2,1, Q1,2 and Q1 be defined by

Qk,l = {
∑

i≤k,j≤l

cijx
iyj}, Qk = Qk,k.
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The Q2,1;1,2 mixed element spaces are

Vh =
{

vh ∈ C(Ω)2 | vh|K ∈ Q2,1 ×Q1,2 ∀K ∈ Th, and uh|∂Ω = 0
}

, (2.3)

Ph = {∇ · uh | uh ∈ Vh} . (2.4)

Since
∫

Ω ph =
∫

Ω∇ · uh =
∫

∂Ω uh = 0 for any ph ∈ Ph, we conclude that

Vh ⊂ H1
0 (Ω)2, Ph ⊂ L2

0(Ω),

i.e., the mixed-finite element pair is conforming. The resulting system of finite element equa-
tions for (2.2) is: Find uh ∈ Vh and ph ∈ Ph such that

a(uh,v) + b(v, ph) = (f ,v) ∀v ∈ Vh,

b(uh, q) = 0 ∀q ∈ Ph.
(2.5)

Traditional mixed-finite elements require the inf-sup condition to guarantee the existence of
discrete solutions. As (2.4) provides a compatibility between the discrete velocity and discrete
pressure spaces, the linear system of equations (2.5) always has a unique solution, cf. [30].
Furthermore, such a solution uh is divergence-free: by the second equation in (2.5) and the
definition of Ph in (2.4),

b(uh, q) = b(uh,−∇ · uh) = ‖∇ · uh‖2L2(Ω)2 = 0. (2.6)

In this case, we call the mixed finite element a divergence-free element. It is apparent that the
discrete velocity solution is divergence-free if and only if the discrete pressure finite element
space is the divergence of the discrete velocity finite element space, i.e., (2.4).

We note that by (2.4), Ph is a subspace of discontinuous, piecewise bilinear polynomials. As
singular vertices are present (see [23, 24]), Ph is a proper subset of the discontinuous piecewise
Q1 polynomials. It is possible, but difficult to find a local basis for Ph. But on the other side,
it is the special interest of the divergence-free finite element method that the space Ph can be
omitted in computation and the discrete solutions approximating the pressure function in the
Stokes equations can be obtained as byproducts, if an iterated penalty method is adopted to
solve the system (2.5), cf. [13, 8, 7, 26, 30] for more information.

3 The stability

The central task is to prove the inf-sup condition, or the LBB condition ([21, 8]), for the
discrete finite element spaces:

inf
06=q∈Ph

sup
v∈Vh

b(v, q)

‖v‖H1‖q‖L2

≥ C, (3.1)

for some constant C > 0 independent of the grid size h. We will construct a velocity v in four
steps for a given discrete pressure q ∈ Ph. v1 will matches the integrals

∫

M
q on each macro-

element, constructed globally. v2 will be constructed locally so that ∇ · v2 match q − ∇ · v1

at all four vertices of macro-elements. v3 will be constructed to match q − ∇ · (v1 + v2) at
all mid-edge points of macro-elements. v4 will be constructed within each macro-element to
match q −∇ · (v1 + v2 + v3) at the center point of the macro-element.
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Figure 3: The two components vh,1 and vh,2 of vh on a macro-element M .

Lemma 3.1 For any q ∈ Ph defined in (2.4), there is a function v1 ∈ Vh such that
∫

M

∇ · v1 =

∫

M

q ∀M ∈Mh, and ‖v1‖H1(Ω)2 ≤ C‖q‖L2(Ω). (3.2)

Proof. For any q ∈ Ph, by the theory on regular inversion of the divergence operator devel-
oped by Arnold, Scott and Vogelius in [3], there is a uq ∈ H1+α(Ω)2 ∩H1

0 (Ω)2 such that

∇ · uq(x, y) = q(x, y) a. e. for (x, y) ∈ Ω,

and

‖uq‖H1 ≤ C‖q‖L2 ,

for any 0 < α < 1/2. Let the nodal interpolant be v1 = Ihuq where the interpolation operator
Ih is defined by nodal values except the integral values at mid-edge points of macro-element
(cf. Figure 3):

∫

ei

uq,1ds =

∫

ei

vh,1ds, i = 1, 3,

∫

ei

uq,2ds =

∫

ei

vh,2ds, i = 2, 4,

where

uq =
(

uq,1 uq,2

)T
, v1 =

(

vh,1, vh,2

)T
.

Such a nodal interpolation is stable, cf. [25] for example, that

‖Ihuq‖H1(Ω)2 ≤ C‖uq‖H1(Ω)2 .

Further, the interpolant also preserve the divergence on each macro-element:
∫

M

∇ · v1dxdy =

∫

∂M

v1 · nds

=

∫

e1

vh,1ds +

∫

e2

vh,2ds−
∫

e3

vh,1ds−
∫

e4

vh,2ds

=

∫

e1

uq,1ds +

∫

e2

vq,2ds−
∫

e3

vq,1ds−
∫

e4

vq,2ds

=

∫

M

∇ · uqdxdy =

∫

M

qdxdy,
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cf. Figure 3.

After matching the integral value of q on each macro-element M by ∇ · v1, we next match
the four vertex-values of q −∇ · v1 on M .

Lemma 3.2 For any q ∈ Ph defined in (2.4) such that
∫

M
q = 0 ∀M ∈ Mh, there is a

function v2 ∈ Vh such that

∇ · v2(a
M
i ) = q(aM

i ) ∀M ∈Mh, (3.3)
∫

M

∇ · v2 = 0 ∀M ∈Mh, (3.4)

‖v2‖H1(Ω)2 ≤ C‖q‖L2(Ω). (3.5)

Here aM
i , 1 ≤ i ≤ 4, are the four vertices of macro-element M .

Proof. According to Scott and Vogelius [23], all vertices in Th are singular, which means a
function q ∈ Ph, because q = ∇ · wh for some wh ∈ Vh, is subject to a minor continuity
constraint:

4
∑

i=1

(−1)iq(aKi

i ) = 0, (3.6)

where aKi

i are the vertices of four elements Ki meeting at an internal vertex, shown in Figure
4. But, at a boundary vertex A or B, when less than four squares meet, see Figure 4, we have

q(aK7

3 ) = 0, q(aK6

2 ) = q(aK5

3 ). (3.7)

At point A, there is no construction for v2. We will construct part of v2 for the two vertex-
values of q at a boundary point B in Figure 4.

M3 →

M2 → ←M1

←M4

u f

C

B

A
f f

aK8

4 aK7

3

aK1

1 aK6

2

aK5

3aK4

4

aK2

2

aK3

3

Figure 4: Four macro-elements meeting at a singular vertex, aKi

i , cf. (3.7).

Let the point B in Figure 4 be (xi+1, yj). Let

vb0 =























(

q(aK6

2 ) (xi−x)(xi+1−x)
(xi+1−xi)

(yj+1−y)
(yj+1−yj)

0
)T

, (x, y) ∈ K6
(

q(aK5

3 ) (xi−x)(xi+1−x)
(xi+1−xi)

(y−yj−1)
(yj−yj−1)

0
)T

, (x, y) ∈ K5
(

0 0
)T

, all other K ∈ Th.

(3.8)
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By the condition (3.7), vb0 ∈ Vh. By (3.8), we have

∇ · vb0(a) =

{

q(a) a = aK6

2 , aK5

3 ,

0 all other vertices of M ∈Mh.

We note that ∇ · vb0(a) 6= 0 at mid-edge points of M , such as C shown in Figure 4. Further,
we preserve the divergence each macro-element, such as

∫

M1

∇ · vb0dx =

∫

K6

∇ · vb0dx =

∫

∂K6

vb0 · nds

=

∫ xi+1

xi

(

q(aK6

2 )
(x−xi)(xi+1−x)

(xi+1−xi)
0
)

(

0 −1
)T

dx = 0.

We compute the semi-H1 norm of vb0 in two steps.
∫

K6

(

∂vb0

∂x

)2

dxdy =
1

9
q2(aK6

2 )(xi+1 − xi)(yj+1 − yj),

∫

K6

(

∂vb0

∂y

)2

dxdy =
1

30
q2(aK6

2 )
(xi+1 − xi)

3

yj+1 − yj
.

On the other side, the L2 norm and L∞ norm are equivalent on the reference square K̂ =
[−1, 1]2 for Q1 polynomials. There is a constant C such that

∫

K̂

q2
1dxdy ≥ Cq2

1(1,−1), ∀q1 ∈ Q1.

After being scaled by the reference mapping,

|vb0|2H1(K6)2
≤ C

(

1 +
(xi+1 − xi)

2

(yj+1 − yj)2

)

q2(aK1

2 )(xi+1 − xi)(yj+1 − yj) ≤ C‖q‖2L2(K6).

Summing over the two elements K6 and K5 in Figure 4, it follows that

‖vb0‖H1(Ω)2 ≤ C‖q‖L2(Ω), (3.9)

where the constant C depends on the maximum aspect ratio of the grid (independent of h.)
The construction on the other boundary vertex aK8

4 is similar, cf. Figure 4. Next, at an internal
vertex, aK1

1 in Figure 4, we need do the above construction three times:

vb1 = q(aK3

3 )wK2,K3
(supported on K3 and K2),

vb2 =
(

q(aK2

2 )− q(aK3

3 )
)

wK1,K2
(supported on K2 and K1),

vb3 =
(

q(aK1

1 )− q(aK2

2 ) + q(aK3

3 )
)

wK1,K4
(supported on K1 and K4)

= q(aK4

4 )wK1,K4
(by (3.6) ),

where wKi,Kj
are special functions similar to that in (3.8). Here the second components of

wK2,K3
and wK1,K4

are zero while the first one of wK1,K2
is zero. Hence

∫

M
∇ · vbi = 0 on

each of four macro-elements. We sum all such vbi to define v2 satisfying the requirements of
the lemma. Since the support of vbi are non-overlapping, except that at most 2 nonzero vbi

may occur at each internal vertex,

‖v2‖H1(Ω)2 ≤ 2C‖q‖L2(Ω),

where C is defined in (3.9).
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After we match the integrals and the four-vertex values of q ∈ Ph on macro-elements, we
will next match q at mid-edge points on each macro-element.

Lemma 3.3 For any q ∈ Ph defined in (2.4) such that
∫

M
q = 0 and q(aM

i ) = 0 for all
M ∈Mh, there is a function v3 ∈ Vh such that

∇ · v3(b
M
i ) = q(bM

i ) ∀M ∈Mh, (3.10)
∫

M

∇ · v3 = 0 and ∇ · v3(a
M
i ) = 0 ∀M ∈Mh, (3.11)

‖v3‖H1(Ω)2 ≤ C‖q‖L2(Ω). (3.12)

Here bM
i , 1 ≤ i ≤ 8, are the eight mid-edge points of macro-element M , and {aM

i } are the four
vertices of M .

Proof. There are two types of mid-edge points of macro-elements, such as bK3

3 (on the bound-
ary) and bK6

1 (in the internal), shown in Figure 5. We consider an internal mid-edge point first.
By (3.6), see Figure 5,

q(bK5

4 ) = q(bK6

1 )− q(bK1

2 ) + q(bK4

3 ). (3.13)

We will construct a vm0 to correct q at bK5

4 but not to alter the match made in last lemma at
vertices of M , such as A and C shown in Figure 5. Similar to, but different from, (3.8), let

vm0 =















































(

(q(bK6

1 )− q(bK1

2 )) (xi+1−x)2

2(xi+1−xi)
(yj+1−y)
(yj+1−yj)

0
)T

, (x, y) ∈ K6
(

(q(bK6

1 )− q(bK1

2 )) (xi−1−x)2

2(xi−xi−1)
(yj+1−y)
(yj+1−yj)

0
)T

, (x, y) ∈ K1
(

(q(bK6

1 )− q(bK1

2 )) (xi−1−x)2

2(xi−xi−1)
(y−yj−1)
(yj−yj−1)

0
)T

, (x, y) ∈ K3
(

(q(bK6

1 )− q(bK1

2 )) (xi−1−x)2

2(xi−xi−1)
(y−yj−1)
(yj−yj−1)

0
)T

, (x, y) ∈ K5
(

0 0
)T

, all other K ∈ Th.

(3.14)

Here bK6

1 = (xi, yj) is assumed.

M3 →

M2 →
K8

←M1

←M4

u

fC

B

A

bK7

2

bK6

1

bK6

3

bK5

4

bK1

2

bK4

3

Figure 5: Mid-edge singular points on a macro-element M1, cf. (3.7).

By the condition (3.14), vm0 ∈ Vh. It preserves the divergence each macro-element, such
as

∫

M1

∇ · vm0dx =

∫

∂M1

vm0 · nds =

∫ xi+1

xi−1
vm0|y=yj

·
(

0
−1

)

dx = 0.
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Further vm0 reduces the degrees of freedom of q at a singular vertex bK1

2 from 3 to 2. That is,
letting q̃ = q −∇ · vm0, by (3.13) and (3.14),

q̃(bK1

2 ) = q̃(bK6

1 ) = q(bK1

2 ), q̃(bK1

2 ) = q̃(bK6

1 ) = q(bK1

2 ).

But it remains that
q̃(aM

i ) = 0 at all corner vertices aM
i . (3.15)

We note that the construction of vm0 is on four rectangles, but vb0 can be done on two
rectangles. Here we have to use fully the property that the first component of vh is a degree 2
polynomial in x, to preserve (3.15). A calculation like (3.9) shows that

‖vm0‖H1(Ω)2 ≤ C‖q‖L2(Ω). (3.16)

Now, for q̃, because of (3.15), the situation at the boundary point C is the same as the
situation at an internal mid-edge point bK1

2 , see Figure 5, i.e., the two values of q̃ at two sides
of a mid-edge point are the same. For easier notations, we consider q at a mid-edge boundary
point, the boundary node C. By (3.6), q(bK7

2 ) = q(bK6

3 ). Different from (3.8), we have to
construct a vm1 on four rectangles, instead of two, in order not to perturb the matches already
made by vm0 at mid-edge vertices of M1, see Figure 5. This is similar to (3.14):

vm1 =















































(

q(bK7

2 )(x− xi+1)
(yj+1−y)
(yj+1−yj)

0
)T

, (x, y) ∈ K7
(

−q(bK7

2 ) (xi−1−x)2

(xi−xi−1)2
(yj+1−y)
(yj+1−yj)

0
)T

, (x, y) ∈ K8
(

q(bK7

2 )(x− xi+1)
(y−yj−1)
(yj−yj−1)

0
)T

, (x, y) ∈ K1
(

−q(bK7

2 ) (xi−1−x)2

(xi−xi−1)2
(y−yj−1)
(yj−yj−1) 0

)T

, (x, y) ∈ K6
(

0 0
)T

, all other K ∈ Th.

Here bK7

2 = (xi+1, yj) is assumed. As the last two times, it is straightforward to verify that
vm1 ∈ Vh,

∫

M1
∇ · vm1 = 0 and

‖vm1‖H1 ≤ C‖q‖L2 . (3.17)

By the construction, we have

∇ · vm1(a) =

{

q(a) a = bK7

2 , bK6

3 ,

0 rest corner vertices and mid-edge points of M ∈Mh.

Finally, we add all such vm0 (one for each internal mid-edge point of M) and vm1 (one for
each of four mid-edge points of M) to get

v3 =
∑

vm0 +
∑

vm1.

Since the nonzero overlapping is 4 in v3 (four times by each component of v3), we have

‖v3‖H1(Ω)2 ≤ 2
√

2‖q‖L2(Ω).

where C is from (3.16) and (3.17). The proof is completed.

The last step is to match q at the center point on each macro-element. After doing so, we
would get the following inf-sup condition.
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Theorem 3.1 Let k ≥ 2. The mixed finite element pair (Vh, Ph) defined in (2.3) and (2.4)
is stable, i.e., the inf-sup condition (3.1) holds.

Proof. For any q ∈ Ph, we construct a v ∈ Vh to satisfy (3.1). By (3.2), there is a v1 ∈ Vh

such that
∫

M

(q −∇ · v1) = 0 ∀M ∈Mh,

‖v1‖H1(Ω)2 ≤ C1‖q‖L2(Ω).

By (3.3), there is a stable v2 ∈ Vh such that

[∇ · v2 − (q −∇ · v1)]|M (aM
i ) = 0 ∀M ∈Mh and for 4 vertices aM

i of M,

‖v2‖H1(Ω)2 ≤ C2‖q −∇ · v1‖L2(Ω).

By (3.10), there is a v3 ∈ Vh such that

(∇ · v3 − (q −∇ · v1 −∇ · v2)) (bM
j ) = 0 for all 12 corner

and mid-edge points bM
j of M,

‖v3‖H1(Ω)2 ≤ C3‖q −∇ · v1 −∇ · v2‖L2(Ω).

M → s
cK1

1

cK4

4

cK2

2

cK3

3

Figure 6: The center singular point of a macro-element M , cf. (3.7).

For q̂ = q − ∇ · (v1 + v2 + v3), we have, on each macro-element M , q̂(a) = 0 at all 12

points except the center point c
Kj

i , shown in Figure 6. For simplicity, let us assume the four
rectangles Ki of M are squares. Then, by (3.7) and

∫

M
q̂ = 0, the degrees of freedom of q̂ at

the center point of M would be 2, i.e., cf. Figure 6,

q̂(cK2

2 ) = −q̂(cK4

4 ), q̂(cK1

1 ) = −q̂(cK3

3 ).

We construct a v4 whose divergence is zero on ∂M and matches the two values of q̂ at the
center point. Let, cf. Figure 6,

vc1 =















































(

q̂(c
K4
4

)−q̂(c
K3
3

)
2

(xi+1−x)2

2(xi+1−xi)
(yj+1−y)
(yj+1−yj)

0
)T

, on K1,
(

q̂(c
K4
4

)−q̂(c
K3
3

)
2

(xi+1−x)2

2(xi+1−xi)
(y−yj−1)
(yj−yj−1) 0

)T

, on K4,
(

q̂(c
K4
4

)−q̂(c
K3
3

)
2

(x−xi)
2

2(xi−xi−1)
(y−yj−1)
(yj−yj−1)

0
)T

, on K3,
(

q̂(c
K4
4

)−q̂(c
K3
3

)
2

(x−xi)2

2(xi−xi−1)
(yj+1−y)
(yj+1−yj)

0
)T

, on K2,

0, elsewhere,
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vc2 =















































(

0
q̂(c

K3
3

)+q̂(c
K4
4

)
2

(xi+1−x)
(xi+1−xi)

(yj+1−y)2

2(yj+1−yj)

)T

, on K1,
(

0
q̂(c

K3
3

)+q̂(c
K4
4

)
2

(x−xi−1)
(xi−xi−1)

(yj+1−y)2

2(yj+1−yj)

)T

, on K2,
(

0
q̂(c

K3
3

)+q̂(c
K4
4

)
2

(x−xi−1)
(xi−xi−1)

(y−yj−1)2

2(yj−yj−1)

)T

, on K3,
(

0
q̂(c

K3
3

)+q̂(c
K4
4

)
2

(xi+1−x)
(xi+1−xi)

(y−yj−1)2

2(yj−yj−1)

)T

, on K4,

0, elsewhere,

where we assume cK3

3 = (xi, yj). Then we let v4 =
∑

(vc1 +vc2). By the construction, we have

q̂ −∇ · v4 ≡ 0, ‖v4‖H1 ≤ C4‖q̂‖L2 .

Finally, we define

v = −v1 − v2 − v3 − v4.

It follows that

‖v‖H1(Ω)2 ≤ ‖v1‖H1(Ω)2 + ‖v2‖H1(Ω)2 + ‖v3‖H1(Ω)2 + ‖v4‖H1(Ω)2

≤ C1‖q‖L2(Ω) + C2(‖q‖L2(Ω) + ‖v1‖H1(Ω)2)

+ C3(‖q‖L2(Ω) + ‖v1‖H1(Ω)2 + ‖v2‖H1(Ω)2)

+ C4(‖q‖L2(Ω) + ‖v1‖H1(Ω)2 + ‖v2‖H1(Ω)2 + ‖v3‖H1(Ω)2)

≤ (C1 + C2 + C3 + C4 + C1C2 + ...)‖q‖L2(Ω)

and that

b(v, q) = (−∇ · v, q) = ‖q‖2L2(Ω)

≥ (C1 + C2 + C3 + C4 + C1C2 + ...)−1‖v‖H1(Ω)2‖q‖L2(Ω).

(3.1) is proved with C ≥ (C1 + C2 + ...)−1.

Corollary 3.1 The discrete pressure space (2.4) is characterized by

Ph =

{

q | q|K ∈ Q1 ∀K ∈ Th;

∫

Ω
q = 0;

i0
∑

i=1

(−1)iq(aKi

i ) = 0

}

, (3.18)

where aKi

i are defined in (3.6), and i0 = 4 at an internal vertex, but i0 may be 1 or 2 at the
boundary.

Proof. In the proof of Theorem 3.1, we constructed a v = −v1 − v2 − v3 − v4 for any qh in
the set of (3.18), such that ∇ · v = −qh. Thus the Ph defined in (3.18) is a subset of that Ph

defined in (2.4). On the other side, by the proof of Lemma 3.2, we known that ∇ · vh satisfies
the constraints in (3.18) for all vh ∈ Vh.

Theorem 3.2 The discrete solution (uh, ph) of (2.5) approximate that of (2.2) in the optimal
order:

‖u− uh‖H1(Ω)2 + ‖p− ph‖L2(Ω) ≤ Chmin{1,r}(‖u‖Hr+1(Ω)2 + ‖p‖Hr(Ω)), r > 0. (3.19)
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Proof. By the inf-sup condition (3.1) and the standard mixed finite element theory [21], it
follows that

‖u− uh‖H1(Ω)2 + ‖p − ph‖L2(Ω) ≤ C( inf
vh∈Vh

‖u− vh‖H1(Ω)2 + inf
qh∈Ph

‖p− qh‖L2(Ω))

≤ C( inf
vh∈Vh

‖u− vh‖H1(Ω)2 + inf
qh∈P̃h

‖p− qh‖L2(Ω))

where P̃h is the space of continuous Q1 polynomials with mean value zero:

P̃h =

{

qh ∈ C0(Ω) |
∫

Ω
qh = 0, qh|K ∈ Q1 ∀K ∈ Th

}

. (3.20)

We note that P̃h ⊂ Ph, because functions in P̃h satisfy the constraints in (3.18). The theorem
is proven as both spaces Vh and P̃h provide the optimal order of approximation.

4 Numerical tests

In this section, we report some results of numerical experiments on the Q2,1;1,2 element for the
stationary Stokes equations (2.1) on the unit square Ω = [0, 1]2. The grids Th are depicted in
Figure 2, i.e., each squares are refined into 4 sub-squares each level. The initial grid, level one
grid, is simply one unit square. The computed inf-sup constants, i.e., the maximum constant
C in (3.1), are listed in Table 1. This confirms Theorem 3.1 that the Q2,1;1,2 element is stable.

Table 1: The inf-sup constants for (3.1) on Figure 2 grids.

level dimVh dim Ph C in (3.1)

2 6 6 0.60615
3 42 38 0.54410
4 210 174 0.52552
5 930 734 0.52069
6 3906 3006 0.51931

We choose a simple exact solution for the Stokes equations (2.1):

u = ∇× g, p = −gxx. (4.1)

Here

g = 28(x− x2)2(y − y2)2.

So we can compute the right hand side function f for (2.1) as

f = −∆∇× g −∇gxx =

(

−gyxx − gyyy − gxxx

gxxx + gxyy − gyxx

)

, (4.2)

In Table 2 we list various norms and orders of convergence for the finite element solutions
in the spaces Vh × Ph defined in (2.3)-(2.4). Here we do enough iterated penalty iterations
(cf. [25, 30]) until the iterative error is smaller than the truncation error each time. We plot
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( 1.0, 1.0,   -16.415)

( 0.0, 1.0)

( 0.0, 0.0,    31.702)

( 1.0, 1.0,    -1.385)

( 0.0, 1.0)

( 0.0, 0.0,     1.199)

Figure 7: The solution ph and the error on the level 4 grid.

Table 2: The errors eh = u− uI and ǫh = p− pI for the Q2,1;1,2 div-free element.

|eh|H1 hn |eh|L2 hn |eh|l∞ hn ‖ǫh‖L2 hn ‖ǫh‖l∞ hn

2 0.00000 0.000000 0.000000 2.9212 7.20000
3 1.21102 0.107128 0.199477 1.8436 0.7 6.66677 0.1
4 0.31197 2.0 0.027245 2.0 0.045769 2.1 0.4541 2.0 1.44615 2.2
5 0.07836 2.0 0.006825 2.0 0.011004 2.1 0.1129 2.0 0.37275 2.0
6 0.01961 2.0 0.001707 2.0 0.002709 2.0 0.0282 2.0 0.09273 2.0
7 0.00490 2.0 0.000427 2.0 0.000676 2.0 0.0070 2.0 0.02346 2.0
8 0.00123 2.0 0.000107 2.0 0.000169 2.0 0.0018 2.0 0.00590 2.0
9 0.00031 2.0 0.000027 2.0 0.000043 2.0 0.0004 2.0 0.00148 2.0

the solution ph and the error on the level 4 grid in Figure 7. In Table 2, the velocity errors
are denoted by eh = u − uI where u is defined in (4.1) and uI is an interpolation of u. The
pressure errors in Table 2 are listed as ǫh = p−pI for p defined in (4.1) and pI an interpolation.
The standard optimal order of convergence, provided in Theorem 3.2, for ‖eh‖H1 and ‖ǫh‖L2 is
1. But we obtain an order two convergence for them, due to the superconvergence on uniform
grids.

Table 3: The errors eh = u− uI and ǫh = p− pI for the Q1/P0 element.

|eh|H1 hn |eh|L2 hn |eh|l∞ hn ‖ǫh‖L2 hn ‖ǫh‖l∞ hn

3 0.95466 0.103190 0.226339 3.9982 5.02027
4 0.33184 1.5 0.037889 1.4 0.051456 2.1 1.0103 2.0 1.91412 1.4
5 0.08849 1.9 0.010256 1.9 0.013588 1.9 0.1723 2.6 0.44291 2.1
6 0.02247 2.0 0.002613 2.0 0.003376 2.0 0.0308 2.5 0.15302 1.5

Finally, we make a brief comparison between the new divergence-free element and the
most popular Q1/P0 element, cf. the references in [19]. The convergence data for the Q1/P0

element are listed in Table 3. We have a super-convergence for the Q1/P0 element. The degree
of freedom for the velocity in Q2,1;1,2 is about twice of that in Q1/P0. But as we do not
introduce the pressure space Ph in computation, the total unknowns in the linear system for
the Q2,1;1,2 divergence-free element are about the same as that for the Q1/P0 element. The
convergence of Q2,1;1,2 is better than that of the Q1/P0 element, seen on level 6 computation in
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Tables 2 and 3. On the other side, the linear system for the divergence-free Q2,1;1,2 element is
much easier to be solved, as we solve positive-definite systems each step, thanks to the iterated
penalty method.
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