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THE LOWEST ORDER DIFFERENTIABLE FINITE ELEMENT ON
RECTANGULAR GRIDS*
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Abstract. A macro type of biquadratic C! finite elements is constructed on rectangle grids. This
is a rectangular version of the C! Powell-Sabin element, a C1-P, element on triangular grids. Here,
each rectangle of the base grid is refined into four subrectangles. As in the case of the Powell-Sabin
element, we have more constraints than the number of degrees of freedom on each macroelement.
However, the extra constraints are consistent. It is shown further that the constructed finite element
space is the full C1-Qg space on the grid. It is also shown that the finite element space is a tensor
product space of one-dimensional C-P, spaces, where the nodal basis is supported on four intervals.
The B-spline function of P» is supported on three intervals. The Girault—Scott operator is extended
to the element. The application and the convergence of the finite element to the biharmonic equation
are presented. Numerical tests are provided.
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1. Introduction. The construction of differentiable (C!) finite elements is rel-
atively difficult. Most C! elements currently in use were constructed in 1960s and
1970s. On general triangular grids, the lowest order polynomial degree is 5 for con-
structing C! piecewise polynomials. This is the well-known Argyris Ps element, de-
signed in 1968 [2]. To lower the polynomial degree, the Hsiech—Clough-Tocher (HCT)
P5 macroelement was created in 1965; cf. [3]. Here each base triangle is refined into
three subtriangles to form one macroelement; cf. Figure 1. Refining each base triangle
into six—for example, connecting the center of the inscribed circle of a triangle to its
three vertices and the centers of three neighboring triangles (cf. Figure 1)—is how
the Powell-Sabin C'-P, element was created in 1977; cf. [6]. This is a revolutionary
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FiG. 1. C'-P5 Argyris, C'-P3 HCT, and C'-P> Powell-Sabin elements.
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FIG. 2. The BFS Q3 element (left) and the new C1-Q2 macroelement (right).

construction in that the degree of freedom is 6 x 6 = 36, 6 less than that of total
number of constraints, 3 X 6 +5 x 3 + 3 x 3 = 42, on each macroelement. The extra
constraints are consistent.

On rectangular grids, the Bogner—Fox—Schmit (BFS) Q3 element was found in
1965; cf. [3]. The degree of freedom on each element for Q3 is 4 x 4 = 16. The finite
element function is defined by the value u(x;), first derivatives u,(x;) and u,(x;), and
a mixed second derivative ug,(xX;), at four vertices, as shown in Figure 2. To lower the
polynomial degree, we follow the idea of the Powell-Sabin construction. Each base
rectangle is divided into four rectangles as a macroelement, as shown in Figure 2.
The new C'-Q, element is depicted in Figure 2(right). We note that, similar to the
Powell-Sabin P, element, the degrees of freedom on each macroelement are 4 x9 = 36,
8 fewer than the total number of constraints 4 x 4 +4 x 4 + 3 x 4 = 44. We show
that this space is a tensor product of the one-dimensional (1D) C-P, finite element
spaces. Here we construct the (full) 1D C!-P, finite element spaces on irregular grids,
where each nodal basis is supported on four intervals. The B-spline function of P is
supported on three intervals. That is, the traditional B-splines are adapted to form
finite element spaces.

The optimal order approximation property is established for the new element.
Here, the Girault—Scott operator [4] is extended/constructed for the new element so
that the Girault-Scott interpolation maps HZ functions to the C'-Q finite element
space. We observe from the numerical examples that the convergence rate for the
error of the finite element solution is of order 3 in the L? norm; we cannot give a
theoretical justification for it. This is a well-known problem in the finite element
theory for biharmonic solutions. In addition to a useful, simpler method, the new
element has its theoretic interest. Due to the nestedness of spaces in refinement,
the new element has its advantages in the multigrid method and in the h-adaptive
method. Another side interest is that the C'-Qy element ensures the optimal order
approximation of a Q21 x Q1 2 divergence-free element; cf. [5, 9].

The rest of the paper has the following sections. In section 2, the full C*-Qs space
and a tensor-product C'-Q» space are defined. In section 3, the equivalence of the
two C1-Q, spaces is shown. In section 4, the Girault-Scott operator is introduced
to show the optimal order approximation of the new finite element. The optimal
order convergence for the element is proved consequently, for solving the biharmonic
equation. In section 5, the 2D C'-Q» element is extended to three dimensions. In
section 6, some numerical results are provided to confirm the theory.
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Fi1G. 3. A polygonal domain Q (left), and macroelement grids My, (center) and Ty, (right).

2. The macro C'-Q- element. The new C' finite element is to be applied to
the following biharmonic problem:

(2.1) A*u=f inQ,
U =0au=0 on 0f).

Here Onu = g—g, Q is a polygonal domain which can be subdivided into rectangles (cf.

Figure 3), and n is the unit normal vector on the boundary 02. The weak form for

(2.1) is: Find u € HZ(Q) such that

(2.3) a(u,v) = (f,v) Yo € HZ(Q).

Here HZ () is the subspace of the Sobolev space H2(f2) (cf. [3]) with zero boundary
trace, H3(Q) = {v € H? | v = 0yv =0 on 90}, and the bilinear forms are

a(u,v):/QAuAvdx, (f,v):/vadx.

Let © be covered exactly by a shape-regular grid M), consisting of rectangles;
cf. Figure 3. We further subdivide each rectangle in grid M}, into four subrectangles
by a horizontal line and a vertical line. This results in a new grid 7, shown in the
right diagram of Figure 3. Here the grid size h denotes the maximum dimension of
all rectangles. In particular, we define eight grid sizes, {hii, h;ﬁj, i,j=-2,-1,1,2},
for each internal node A € N, where N}, is the set of internal grid points of the
macroelement grid Mj,. The grid sizes are shown in Figure 4. Of course, we assume
that the grids are quasi-uniform; i.e., there is a positive constant C' such that

Ch < i, by < h.

x,1

Let the polynomial space of separate degree 2 or less be

QQ(K)Z{ > Cz‘jxiyj}-
0<i,j<2

The macro C!-Q- finite element space is defined by

(24) V= {vh e Cl()] vplg € Q2(K) VK € Ty, and vh|aQ = 8nvh|69 = O}.
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FIG. 4. The eight grid sizes associated with an internal point A € Nj,.

The structure, nodal basis, and optimal order approximation property for this new
C'-Q element will be established later. The resulting linear system of finite element
equations for (2.3) is: Find u, € V}, such that

(2.5) a(up,vp) = (f,vn) Yoy, € Vi

The full C*-Q2 space V}, is defined abstractly in (2.4). We would find a basis for
the finite element space, which can also be a tensor-product of the 1D C'-P, basis.
THEOREM 2.1. The 1D C'-Py space on a grid xo < x1 < -+ < TaN+2,

Sn = {v € Hi(x0,22n) | V|2, 2.11) € P2},
18
S’h = {U = Zv(x2i)¢1,2i($) + Ul(£2i)¢2,2i(33)} .
i=1
Here the nodal basis functions are supported on four intervals (cf. Figure 5):

{¢2,1211 —T2i—2,T2i —T2i—1

T —T2i-1), T2 ST < Ty,

(26)  tbraile) =

~ o~

¢1-,z2i+1 —X24,L2i+2 " L2i41

T —T2i-1), T2 ST < Ty,

—~

)

T —Toq1), T2 < T < Taita,
)
)

—~

¢0;121+17121;121+27$2'i+1 xr — ‘TQZJrl ’ T2 S X S x2i+27

(27) 1/)2721_([1;) _ {¢3,121112127$2i$2i1

where the elementwise basis functions are defined by

$0,a,p(7) = (x+a) = FZ5(1+ g5)(@ +a)?, —a<z <0,
a0 =) 0<z<bh,
1 - e +a)®, —a<z<0,
O1ap(x) = e R,
(2.8) a+bb( )%, <z <b,
I E TR
2.a,b(T 1_#})%(5_@2’ 0<z<b,
$3,0,(2) = ~ap @+ a)’, —a<z <0,
3,a,b (@ —b)+ 51+ 2)b—2)%, 0<a<b
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P1,2i(x2;) =1

XT2i—2 T2i—1 /3321' T2i+1 T2i42

F1G. 5. Two nodal basis functions on irregular grids; cf. (2.6) and (2.7).

Proof. As a function v, in Sy, is O and piecewise Ps, vy, is in the space Sy by
definition. That is, S, C Sp. In the other direction, given a function v, € Sy, we
have a unique representation

vp(2) = vp(22i-2)V1,2i—2() + V), (T2i-2)V2,2i—2(2) + v (22:)101,2: () + V), (2 )2,2i ()

on the interval [zg;_o, x2;]. Thus vp, € S, and S, C S),. O

For equally spaced grids in one dimension, the elementwise basis (2.8) can be
defined on a reference macroelement, [—1,0]U[0,1]: The 1D nodal basis functions for
C1-P, on the interval [—1,1] are, as depicted in Figure 6,

(- 1)2 B 22, z€[-1,0],
Po(2) = — {07 ze[0,1],
_ (z— 1)2 2, z€[-1,0],
¢1() 2 {0, ze0,1],
(2.9)
o) = (z+1)?* Jo, =ze[-1,0],
S 2 2, z€[0,1],
_ (z+1) 0, ze€[-1,0],
93(2) = i {xQ, z € [0,1].

That is, these functions are piecewise quadratic polynomials on two intervals [—1, 0] U
[0,1] and satisfy the conditions

do(—1) =1, $1(=1) =1, $2(1) =1, P3(1) =1;

their other nodal values are zero; and they are C! at = 0. The same basis functions
in (2.9) are constructed as before in [1]. (We found this work after we made an inde-
pendent construction.) We note that the C''- P, B-spline functions were constructed a
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FIG. 6. The basis functions {¢;} for the C1-Py space on [—1,0]U[0,1]; cf. (2.9).

0 1 2 3

FiG. 7. A B-spline basis function; cf. (2.10).

long time ago; cf. [7]. The basis function of B-splines is supported on three intervals,
as shown in Figure 7. For example, on interval [0, 1]U[1, 2]U[2, 3], the B-spline basis is
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0, z <0,

22 /6, 0<z<l,
(2.10) Bo(z) =4 —a?/3+2—-1/2, 1<z<2,

22/6 —x+3/2, 2<ux<3,

0, 3 <.

Here our nodal basis functions are constructed on four intervals, for a better fit of
finite element computation. We use both the function values and the derivatives in
the finite element interpolation. The typical B-spline interpolation is done by function
values only, sequentially.

We next construct a 2D corresponding-tensor product basis using 1D basis func-
tions (2.8). The 2D basis functions at a node A = (2, y4), of grid sizes {h‘;‘z, hA it

(cf. Figure 4), are defined as tensor products of 1D basis functions in (2. 8) We
introduce some brief notation. For i = 0,1, 2,3,

o (T) = Gipa  pa (@—a%+hy_y), zell =["—hi_,—hi_ 2%,
+(a:) mfl,hA (z —z? —hLl), xEIer— [z4, 24 + b2 —|—hw72],

y W) = bina s =yt +hy ), =y~ hy —h?,_py“‘],
1y+(y) na o, =yt =Ry, yell =y, yA +h R

Then, on 16 subrectangles, we define 4 nodal basis functions at node A:

ba (@03, (y) if (z,y) € X x LY,

A A : A A
(211) ¢14($7y) _ i‘,z+(x)¢z‘,y— (y) lf (33, y) € Ii:_ X Ia—a
A (@)ed, () it (n,y) € A x T2,
"24)17(‘%)(]51147er (y) lf (CE, y) € I;t X I;Jra
¢3 r— (x)¢27y (y) if (xay) € I;t X I;ta
A _ ¢O w+(x)¢124y7 (y) if (33, y) € 1;44» X I’ffa

(212) ¢2 (ﬁay) - A A . A

¢O,w+(x)¢1,y+ (y) if (33, y) € Iz+ X Iy+7
S ()01 4 (v) I (2y) € X X Iy,
‘z‘fz_(m)éé‘,y_(y) if (z,y) € ;L < I;L,
z x if (v,y) € I, x IA |
1 w+(x)¢0 y+(y) if (CE, y) € Ier X Iy+7
¢2 r— ($)¢O7y+ (y) if (33, y) € If7 X 1;4»)
Sam (@03, (y) if (z,y) € X x LY,
A _ ¢64,w+(x)¢é4,y7 (y) lf (3:5 y) € 1;44» X I’f ’

(214) ¢4 (xay) - A . A A
¢0 z+(x)¢0 y+(y) lf (33, y) € Iz+ X Iy+7
Do (2)0hy4 (y) if (2,y) € L X I},

These basis functions satisfy

Y@t yt) =1, 0 (atyt) =1, Oui(at,y?) =1, Oui(atyt) =1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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xy( 0.0, 0.0)

=[ 0.0000, 1.0000]

xy( 0.0, 0.0)

xy( 1.0, 1.0)

[ -0.1102, 0.1102]

Fic. 8. Two nodal basis functions, ¥t (top) and ¥t (bottom) defined in (2.11) and (2.14),
respectively.

The nodal values are zero at rest nodes of A},. In particular, 1 and 14 are shown in
Figure 8, on a uniform grid.

Via the basis functions (2.11)—(2.14), we define another finite element space, which
will be shown to be the same as the full C'-Q space Vj,, defined in (2.4):

(2.15) Vi = {vh(w,y) = > Y viiay), (zy) e Q}

AEN, i=1

Here in (2.15), the coefficients are the nodal values of the C! function vy,

Uh<wA7yA)7 ? )

’UA _ amvh(xAvyA)v i = )
’ 8yvh(xA7yA)7 Z‘ = )
Gﬁyvh(xA,yA), 1=4.

This relationship also defines an interpolation operator I, : C3(Q) N C?(Q) — Vj, by

=3 (e y )i y) + el y)eg (,)
AEN},

(2.16) + vy (2, y5 (2, y) + vay (@, y YL (2, y).

In other words, the finite element function is determined by its four nodal values at
the internal grid points of the macroelement grid My, shown in Figure 9.
LEMMA 2.1. The finite element space Vy,, defined in (2.15), is of C* and

f/h c V.
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A B ¢ . Nodal value, u(x;)
—  Derivative, u,(x;)
I T Derivative, uy(x;)
/7 Second derivative, g, (x;)
10 D E

F1G. 9. Degrees of freedom for the macro C1-Q2 element.

Proof. All the basis functions ¢/ (z,y) are tensor products of 1D C! functions on
each of four 4-square patches, I, x I;j‘i. In addition, such basis functions are C¢ on
the boundary, i.e.,

(2.17) i (x,y) € Cf ((Iff ULL) > (IR U I;‘+))-

To show (2.17), by symmetry, we need only to show that ¢ (z,y) is C' at edge AC
and BD, and C} at edge CE; cf. Figure 9. That is, we are required to show only that

oz, y) = ( y?) Vo e I,

Ot (@, yd) = 0,07 (@, y2) Va € I,

i (33+ +hz 1Y) = % (33 +hr 1Y) Vy € I;‘—

Dyt (x++h11a y) = 0u1p (22 +hw17 Y) Vyej-;fa

Y (a? —I—hA —|—h12, y) = Vye[f_
Db (@? + hZ + hiny) = vy e},

Here x4 denote the limits from two sides, 24 = lim,_,+o(z? +2). We verify only the
first equation and the third equation with ¢ = 1. All the rest are shown exactly the
same way. By (2.11) (cf. Figures 4 and 9), for x € I},

Vi, ) = 1o (@061, ) = 0 (@) b1 na, o, (“hi)
= d1o (),
Uit (@, y2) = 01 (2)dny - () = 010y (@)02pa , na  (hy)
= 61t on (@) = (@, y).

For the third equation, inside a macroelement Iz}, x I:X of M, it is trivial because
of the way that the 1D C" basis functions are defined; see (2.8). For y € ;X

s ($+ + hw 1Y) = ¢i4,z+($A + hf,l)%fyf(y)
A hiy
= P14 h (0)¢2,y—(y) = W¢2 v—()s

¢ (x +hz »Y ):¢f‘,z+(xA+h:’r4,l)¢124,y (y) = 1/11 (9C++hm1= Y)-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



LOWEST ORDER DIFFERENTIABLE FINITE ELEMENT 1359

As A (x,y) is zero outside its support, by (2.17), ¥ (x,y) € CA(Q). As all basis
functions are C3(Q), any linear combination

( > Zv;“w;“@,y)) — v, € CL(Q).

AEN;, i=1

That is, V), C Ci(Q). As V, is defined as the whole Cl-Q2 space on Ty, it follows
that it contains the C'-Q space V}, as its subspace, i.e., Vj, C Vj,. a

3. The full C'-Q; space. The most C! finite element spaces in use are only
subspaces of the corresponding C'!' piecewise polynomial spaces. For example, the
Argyris finite element space is a subspace of the C'-P5 space on a triangular grid,
where the nodal continuity is of C2. It is important in its applications to other
polynomial approximation problems that the finite element space constructed be a
full C*' space. One important application is to the divergence-free C° finite element
on rectangular grids [5].

So far, we have defined two C'-Q, finite element spaces, Vj, and Vj,. Vj, is defined
abstractly. Roughly speaking, a Q2 polynomial has 3 x 3 = 9 degrees of freedom,
but it is required to satisfy at least 4 x 4 = 16 constraints to fulfill the nodal C!
continuity requirement. Even if we decide to form V} on 2 X 2 macroelement grids,
there would be still more constraints than degrees of freedom on each 2 x 2 patch. We
have 4 x 9 = 36 degrees of freedom on each patch for piecewise Q2 polynomials. But
we have a total of 4 x 4 (C! requirements at 4 corners)+3 x 4 (C* requirements at the
center vertex)+44 x4 (C! requirements at the 4 midedge vertices) = 44 constraints. We
avoid this difficulty partially by constructing another C'-Q, subspace Vj,, via tensor-
product. After showing V,, C V4, in Lemma 2.1, we would face the above difficulty in
showing Vi, D Vj, i.e., showing that those 36 degrees of freedom do uniquely satisfy
the 44 constraints. In other words, a C'-Q, function is uniquely defined by the 16
degrees of freedom (shown in Figure 9) on each macroelement in Mj,. This is how we
discovered the new C'-Q5 element. But we prove this indirectly via the tensor-product
of 1D C'-P, functions.

THEOREM 3.1. The full C*-Qo space Vi, of (2.4) is characterized by the tensor-
product space Vi, (2.15):

Vi, = V.

Proof. By Lemma 2.1, we are left to show V;, C Vi. Let v, € V. We show
vp € f/h by showing Inv, = vp, where I is a nodal-value interpolation operator
defined in (2.16). First, we show that I, is well defined on V},. Please note that Ij, is
defined for C? functions in (2.16). We need to show that the four values 0., vy, (2%, y¥)
are the same at all vertexes of Ty, such as L and F in Figure 10. We take the vertex
L as an example to show this fact. Because 0yvp is continuous on edge KL, by
Lemma 2.1, Opyvy, is the same on both sides of edge K L. In particular,

afyvh‘BJLK(L) = 8wyvh|KLms(L)'
We show next that wy, := Ipvp — v = 0 on one macroelement BCFE; cf. Fig-

ure 10. For simplicity of notation, we map BCFE to the reference element [—1,1]2
using four scaling maps. Restricting wy, to edge BC, it is a two-piece P, polynomial.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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F1G. 10. Vertices on four macroelements (left) and on one macroelement (right).

Because wy,(£1) = d,wp(£1) = 0, it follows that

w | _ Cl($+1)27 T E [—1,0],
sze ca(z—1)% x€]0,1],

for some constants ¢; and ¢o. By the continuity of wy, ‘ pe at midpoint J (cf. Figure 10),
c1 = c2. Then, by the continuity of arwh‘BC at midpoint J, ¢; = 0. Thus wh‘BC =0.
Next, similarly, we get 8ywh‘ po =0, as it is also a two-piece P> polynomial. Thus,
we can factor out the two factors to have

Wl gy =W+ 1)*pa(z)

for some quadratic polynomial ps(z). Symmetrically, wy, = d,wp, = 0 when restricted
to the vertical edge BK. Repeating this process at the other three vertices C, F', and
E, it follows that

Cl(x + 1)2(y+ 1)27 (xay) € [_170] X [_170]7
wn| _ )Gl =12y + 12 (zy) €[0,1] x [-1,0],
BorE 03(33 - 1)2(24 - 1)Qa (a:,y) € [Ov 1] X [Ov ]v
Cylx +1)%(y — 1), (x,y) € [-1,0] x [0,1],

for some constants C;. By the continuity of wy at the center point L, C; = Cy =
C3 = C4. Then, by the continuity of Vwy at L, C; = 0. Hence w;, = 0, and thus
Vp € ‘N/h. |

Though Vi = V4 is the maximum C'-Q, space, we still have to show that it
contains the Q2 polynomials locally, due to the use of a macrogrid.

PROPOSITION 3.1. For all u € H3¢(Q) N HZ(Q), Tyu € V. If ular € Qo for
some M € My, in addition, then

(3.1) Inular = ular-

Here the interpolation operator Iy, is defined in (2.16).

Proof. Inu is well defined for an H3*¢ function u, as the values of u, u,, u,, and
Ugy are well defined at internal and boundary vertices, by the Sobolev embedding
theorem. Then, with a boundary condition of HZ(f2), we have Iyu € Vj,. We show
next that Ij, preserves Q2 polynomials locally. This is in fact implied by Theorem 3.1,
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except for a simple modification on the boundary condition. However, we give another
direct proof.

On one macroelement M of four rectangles, I X I2 | shown in Figure 9, we
verify Inv = v for v = 1. By (2.16), (2.11)-(2.12), and (2.8),

Iyl =i (2, y) + 47 (2, 9) + 97 (2, y) + 97 (2,y)
= P1pa na, (€ — 2") gy, NN y")
+d2he ,n C_l(x — 2", hC G (y—y")
+dopE L n E_l(x—f )91, hE b, (y—y")
+ @100 17h92($ — ")y o w0 o, =y )
= [¢1,h§y1,h;{2(x — ")+ ¢2,h;{1,h;{2(x )

: [¢17h;{_27h;{_1 (y—y")+ 1,p4

y,—2°

na (v =yl

That is, an interpolation of a tensor product is the tensor product of the one-directional
interpolations. Note that hA1 = hm 1= hm g = hﬁ _o. So we need only to verify the
polynomial preserving property of I p in the 1D interpolation. By the definition (2.8),
we can see the following equalities by simple cancellation:

O1,a0(T) + P2,00(x) =1,

—a+M, z <0,

a

b— (b_z)2, x>0,

{a y e g

—a¢1,0,6(T) + b2 0 p(x) =

2 2
a(b,a,bx +b¢,a,b$ =
1 ( ) 2 ( ) b2+ (a— b)gb ac) , x>0’

(a:+a,)—%, x <0,

a, x) + ,a,b\T) = —z)?
$0,a,0(T) + #3,a,0(T) (a:—b)+(b Y z>o0,

—CL(CC-I-G,)—I— w7 z <0,
—a¢0,a,b(T) + bP3.q,p(x) = 2a
@) @) {b@_mw, o> 0,
Thus, using the nodal values at the end points, we get, for z € [zF hw Lo+ h’w472],
Inl = ¢y pa pa, (z—2 )+ ¢y pa A A, (T — af) =1,
Ipx = Iha: + Ih(ﬂi — xF)
=" —hg 1 pa ha, (= 2) + dopa ha, (x —2)

x,1? x,1°
+ ¢3,h;“”1,h;{2 (33 -z ) + h1>2¢21h3,1>h;‘,2 (ZIJ o Q:F)
=2l 4 (z—2) =2

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1362 JUN HU, YUNQING HUANG, AND SHANGYOU ZHANG

and
Ia? = I,(2¥)? + 0225 (¢ — o) + I (x — 2F)?
= (2 + 22" (z — 2T
+ (h£,1)2¢1,h§11,hg2(33 —al) - 2hﬁ,1¢o,hg1,hg2($ —a")
+ 2h§?72¢37h;{1,hg,2(95 —af) + (hf72)2¢27h;{17h;{2(x —a")
= (5)? 4 228 (& — 21
{(hil)z—Zhil(x—xA)—F N2 <2l
(hf,z)z + 2hf,2(95 —29) +( 92, z>af,
= (5?4 228 (z — ) + (2 — 272 = 22, O

4. The optimal order approximation. We would apply the Girault—Scott
operator [4] to show the optimal order approximation of the space V},. A reason for
extending the nodal interpolation operator I, to the Girault—Scott operator I, is the
use of uyy, as a nodal value, which requires H3T¢ regularity for the function u. We
would assume H? regularity for the biharmonic solution u in (2.1). The Girault-Scott
operator defines an interpolation Thu using only the traces of u and d,u on some edges,
which are H3/2 and H'/? functions. Then the finite element solution approximates
the weak solution « in the optimal order, following the Céa lemma.

The Girault—Scott [4] operator defines nodal values by averaging the function on
an edge attached to the vertex. In Figure 11, we display such a selection. For a vertex
A at the boundary, the edge o4 to be selected must be a boundary edge. This is to
ensure that the boundary conditions would be kept after interpolation. At an internal
vertex B, any of the four edges attached to B can be chosen as opg.

C
A o4 C O

Fic. 11. The averaging edge for the Girault—Scott operator at a vertexr A or B.

Let us assume that o4 is a horizontal edge for simplicity. When restricting the
basis functions {1{'} to a horizontal edge o4, we have two 1D basis functions (cf.
(2.11) and (2.12)):

¢i4,m+(x) and ¢647w+(x)

However, a V}, function v, on o4 also depends on its nodal values on the other end
of 04, C, shown in Figure 11. The restrictions on o4 for the two basis functions at
the other end point of o4 are

¢é4z+(x) and ¢134,r+(x)
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For these four linearly independent (in L?([z4,2¢])) functions, we can define a dual
basis

{¢g($) € Cl([xA’xc]) | 1Z)I(ci|[gcA,zA+h;E“Y1] S SN ¢g|[zf‘+h;“y1,mc] €P, k=01, 273}

such that
«C 1, k=1
41 d@) by (@)de =4 "
( ) /IA wo ($)¢k’w+(x) v {07 k = 07 27 37
v d L, k=0
4.2 ) (w — 2Nz — 20) LA (@ydw =4 0 "
(42) / T A LSRR

Via a symbolic computation, we can get, on the reference element,

. 3 {55:;;2/4, ze[-1,0],
4

43 =2 46zt
(4.3) Yo T —25a2/4, xe0,1],

(4.4) i = g + {—1233:2/8, @ € [-1,0],

—2722/8, x€[0,1].

By appropriate scaling mappings, we can find the true dual basis defined on [z4, 24 +
hi 1 U [z + ki1, 9. 4¢(x) has O(1) scalings on the two intervals, but §(z) has
O(h™1) scalings. The other two dual basis functions, ¥¢ and ¢, for the other end
point C, satisfy the other two orthogonal relations, similar to (4.1) and (4.2).

The Girault—Scott operator is defined as

fh : Hg(ﬂ) — Vh,

4.5 .
(4:5) u— v = Ipu,

where the nodal values of v are defined by
o) = [ vty s,
oa
v == [ (@) - oo — ) ule g
o4 0T
wd) = [ vy

o) = = [ (@)~ o) =) ) o5

Please note that the averaging is done only on u and u,, but not on ug,. For the two
nodal values v, (A4) and vz, (A), we use integration by parts when doing averaging of
uw and u, on 4. This is the beauty of the Girault—Scott operator [4].

LEMMA 4.1. I, preserves Vy, functions; i.e.,

(4.6) fhvh =uv, Yo € Vj.

Proof. Let vy, € Vj, be expressed as

4
Uh(xay) = Z vaiﬁ?(xay)

AEN, k=1
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We want to show that I, preserves each term of v, in the expansion. That is, we
show that I}, preserves the nodal values of vy,:

Trun(4) = 0 (4), (eon)a(4) = 5-on(4),
N ~ 2
(Teon)y(4) = -un(4), (Tran)ay(4) = 5 0n(A).

dy
Since all other terms involved on the edge vanish by (4.5), (4.1)—(4.2), (2.16), and the
definitions of (b?)”, k=0,1,2,3, and of w,‘:‘, k=1,2,3,4, we get (cf. Figure 11)
Iyop(A) = / V() (z,y™)dx
= [ v 3 (o) + of g ) e
k 1,2

/ % ¢fz+(f€)d9€
= U1 = vp(A).

Next we show (I,vp)x(A) = (v, /0z)(A):

Grn)e() = = [ (@) = ) ) oty
/ Y (x x—xA)(x—xc)divh(x y)da
= [ wl@e -t -a®) ¥ 2 (et o0 ey do

k=1,2

= [ vt -t - Loty e
U

o = %U}L(A)

For the third term, we can get

Ihvh / 1/)0 —vh T,y )d
= [ i) 3 g (vt + £ U ) )i
k 34

- / G b,y (2, )

0
=0f = a—yvh(A).
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For the last term of the high-order derivative, we also need an integration by parts:

(o)) = = [ 4 (@) — 21w =) Loney o
32

= [ vl —at)a — ) 5oy

- / () (@ — 24 (& — 2©)

82 A A A c,C A
(vt (o) + o 0 (@, y") ) da

g 0zxdy
- / W) — 2@ — 2O L g, (@)de
oa de ™™
2
frnd ’UA 8

4 = 6x—£9yvh(A)

Here 04 = AC is an edge at A, as shown in Figure 11. O

We show the approximation property of the finite element space by the local
(QQ2-preservation of the nodal interpolation operator I, and the Vj-preservation of the
Girault-Scott operator Ij,.

THEOREM 4.1. For all u € HZ(Q), Iyu € Vi, and

(4.7) lw— Inullpe + hlu— Inul g + B2 u — Thu|ge < Ch2|ulg:.

Here the interpolation operator I, is defined in (4.5). 3

Proof. Tt is standard to show the stability of operator I. For details, we refer to
[4, 8]. If u € HZ(Q) is also a Q2 function locally, u|ys € Q2 for some M € My, by
(3.1) and (4.6),

fhu :fh(lhu)} :Ihu} :u‘ .
M M M M

Thus (4.7) follows after applying the Bramble-Hilbert lemma; cf. [4, 8]. a

We finish the analysis with the convergence theorem.

THEOREM 4.2. The discrete solution up, of (2.5) approzimates that of (2.1) in
the optimal order:

(4.8) |u — uh|H1(Q) +h"u— uh|H2(Q) < Chmin{272r}|u|H2+r(Q), 0<r<1.
Proof. The proof is standard, using the Céa lemma for the H? norm. For the H*
norm estimate, a duality argument is applied. See [3] for details. d

5. The 3D C'-Q- finite element. In this section, we extend our 2D C'-Q.
finite element to three dimensions. The extension is straightforward, by the 3D tensor-
product. The domain is subdivided using a macroelement grid M. Each cuboid of
the rectangular grid My, is subdivided into eight cuboids to form the computational
grid 7p; cf. Figure 12.

The finite element space is defined by

Vi, = {’Uh S Ol(Q)ﬂHoz(Q) |vnlk € Q2 VK € 771}

8
= {v(x,y,z) = Z vad]f(f,y,z)},

AEN;, 1=1
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y .
d <
yal al

A

FI1G. 12. A 4 x 4 x 4 grid in three dimensions and its boundary C'-Q2 nodes.

where N}, is the set of all internal nodes of Mj,. The equivalence of the two definitions
above can be shown using a similar argument in Theorem 3.1. Depending on which
subcuboid is analyzed (cf. (2.11)—(2.14)), the eight nodal basis functions are defined
by tensor products,

wlA(xayvz) = ?x:l:(x) ?y:t(y)¢?z:|:(z)
At each node, the eight coefficients are (cf. (2.16))
v(A), vz(A), vy(A), v2(A); vay(A), vyz(A), Vez(A); Vay=(A).

The analysis in two dimensions can be extended to this 3D element straightforwardly.

6. Numerical tests. In this section, we report some simple numerical tests on
the new C'-Q2 element for solving the biharmonic equation (2.1). We choose the
exact solution in (2.1) as

(6.1) u(z,y) = 2°2%(1 — 2)*y*(1 — ).

The first three levels of grid 7}, are depicted in Figure 13; i.e., each square is refined
into four subsquares in the next level. The initial or level-one grid is simply one unit
square. Thus Vj, = {0} on level one. The numerical solution and the nodal error are
plotted in Figure 14. It is also interesting to view the derivative errors in Figure 15,
which may help us to find some recovering methods for superconvergence.

F1G. 13. Three levels of nestedly refined grids, and a macroelement grid.
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xy(0.0,0.0)

=[ 0.0000, 0.9501]

xy( 0.0, 0.0)

=[ 0.0000, 0.0499]

Fi1c. 14. The solution up, and its error u — uy, for (6.1) at level 3.

xy( 0.0, 0.0)

xy( 1.0, 1.0)
=[ -0.0824, 0.0824]

xy( 0.0, 0.0)

xy( 1.0, 1.0)
=[ -0.1832, 0.1648]

xy( 0.0, 0.0)

Xy( 1.0, 1.0)
=[ -0.0956, 0.0956]

Fic. 15. (u — up)z, (U — up)zz, and (u — up)zy for (6.1) at level 3.
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The discrete finite element equations are solved by conjugate gradient iteration.
The number of iterations is listed in the last column of Table 1.
can find the orders of convergence of the finite element solutions in the H? and H!
norms. They fit the analytic result, Theorem 4.2. Surprisingly, we find that the L?
convergence rate is actually a full order better than is guaranteed by theory for such
lowest order elements on fourth order problems.

gradient iterations required.

TABLE 1
The errors ey, = Inu—uyp and orders of convergence. “#CG” refers to the number of conjugate-

In Table 1, we

(1] J. ALBERTY, Nonlinear Black Scholes Modelling—FDM vs. FEM, Master’s Thesis, University

of Oxford, Oxford, UK, 2004.

[2] J. H. ArGYRIs, 1. FRIED, AND D. W. ScHARPF, The TUBA family of plate elements for the
matriz displacement method, Aeronaut. J. Roy. Aeronaut. Soc., 72 (1968), pp. 514-517.
[3] P. G. CIARLET, The Finite Element Method for Elliptic Problems, North—-Holland, Amsterdam,

1978.

[4] V. GiraULT AND L. R. ScoTT, Hermite interpolation of nonsmooth functions preserving bound-

ary conditions, Math. Comp., 71 (2002), pp. 1043-1074.

[5] Y. HUANG AND S. ZHANG, A lowest order divergence-free finite element on rectangular grids,

Frontiers Math. China, to appear.

[6] M. J. D. PowELL AND M. A. SABIN, Piecewise quadratic approximations on triangles, ACM
Trans. Math. Software, 3-4 (1977), pp. 316-325.
[7] L. L. SCHUMAKER, Spline Functions: Basic Theory, 3rd ed., Cambridge University Press, Cam-

bridge, UK, 2007.

[8] L. R. SCOTT AND S. ZHANG, Finite element interpolation of nonsmooth functions satisfying

boundary conditions, Math. Comp., 54 (1990), pp. 483-493.

9] S. ZuanG, A family of Qry1,k X Qk,k+1 divergence-free finite elements on rectangular grids,

SIAM J. Numer. Anal., 47 (2009), pp. 2090-2107.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.

lenlr2 h" len] g1 h" len] g2 h" | #CG
2 | 0.04236452481 0.0 | 0.44694944 0.0 | 3.51681 0.0 5
3 | 0.00628333081 2.8 | 0.13347184 1.7 | 1.99699 0.8 30
4 | 0.00080789569 3.0 | 0.03454516 1.9 | 1.03066 1.0 86
5 | 0.00010160485 3.0 | 0.00870494 2.0 | 0.51920 1.0 291
6 | 0.00001271921 3.0 | 0.00218044 2.0 | 0.26008 1.0 1071
7 | 0.00000159048 3.0 | 0.00054537 2.0 | 0.13010 1.0 4219
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