Calcolo (2011) 48:211-244
DOI 10.1007/s10092-010-0035-4

Quadratic divergence-free finite elements
on Powell-Sabin tetrahedral grids

Shangyou Zhang

Received: 26 September 2008 / Accepted: 2 December 2010 / Published online: 16 December 2010
© Springer-Verlag 2010

Abstract Given a tetrahedral grid in 3D, a Powell-Sabin grid can be constructed
by refining each original tetrahedron into 12 subtetrahedra. A new divergence-free
finite element on 3D Powell-Sabin grids is constructed for Stokes equations, where
the velocity is approximated by continuous piecewise quadratic polynomials while
the pressure is approximated by discontinuous piecewise linear polynomials on the
same grid. To be precise, the finite element space for the pressure is exactly the di-
vergence of the corresponding space for the velocity. Therefore, the resulting finite
element solution for the velocity is pointwise divergence-free, including the inter-
element boundary. By establishing the inf-sup condition, the finite element is stable
and of the optimal order. Numerical tests are provided.
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1 Introduction

A natural finite element method for the Stokes equations would be the Py—Pj_
element which approximates the velocity in an H'-subspace of continuous P
piecewise-polynomials (referred by Co—Py), and approximates the pressure in an L>-
subspace of discontinuous Py_; polynomials (referred by C_1—Pi_1). This is a truly
conforming element as the incompressibility condition is satisfied pointwise and the
discrete solution for the velocity is a projection within the space of divergence-free
functions. A fundamental study on the method was done by Scott and Vogelius [10,
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11] that the method is stable and consequently of the optimal order on 2D triangular
grids for any k > 4, provided the grids have no nearly-singular vertex. A 2D vertex
of a triangulation is singular if all edges meeting at the vertex form two cross lines.
When singular vertices are present, the finite element space for the pressure is not the
full C_1—Px_1 space, but a proper subspace, that is, the divergence of velocity space
of Co—Py polynomials. For k < 3, Scott and Vogelius showed that the Py—Py_; ele-
ment would not be stable, and may not produce approximating solutions on general
2D triangular grids in [10, 11]. What is this magic number k in 3D? Scott and Vo-
gelius posted this question explicitly after discovering that k = 4 in 2D. The problem
is still open.

The geometry of the 3D tetrahedral grids is more complicated. In 2D, by per-
turbing a vertex or adding a few edges, a singular vertex can be eliminated without
altering the triangular grid much. But this cannot be done for tetrahedral grids, to
remove a singular vertex or a singular edge, without creating a new singular vertex or
singular edge, unless we change grids structurally as in [16]. When a triangular grid
is singular-vertex free, it is shown by Scott and Vogelius [10, 11] that the divergence
of Co— Py vector space is exactly the space of C_;—Py_1. Following the approach,
we found previously that this is true, the divergence of a Co—Py space is the C_j—
Py_1 space, on Hsieh—Clough—Tocher tetrahedral grids (cf. Fig. 1, and [16]). Via the
macro-element technique of Stenberg [14], it is shown in [16] that the Py—Py_; el-
ement is stable for all £ > 3 on Hsieh—Clough—Tocher tetrahedral grids. Though the
Pyr—P;_1 element is not stable in 2D for k < 3 in general, as pointed out by Scott
and Vogelius [10, 11], some such low order elements can still be stable on certain
grids. In [8] and [1], it is shown that P3—P> and P>,—P; elements are stable on 2D
Hsieh—Clough—Tocher grids. The lowest order element of the family, the P;— Py ele-
ment, is shown to be stable and to be of the optimal order on 2D Powell-Sabin grids,
in [17]. In this work, we study the P,—P; element on 3D Powell-Sabin grids. We
will show that the element is stable and provides the optimal order solutions for the
Stokes equations. Numerical evidence shows that this is the lowest order working el-
ement on the type of grids, as the Pj—Py element fails to converge. We note that the
analysis here is not a simple extension of [16] or [17]. To solve the 3D Scott—Vogelius
problem, the main difficulty is in discovering singular vertices and edges in 3D. Our
analysis here is first one in studying a special type of singular vertex, cf. Lemma 3.3.

Given a tetrahedral grid, if we connect the center of maximal inscribed ball of each
tetrahedron with its four vertices, and with the four centers of four neighboring tetra-
hedra, we obtain a corresponding Powell-Sabin grid, where each base tetrahedron is
subdivided into 12 tetrahedra, cf. Figs. 1 and 4. Such a Powell-Sabin grid has singu-
lar vertices, on the faces of base tetrahedra. Consequently, the space for the pressure
is a proper subspace of C_;—P; polynomials. It is the divergence of the Co— P> space
on the grid. We apply the iterated penalty method [3, 4, 6, 13] for the resulting linear
system of equations, where the pressure space is not coded and the finite element so-
lution for the pressure is generated as a byproduct. Therefore we only need to solve
a Laplacian-like equation for the velocity. The mixed P,—P; element is reduced to
a single P, element. This avoids also the difficulty of solving non positive definite
problems iteratively.

The rest of the paper is organized as follows. In Sect. 2, we define the P,—P;
element on Powell-Sabin grids. We introduce the iterated penalty method for solving
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the resulting linear systems of equations. In Sect. 3, we will find all the so-called
singular vertex, for the discrete pressure space. In Sect. 4, we prove the stability of
the P,—P; element, and show the optimal convergence. In Sect. 5, we provide some
numerical results.

2 The 3D Powell-Sabin P, element

In this section, we shall introduce 3D grids and the Powell-Sabin refinements. We
then define the P,—P; Powell-Sabin finite element for the stationary Stokes equa-
tions. We will introduce the classic iterated penalty method [3, 4, 6, 13] by which the
mixed element is reduced to a single divergence-free element.

We solve a model stationary Stokes problem: Find functions u (the fluid velocity)
and p (the pressure) on a 3D polyhedral domain €2 such that

—Au+Vp=f inQ,
divu=0 in L, 2.1
u=0 ono,

where f is the body force. The standard variational form for (2.1) reads: Find u €
H}(Q)? and p € L}(S) such that

au,v)+b(v,p)= (£ v) VveH](Q)?,

22
b(u,q)=0 Vg € LY(Q). 22)

Here H(} ()3 is the Sobolev space (cf. [5]) with zero boundary trace, L%(Q) is the
L? space with zero mean value, i.e., L>(2)/R={p e L? | fQ p =0}, and

a(u,v):/ Vu: Vvdx,

Q

b(v,p) = —/ divu p dx,
Q

(f,v) =ff~vdx.
Q

Let Q, be a family of quasiuniform (with C > 0 in (2.4)) tetrahedral grids on
(ct. [5]):

Qn = {K | K is a tetrahedron with the longest edge hg <h}, (2.3)
C= min_{pg/hg | pg is the radius of maximal ball inscribed in K } .
R.K'eSy,
2.4)

Here and throughout the manuscript, C stands for a generic positive constant inde-
pendent of 4. The Hsieh—Clough-Tocher grid is a refinement based on j,, where
each tetrahedron K is refined into 4 tetrahedra by connecting the center O of the
maximal inscribed ball in K to the four vertices ABCD of K (cf. Figs. 1, 5 and [5]):
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Q: i T Qh: . connect:.

Fig. 1 A base grid €, Hsieh—Clough-Tocher grid €}, and Powell-Sabin grid €,

Qn={0ABC,0ACD,0ADB,0OBDC | K = ABCD € Q;,}. (2.5)

The Powell-Sabin grid €2, is a further refinement based on Q;,. In addition to con-
necting O to four vertices, we also connect O to each of the four centers of the
maximal inscribed balls of four neighboring tetrahedra of K, which share one face
triangle with K. At a boundary triangle of K, O is connected to the bary-center, G,
of the boundary triangle, cf. Figs. 1, 3 and [7, 17].

Q,={0ABG,0BCG,0CAG | K = OABC € }. (2.6)

So G is either the intersection of O O’ with the common triangle ABC of K and its
neighbor K’ (with center O’), or the bary-center of a boundary triangle ABC of K.
In short, we refine each tetrahedron of S_Zh into 4 to obtain a Hsieh—Clough—Tocher
grid, and we refine further each tetrahedron of the Hsieh—Clough—Tocher grid into 3
to obtain a Powell-Sabin grid.
On the quasi-uniform Powell-Sabin grid €2;,, we define the P,—P; mixed element
spaces by

Vi ={w e C(Q) | wilg € Py(K)’ YK €Q), and  uylyq =0}
C Hy(Q)°, 2.7)
Py = {divuy, |u, € Vi) € L3(Q). (2.8)

If (2.8) holds, then the discrete solution for u is pointwise divergence-free. It is widely
taken that the pointwise divergence-free mixed method is too complicated to be prac-
tical, cf. [4]. A reason is the difficulty in describing the pressure space Pj in (2.8)
and in finding a basis for it. We shall use the iterated penalty method to avoid this
difficulty so that the discrete pressure function is obtained as a byproduct, without
encoding the pressure finite element. This is in turn the advantage of divergence-free
element where the mixed element is reduced to a single element for the velocity only.

The resulting system of finite element equations for (2.2) is: Find u; € V; and
ph € Py, such that

a(y, V) +b(v,pp) =&, v) VYveVy,
by, q)=0 Yq € Py.

2.9)

The linear system of (2.9) always has a unique solution, regardless of the uniform
inf-sup condition (4.40), in the divergence-free element method, shown in [17].
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Proposition 2.1 [17] The discrete linear system (2.9) has a unique solution in Vj, X
Py, defined in (2.7)-(2.8).

We note that Py, is a proper subspace of discontinuous P finite element space
(cf. [10]). However, letting ¢ = —divuy, € Py, in (2.9), we still have the (pointwise)
divergence-free property for the finite element solution:

/(divuh)zdx=b(uh,q) =0. (2.10)
Q

In fact, the solution uy is the a(-, -) orthogonal projection from the divergence-free
space Z to a subspace Zj,, defined by

7= {VEHOI(SZ)3 |divv=0}, (2.11)

Z, :={veV,|divv=0}. (2.12)

For computation, we do not need to code Pj. It is the special interest of the
divergence-free element method that the discrete solutions approximating the pres-
sure in the Stokes equations can be obtained as byproducts, via the method in Defini-
tion 2.1. It does not only simplify the coding work, but also it avoids the difficulty of
solving non positive definite systems of linear equations encountered in typical mixed
element methods. We refer to [3, 4, 6, 13] for more information and the constant

speed of convergence (independent of grid size, cf. Theorem 13.1.19 in [3] based on
the inf-sup condition (4.40)) on the following iterative method.

Definition 2.1 (The iterated penalty method) Let the initial iterate ug = 0 for the
finite element Stokes equation (2.9). The rest iterates uj are defined sequentially as
the unique solution of

. . . n—=1 ;
a(uy, vp) +a(diva), divv,) = (£, vy) + (le ijoufl, leVh> Vv, € Vp,

n=1,2,.... Here « is positive constant. At the end of iteration, we let

n_ g N
pp =div ijouh. (2.13)

3 Singular vertex

In this section, we will study the finite-element pressure space Pj. Defined as Py, =
divVy,, the pressure space is not the full discontinuous P; space on the grid €.
Because of continuity constraint on a Vj, function vy, its divergence function may
also have certain constraints at certain grid points. Such a point is called a singular
point, or singular vertex, by [10].

Lemma 3.1 For any q € Py, it holds that

q|Ki,_,‘ (A) =CI|K,-,_,~+1(A), (31)
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KeQy: AABC co KiCcK

B/ B B Ka2:
K471 :
c c C
G
0, 0, G 0, 0
N = _Splif,
K4732
A A A

Fig. 2 Splitting one HCT-subtetrahedron into 3 PS sub-subtetrahedra at boundary

N

where A € 02 is any face vertex of K; j, {K; j, j = 1,2, 3} are three sub-tetrahedra
of l%,', Ki4s=Ki;1,and {I%,-, i =1,2,3,4} are four subtetrahedra ofk, see Fig. 2.

Proof Let g € Py. Let K4 C K shown in Fig. 2, its outside face triangle ABC is
on 0€2. By definition, there is a w, € V;, such that divw, = ¢g. As ABC C 9%,
wilapc = 0. We will compute divwy, at A.

Let F be the reference mapping from the reference tetrahedron

A

K:={x>0,y>0,2>0,x+y+z<1}

to one subtetrahedron K41 = ABOG of Qp, shown in Fig. 2. It follows that

XA X
F(£,9.2)=|va|+ (A0 AG AB) | (3.2)
ZA Z

Here (x4, ya,za) are coordinates of A, and in particular, F(0,0,0) = A and
F(1,0,0) = O. For any function f(x,y, z) defined on the tetrahedron ABOG, we
have

grad f(x.y,2) = (A0 AG AB)™" grad £(%.5.2). (3.3)

For example, if fao(x,y,z) is the P, directional-derivative nodal basis function,
in the direction AO at A, supported on the tetrahedra with vertex A. That is, the
directional-derivative D 4, fao(A) =1 and fa0 = 0 at the other 9 Lagrange nodes
for P, polynomials on ABOG excepting the mid-point Lagrange node of edge AO.
By (3.3),

|AO|(AG x AB)

rad A0|Agog(A)= S S5 S - (3.4)
grad /. AO - (AG x AB)
A Vj, function wy, is a linear combination of such P, basis functions:
wf,l
wi®) = |wsa | FX. (3.5)
fo\W£3
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Therefore, we can compute its divergence at any vertex accordingly. As w;, = 0 on
triangles ABG and ACG, see Fig. 2, its coefficients (w1, ws2, wy3) =0 for the
three directional-derivatives basis functions: f4p, fac and fac. Thus

wﬁl
divw, (4) =div [ > (w2 | | £(4)
f W§3

] W01
=div| wp2 | fao(A)
Wis0.3

[AOI(D ;W) (AGXAB) .
xo0-Ao<Ap " AGBO, (3.6)
[AO|(D ;,Wn)-(ACxXAG) . :
X0-(ACXAG) in ACGO.

Here the computation on ACG O is similar to that on AGBO, cf. Fig. 2. The two
unit vectors in (3.6) are equal,
AG x AB _ AC x AG

|IAG x AB| |AC x AG|

Thus

qlageo(A) =divwy|aco(A) =divwilacco(A) =qlacco(A).

The two values do match, i.e., (3.1) holds. O

Lemma 3.2 For any q € Py, it holds that
qlk; ;(G) =qlk;,(G), j=2,3, 3.7

where G € 02 is any mid-face point of Ki, {Ki j,j=1,2,3} are three sub-
tetrahedra of 1%,-, and {1€,~,i = 1,2,3,4} are four subtetrahedra of a K € Q.
see Fig. 2.

Proof Letq € P, and wy, € V, such that divw, =g¢. Let 124 C K shown in Fig. 2. Its
outside mid-face point G is on 9Q2. A V;, function wy, is a linear combination of P,
basis functions, shown in (3.5). As ABC C 92, wp|apc = 0. Thus, at point G, wy,
is a vector multiple of basis function fgo, see (3.6). Hence, similarly to (3.2)—(3.6),
we can find, cf. Fig. 2,

wf,l
divw,(G) =div | Y | wsa | £ | (G
f o\Wf3
Wfco.1
=div| w2 | f6o(G)
Wico,3
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|GOI(D gz, Wi)-(GBXGA) in AGBO.
GO-(GBxGA) _
- 'Go'gg‘fzg:ﬁ(gg;‘f) in ACGO,
These three unit vectors are equal, all orthogonal to ABC,
GBxGA GAxGC GCxGB
IGB x GA| |GAxGC| |GCxGB|
Thus
qlacBo(G) =divwilago(G) =qlacco(G) =4qlpcco(G).
The three values do match, i.e., (3.7) holds. O

We study the linear vector space formed by the 6 nodal-values of Py functions at
a singular vertex G in the next lemma, see Fig. 3. Here the line O O’, connecting two
centers of two inscribed balls of two neighboring base tetrahedra (K and K’ in Q),
cuts the two subtetrahedra, 1€4 C K and K f‘ C K/, into 6 sub-subtetrahedra. Let the 6
nodal values of a function f at G be denoted by a vector (see Fig. 3)

flaBoc(G)
flcaoc(G)
flecoc(G)
flBaoc(G)
flacoc(G)
flepoc(G)

Us) =

Let the vector space

Vo ={Uy) | q € Pn}.

KGQ}L: K4CK: Ky

B

c

D o
A

Fig. 3 Splitting of K4, with a boundary or an internal face-triangle ABC
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Lemma 3.3 At any internal singular (mid-face) point G of Q, cf. Fig. 3,
dimVg #£6,

dimVg =4, and Vg =span

oo =0 O —
oO— oo~
wo;_oo
»—w~>—’ooo

Proof By the definition of Py, in (2.8), we have also

V6 = {Udivw, ) | Wn € Vi} .

divwy (G) is determined by the directional derivatives (in 5 directions) of the three
components of wy. There are 15 degrees of freedom:

Wit
where wj = | w2
w]',3

Udivw, ) =U are coefficients,  (3.9)

divy 3 w; f;(G)’

and f; are Co—P; functions such that Dy, f;(G) = SU, f](G) Oand f; € H, L(K4U

4) cf. (4.16). Here m; denote the five vectors, GO GA GB GC and GO'. We
used a short notation here, that is, f = fgo by the notation used in last two lemmas.
By (3.3) and (3.4), we can find grad f;(G) on all 6 subtetrahedra. For example, we
get these two typical grad f;(G):

|0G|(GBx G*A)
GO-(GBxGA)’
|0GI(GAXGC)
GO-(GAxGC)’
|0G|(GCxGB) -
=222 in OGCB
GO-(GCxGB) ’

0, in O'GBA,0'GAC & O'GCB,

in OGBA,

in OGAC,
grad f1(G) =

|G*A\(G*0xG*B)

grad f2(G) =

GA (GOxGB)
IGA\(GCXGO)

GA- (GC><G0)

|GA\(GB><GO’)

GA (GBXGO/)

|IGA|(GO'xGC)
GA-(GO'xGC)’

07

in OGBA,

in OGAC,

in O'GAB,
in O'GCA,
in OGCB & O'GCB.

(3.10)
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Hence, by (3.9),

Wi -mj32 + W2 -mpj3 + W3
Wi -my24 + W2 - Mg + W4 -
W1 M43 + W3 -mM314 + Wy -
W7 - mp35 + W3 - M35 + Ws
W2 - M54 + W4 - My25 + W5
W3 - M345 + W4 - Y53 + W5

Udivw,(G) =

1
0
0
= (a1 +az +as) 1
0
0
+ (a1 +as +a7)
where
al =wjp
a) =wj -
a3 =wy -
|m; [(m; x my) as =ws3
mjj;=—————— and
m; - (m; x my) as =ws3
ae = W4 -
aj] =wy4 -
ag = Wws

- M3
myj2
my3|
- M523
- M542
- M534
0
1
0
+ (a1 + a3 +aep) 0
1
0
0 0
0 0
1 0
+ (—a1 + ag) s 3.11)
0 1
0 1
1 1
-3 = W] - Mj24 = W] - M43,
myj3 = W2 - mp3s,
mp4) = W2 - M54,
-M331 = W3 - M35,
-M314 = W3 - M345,
myj2 = W4 - My2s,
my3|] = Wy - Mys53,
-M533 = W5 - M534 = W5 - M543

(3.12)

Note that OG and G O’ are on the same line and that points ABCG form one plane.

This is why we have, in (3.12),

mz3

_ mpf(m; xm3)  npo'p  Imp|(m3 xms)
m; - (m; X m3) coso m; - (m3 X ms)

my3s,

where 0 is the angle between m; and the following unit normal vector to the plane

0 O’B (see Fig. 3)

npo'p = (M x m3)/|m; X m3| = (m3 x ms)/|m3 x ms|.

@ Springer



Quadratic divergence-free finite elements on Powell-Sabin 221

By (3.11),
1 0 0 0
0 1 0 0
0 0 1 0
Vs C span il'lol 1ol | (3.13)
0 1 0 1
0 0 1 1

and that dim Vs < 4. Though there are 15 coefficients in defining w;, and Ugiy w, , we
can choose 4 sets of coefficients for the whole space Ugiyw, (G)- Let w; in (3.9) be
defined as in the following 4 cases.

(100100)7  if wo = ng2*!, other w; =0,
010010)7 if wo=nmr23, other w; =0,
00100 D7 if w3 =nma!, other w; =0,
(00011 ])T if ws =m523/|m523|2, other w; =0,

Udivw,(G) = (3.14)

1 . .
where nm';g‘“, for example, is a scaled component of my;3, in the plane formed by

my 3 and my41, orthogonal to mp4;:

Lmoyy _ M213[Mo4; |2 — (my3 - myq; )moy,
m :
2 Imy 1312 moq; |2 — (my13 - Mg )?

(3.15)

The denominator in (3.14) is non-zero:

2|GO'||AGAB| 0

Imsy3| = >0

6VGapo’
for some C depending on the grid regularity (2.4). Also the denominator in (3.15) is
bounded below by a positive constant C, as the intersection G of O O’ and ABC is
bounded away from the three edges of triangle ABC and the angle between my;3 and
my4 is bounded away from 0. In fact,

2 2 2 )
[my3|7(mogq|” — (m213 - m41)” = VoapcVoacg sin” 6 > C > 0,

where 6 is the angle between planes OGB and OGC. sin6 = 0 would imply either
AGBC degenerates to an edge GB (6§ =) or AGBC degenerates to an edge BC
(6 =0). The lemma is proved as we found 4 basis vectors of Vg. O

We study next the linear vector space formed by the 4 nodal-values of P, functions
at a corner singular vertex A, see the right figure in Fig. 3. Let V4 be the space of the
4-nodal value vectors:

qlacso(A)

qlacoc(A)
Va=1{U,(A) = ePy. 3.16
4 a(d) qlaccor(A) g€ Py (3.16)

qlago s(A)
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Lemma 3.4 At any A of Qp, cf. Fig. 3, dimVy #4,

dimVy4 =3, and V4 =span (3.17)

O O = =
S = = O
—_—— O O

Proof By the definition of P}, in (2.8), we have also
bVa = {Udivw, (A) | Wy € Vir}.

divwj, (A) is determined by the directional derivatives (in 5 directions) of the three
components of wy. There are 15 degrees of freedom:

wj,l
Udivw, (A) = Udinj:lw,-fj (A), wherew;=|w;j> | are coefficients, (3.18)
w]',3

and f; are Co—P, functions such that Dy, fj(A) = §8;;, fj(A) =0and f; € H} (K4U
1%4/1), cf. (4.16). Here m; denote the five vectors, AﬂG, AQO, AAC, A0’ and AB. As in
Lemma 3.3, we can find, by (3.18),

W -mjsp W2 - M5 0
Udivw, (4) = Wi -mp23 + W2 - M3 W3 -m3]2
1VW, -
h Wi - mi34 0 W3 - M34
Wi - M43 0 0
0 W5 - M5
0 0
+ , (3.19)
W4 - My 3 0
W4 - MYs5] W5 - M514
where m; ;. are defined as in (3.12). By the same reason for (3.12), we have
mpis =my3p, m3ip = ms4q, my(3 = mysj, ms2] = Mms514.

As AOG O’ are on one plane and ABGC on another plane, we have the following
relations

V145 V125

mjp = ——mp + ——my,
V245 V245
V134 V123

mp = ——mp+ —my,
V234 V234
V125 V123

my = —m3+ —ms,
V234 V234

where we used volume notations that vyss is the volume of tetrahedron formed by
the three vectors my, mp and ms at A, i.e., vi25 = Vagop. Using these relations, we
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get
|m; |[(ms X my)
ms=————"—
6v125
|my | (v245 V125 )
= ms X { —m; — ——INy
6v125 V145 V145
[my |v245
= ————ms5 X my + my4s,
6v125V145
[mp|(my X m3)
mp;=——"—/"
6v123
[my | <v234 V123 )
= —m; — ——my | x my
6v123 \ V134 V134
[my [v34
=———m) Xm3 +mj34
6v123V134

[mj |v234 V234 V123
=—— m x| —=m

= 11— —m5> +mj34
6v123v134 V125 V125

_Imyfupzg

= ms X mjp + mj34.
6v125V134

Noting that vp45/v145 = v234/v134, We find

mjsy =Mmji23 — Mj34 + mMy4s.

Hence we can rewrite (3.19) as

Udivw,(4) = (@1 —az + a3 +aq + ay)

SO = =

+ (ay — a3z +as —ay) + (a3 +ag +ay) . (3.20)

S = = O
—_——O O

where

ap =Wwj -mjp3,
az =Wj -1mj34,
az = Wwj -mjy4s,
a4 =Wz -myis,
as = w3 -m3j,
ae = W4 - 143,
a7 = Ws -ms5j4.
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We can choose three sets of vectors:

() wr=myis/|mys%, therest w; =0,
(2) w3=m3p/|m3p2)?, therest w; =0, (3.21)
(3) ws=my3/|my 3%, therest w; =0,

to obtain 3 linearly independent vectors Ugivw,a) in (3.20), (1,1,0,0), (0,1,1,0)
and (0,0, 1, 1). The lemma is proven as we found 3 basis vectors of V4. O

4 Stability and convergence

In this section, we will prove the inf-sup condition (4.40), i.e., the stability of the
divergence-free P,—P; mixed element on Powell-Sabin grids. The analysis is done
by construction. The convergence follows the stability routinely, at the end of the
section.

Lemma 4.1 Forany q € Py, (defined in (2.8)), there is a function v| € V}, (defined in
(2.7)) such that

/_divvﬂx:/_qu VK €Qp, and |villgiqp <Clglzg).  (“4.1)
K K

Proof The proof here is standard, by constructing a Fortin operator for V;, functions,
against the piecewise constant pressure space. For any g € Py, let a C_1—Py function
q be

1 _
kg

Then g € L3(Q) as [, gdx = > ked, J& @dx = [, gdx. By the inf-sup condition for
the continuous functions, cf. [9], there is au; € HO1 (Q)3 such that

divuz(x) =¢(x) ae.forxeQ, “4.2)
and

lugllz1 < Cliglip2 < Cligllge.

We modify the P, Lagrange interpolation operator slightly to define a Fortin op-
erator (cf. [4]):

L: CQNH Q) =V, I u;— Lug,

Irug(x;) =u;(x;) at all P, nodes except the four internal face nodes,

/ Ihuqu:f uzdx, i=1,2,3,4,
(3K); (3K);

where the mid-face values Iu;(c;) (see Figs. 4 and 1) are chosen so that the integrals
of the three components of I,u; on each of the four face triangles (d K'); match those
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X1 X4 X1

Fig. 4 12 subtetrahedra of a Powell-Sabin grid §2,, inside one K € Q,

of uz. We note that an averaging interpolation can be adopted if the function ug is not
continuous, as usual, see [12]. Also following [12], it is standard to show the stability
of such an interpolation operator by scaling:

pugll g < Cllugll gt

Thus, letting vi = Iyug, the lemma is proved as the interpolant also preserves the
divergence element-wise:

/divvldx=/ A4 -ndx:/ ué-ndx=f divuédx=/ qdx. 0
K aK aK K K

We note that the above analysis for the lemma in defining Iyu; € Vj, is well known
in showing the stability of P3—Py element in 3D, cf. [14, 16]. Further, we note that it
is not necessary to introduce g in the proof. The analysis remains the same when g is
replaced by ¢, that is, using ¢ in (4.2).

After matching the integral values of ¢ elementwise by div v{, we next match the
vertex-values of ¢ — divvy, which is piecewise P; and discontinuous. It is done in
two steps, for C_1—P; functions on Qh and on €2;. Corresponding to (2.7), we define
a Co—P, space on a Hsieh—Clough—Tocher grid €2;, instead of the Powell-Sabin grid
Q-

Vi={u, eCQ) | ulg € LK)} VK €Qy, and  wuplyg =0} C H(Q)°.
4.3)
We introduce a C_1—P; space on the Hsieh—Clough—Tocher grid:

Py = {61/1 | gnlg € P1(K) YK € Qp, and /96111 =0} C L§(Q). (4.4)

It is apparent that P, D div V. But we do not know if
ﬁh # div Vh

or not. We do know f’h =div Vh when the polynomial degree k is greater than 2, cf.
[16]. Even if I5h = div V}, holds for polynomial degree k = 2, the inf-sup condition
(4.40) may not hold independently of grid size, cf. [16]. This is shown also by a nu-
merical test below in Table 3, where there is no convergence for the pressure solution.
Therefore we do not know at the moment if, note that divV; C divVy,
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Fig. 5 Splitting one tetrahedron K in €}, into 4 subtetrahedra of fzh

Py C divVy,. 4.5)

But we will prove (4.5) at the end of the section, in Corollary 4.1. The next lemma is
essentially proved in [16]. Here we give a different, constructive proof.

Lemma 4.2 On the Hsieh—Clough—Tocher grids, for any q € Py, (defined in (4.4))
such that fK qg=0 VK € Qy, there is a function v, € Vh (defined in (4.3)) such that

divvo=4§ VK ey, (4.6)

/_ divvy, =0 VK €y, 4.7)
K

||V2||H1(Q)3 =< CM”LZ(Q)- (4.8)

Proof Here we construct v; inside each big tetrahedron K of €, to match G on the
four subtetrahedra K; in 2y, cf. Fig. 5. That is,

v2|g € VhﬂHOl([E) VK GS_Z;,.

Let f(x,y, z) be the P, nodal basis function on DA B O such that f has a value
1 at the middle point of edge D O and vanishes at the other 9 Lagrange nodes for P>
polynomials on DABO. We find the directional derivative D5, f(D) = —I' By
the reference mapping (3.2)—(3.3), we have

af D) 4(DA x DB) 49)
Ta = —= = = . .
gracJipaso DO - (DA x DB)

The above calculation remains the same on the other two tetrahedra, DBC O = 122
and DCAO = K3, cf. Fig. 5. Now, let f(x, y, z) also denote the combination, i.e. the
continuous, piecewise P», nodal basis function at the middle point of D O, supported
on the three subtetrahedra, K 1 Kz and K3 As the big tetrahedron K = DABC is
non-degenerate, its three face normal vectors are linearly independent, that is,

det (DA x DB DB x DC DC x DA)
= (DA x DB)-[(DB x DC) x (DC x DA)]
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= (DA x DB)-[((DB x DC) - DA)DC]
=6Vpagc - [(DA x DB) - DC]
=36V} ,pc = ChS,
where C is a positive constant depending on the quasiuniform constant in (2.4) only

(see [5]). We denote the inverse matrix by

(4.10)

= <4(5A % DB) 4(DB x DC) 4(DC x 5A))1

- Ly — ’
6Vpago 6Vbpaco 6Vbpcao

where the three column vectors are from three Jacobian matrices of reference map-

pings for Ki, K> _and K3 Here we used the formula that the volume of tetrahe-

dron VDABO = DO - (DA X DB)/6 We now define a nodal basis v, 11 of V;,,

va1.1 € Vi NHL(K)3, by

pu
12 in K1 UKyU K3,
V21,1 = P ! 4.11)
P13
0 elsewhere.

By (4.9) and (4.10), it follows that

divvy 11lpapo(D) =1, divvy 1,1lpapo(A) =0, divvy 1.1lpapo(B) =0
divva 1.1lpsco (D) =0, divvy 1.1lpeco(B) =0, divvy 11lpco(C) =0
divvy 1 1lpcao(D) =0, divva 1,1lpcao(C) =0, divva 1.1lpcao(A) =0

Furthermore, by mapping the nodal basis f to the reference element K for each
subtetrahedron, it is standard to verify that

leurl vy 1117203 < ClldivvaiillL2q),

for some constant C depending on the quasiuniform constant of the grid. By
Lemma 2.1 in [17], we get that

Va1l (@ < Cldivva, il 20 (4.12)

Similarly to v2,1,1 in (4.11), we can define v, 12 and v2,1,3 SO that they have diver-
gence value 1 at vertices D on one subtetrahedron, K, or K3, respectively, while
divvy 1 ; = 0 at all other vertices of K restricted on each K Repeating the construc-
tion above at A, B, and C, instead of D, we can find vo; j, 1 <i <4,1<j <3,
such that

diVVZ,i,j|k[(anI§1)25,'15]',,,, 1<l<4, 1<m<3,

where a,l,? is the m-th vertex (m < 4, also a vertex of {5 , but not inner vertex O, cf.
Fig. 5) of subtetrahedron K;. This way, we match the K vertex values of g by letting
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V2, (x) = ZZ Ivaij X (4.13)

i=1j=1

By (4.12), it follows that
V2,0l < Clldivvauliz2g)- (4.14)
Let the C_;—P; function ¢, be
G =g —divvy,. (4.15)

By (4.13) g vanishes at the vertex of K, i.e., at all vertices of four subtetrahedra K i
except the center point O, see Fig. 5. To match further the vertex values of C_1—P;
function g» at O, we use a Hermite type nodal basis at point O of Co—P, functions.
Let fo be a P, polynomial on K| = DABO (see Fig. 5) such that

fo(0) =1, folpap =0,
Dy, fo(D)=0,  D,yfo(A)=0,  Dy,fo(B)=0. (4.16)

That is, fo vanishes on triangle D AB, has its three directional derivatives O at three
vertices of DA B, and has its nodal value 1 at O. Thus, fo is uniquely defined by

LY 4o, y.2)/L% 10 (x0,v0,20) in ODAC,
Lycp(x,y,2)/L% - 3(x0,Y0,20) in ODCB,
LDBA(x Y, Z)/LDBA(XO Yo0,20) in ODBA,
Lipc &, y,2)/L3pc(x0,y0,20) in OABC,

folx,y,2)= 4.17)

where (xp, Yo, z0) are coordinates of point O and, for example, Lpac € P; such
that Lpac = 0 is an equation for the plane DAC. To find the gradient of fp, we
map each tetrahedron I%,- back to the reference element K by (3.2). By (3.3) and
g?:ﬁ fo (0,0,1)=(002)7, (4.9) would become

2(DA x DB)
DO - (DA x DB)’

grad folpapo(0) =

Repeating the computation above on K, and K3, we can find the gradient vector of
fo at O. We define

~ . 1
P=(pij) = EP

where P is defined in (4.10). Following the idea in (4.11), let

Pil
pi2| fo onKjUK,UK3 UKy,
V22, = -
Pi3
0 elsewhere,
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fori =1,2,3. On 154, v22.; is a P> polynomial identically zero on triangle ABC
while matching the inter-element values on the other three faces of K. Then
divvy2; = 0 at all vertices of four IE',-, except divva g ;| 1%,-(0) (which is 1) and
divva | 134(0) (which may not be zero). Now we define

3

V2.0 =) @lg (0)V22i,
i=1

where g; is defined in (4.15). By the same argument used in (4.14), we also have that
|V2,O|H1(Q)3 < C” diVVZ,O”LZ(Q)~ (418)

Let v = v3,, + V2, 0. By the construction above, div v, matches g at all vertices
of K; except at O on K4. As the difference is a C_1—P; function, we have

Lapc(x,y,2)

g _dinF{ Tasctronocor 0 K4
0

R 4.19)
in K \ K4,

where Lapc(x,y,z) =0 is an equation for the plane ABC and o = ‘7|1€4(0) —
div V2|I€4(0). Because v; € H(} (K)3, we have

/divvde:/ vo-ndS =0.
K 9K

That is, (4.7) holds. By the condition fk g =0 and (4.19),

. —Voasc.

O=/ g —divvy, = =
g &, Lapc(xo,y0,z0) 4

K

/ Lagc(x,y,2) a
o

This concludes « = 0 and g = divv, on K. As we can construct v, € H& (K)3 simul-
taneously on all K € Q,, by (4.14) and (4.18), the lemma is proven. g

On one macro-tetrahedron K = J K;, j» a piecewise Py pressure function g € Py
has 4 x 3 x 4 = 48 nodal values on the (4 x 3) sub-tetrahedra. We will match all
6 values at vertices {x;,/ = 1,2, 3,4}, 12 values at the internal point {b;}, and 3
values at 4 mid-face vertices {¢;,/ = 1,2, 3, 4} of a Py pressure function within each
K € Qy, cf. Fig. 6. That is, there are

4 x 6(at 4 corners) + 4 x 3(at the center by) + 4 x 3(at the face-center ¢;) = 48

values of ¢ € Pj, to be matched by divwy, for some w;, € Vj,. The matching is done
in the following three correction steps.

1. Correct g at each vertex Xx; of K; so that its two values there are same, in
Lemma 4.3.

2. Correct g at the mid-face vertex ¢; of K ; so that its three values there are same, in
Lemma 4.4.
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Correct ¢ so
that 2 values
are same.

Lemma 4.3.

X1 X4
Correct ¢ so that
q is one P; on
3 tetrahedra

Lemma 4.4. Lemma 4.5.

Correct ¢ so
that 3 values
are same.

X1 X4 X1 X4

Fig. 6 Three steps (lemmas) to find vg: (g — divve) € Py,

3. Correct g simultaneously at the inner vertex {b;} and the mid-face vertex ¢; of
K,, so that it becomes a whole P; function on K,, instead of three P; functions

on J{K; j}=

After these three cm:rections, such a g function is piecewise P; on the Hsieh—Clough—
Tocher grid, i.e., a Pj, function, defined in (4.4). Then the inf-sup condition is proved
by Lemma 4.2.

Lemma 4.3 For any q € Py such that fk g =0 for all K € Q, there is a function
v3 € Vy, such that,

lg —divvslg, ;(x;) =[g —divvslk, ;,, (x1), i,1=12,3,4, j=12,

(4.20)
[_ divvs=0 VK €Qy, 4.21)
K

IVall g1 = Cllgllr2(q)- (4.22)

Here x; is a vertex on the outside face-triangle of K; shared by two subtetrahedra
K;;jand K; ji1 ofK,, cf. Fig. 6, that is, x; is a vertex of K, {K;, j» J=1,2,3} the
three subtetrahedra of K, , and Ui:l K, =K.

Proof Let q € Py, [ £z q =0 for all K € Qj,. We consider two cases in constructing

v3. v3 is constructed on each subtetrahedron 151, which may have its outside face
triangle (the other three face-triangles are inside K) on the boundary, or shared by
a neighboring subtetrahedron K. That is, for a subtetrahedron K4 C K, its outside
face triangle ABC is either on 89 (Fig. 7), or case two, an internal triangle shared by
a neighboring tetrahedron K 4 (Fig. 3). In the first case, we let v3| g = 0, as the two
values of ¢ are same already at A, by (3.1).
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KeQy: NABC CcoQ K,CK 5
B B
¢ L— ¢
o)
G
A A 4

Fig. 7 Splitting each of 4 HCT subtetrahedra into 3 PS sub-subtetrahedra

For the second case, shown in Fig. 3, the outside face triangle A BC of K4 is shared
by a neighboring tetrahedron K | € Qp. At vertex A, the values of ¢ are studied in
Lemma 3.4. By (3.20), using the three basis functions in (3.21), we can easily define
avs so that the four values div v3(A) match those of g(A) on the four subtetrahedra
of K4 and K , meeting at A. But (3.21) uses basis functions on the boundary of

K4U K . Using such basis functions would destroy the matching made in neighboring
tetrahedra. We choose another set of basis functions for Ugiyw),(4) in (3.20). Define
an inverse matrix similarly to (4.10)

P=(pij)=(mp3 my3 mus) .
Here the matrix is invertible, cf. Fig. 3, because its determinant is non-zero:
det (m123 mi34 m145)
=m3 - (M 34 X My45)
IAG|(AO x AC) [ |AG|(AC x A0’ ) |AG|(AO’ x AB)
T AG - (AO x AC) <AG (AC x AO’) 4G - (A0’ x A*B)>

AG? - - - - - -
== AG] (AO x AC) - [(AC x AO") x (A0’ x AB)]
6°VacocVacco Vaco's
AGP? - - -
=— AG] (AO x AC) - [6Vaco'gAO’]
6°VacocVacco Vaco's

|AGI*VacosVaoco

= >C>0.
6VacocVacco'Vaco's

Again, the constant C depends only on the mesh quality (2.4). Now we define

pu P21
V3, A% = —(qlacBo(A) —qlacoc(A) | | pr2 | + | P22 | | 1),
Pi3 P23

x € (K4 UK)).

By (3.20),
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qlagBo(A) in AGBO & AGOC,

—divv, A) =
(g 3,K4‘A)( ) glacog(A) inAGO'B & AGCO'.

Add such 3 corrections to define

V3 g, = V3. kAT V38,8 T V3R0C

VYe would match the values of g on three vertices A, B and C, inside each of 164 and
K. But v, &, may violate the element divergence-free condition (4.21). To satisfy

(4.21), we need to correct v; ¢ further on its supported region K4 U IZZ‘, see Fig. 3.

Similarly to ~constr~u(:ting fo and v o in Lemma 4.2, we define a P, nodal basis
function on K4 U K7,

OAB(x y, z)/LOAB(xG YG,2G) in OBAG,
Bc(xvyﬂz)/LOBC(-vavazG) in 0CBG7

L
L2
LY ca(x,y,2) /L4 (xG, ¥G.26)  in OACG,
L
L
L

fo(x,y,2) = (4.23)

O’BA(x Y, Z)/Lo/BA(xG ¥G.z6) in O'ABG,
O’Ac(x v, Z)/LO,AC(JCG y6,zg) in O'CAG,
O’CB(x Y, Z)/LO/CB(XG YG.2G) in O/BCG,

where (xg, YG, Zg) are the coordinates of G, cf. Fig. 3, and L 45 = 0 is an equation
for the plane OAB, for example. grad /¢ is a piecewise linear function with zero
trace on the boundary of K4 U K. Let

- fc. (4.24)
12|0G|f

Then, because Vpapc #0,

divv ;(x) >0 ifxe Ky,
divv} (0 =0 ifxedky,
divv} ;0 =0 ifxedk),
divvy ;) <0 ifxeK).

Again, we note that div V/3,G (A) = 0, which does not destroy the matching we made
by v, Ry We correct v, g (on K 4 U K 4" for the three vertices of both tetrahedra) by

f divvy ¢,

V3.G=Vy 5 — V3 oo
3.K4 %GfK leV3G

Then |, g, divvag = /, 9 divvs,c = 0. Add all such v3 ¢ for all internal mid-face

points of K of €, to define v3. Then v3 satisfies (4.20) and (4.21). As in Lemma 4.2,
because v3 is constructed locally, (4.22) holds. Il
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Lemma 4.4 For any q € Py, such that fk g =0 for all K € Qy, there is a function
v4 € Vy, such that,

divva(x;) =0, Vx;€K ey, (4.25)
l[qg —divvalg, () =g —divvalg, ;(c), j=2,3,i=123,4, (426)

/_ divvy =0VK € Qy, (4.27)
K

||V4||H|(Q)3 =< C||q||L2(Q)~ (4.28)

Here X; is any one vertex of K, shown in Fzg 6, c; is the mid-face point G on the
outside face-triangle of K;, i =1,2,3,4, Ul 1 Ki = =K, cf. Fig. 3, and {Kij, j=
1, 2, 3} the three subtetrahedra of K,.

Proof Let g € Py, f £z q =0 for all K € Qj,. There are two cases in constructing v4.
v4 is constructed on each subtetrahedron K;, which may have its outside face triangle
(the other three face-triangles are inside K) on the boundary (Fig. 7), or shared by
a neighboring subtetrahedron K ! (Fig. 3). In the first case, we let v4| B = 0, as the
three values of ¢ are same already at G, by (3.7), in Fig. 7.

For the second case, shown in Fig. 3, the face triangle ABC is shared by K4 and
K 4’1 IS Qh. Using the notations in Lemma 3.3, if

L L
Va6 =4160aB(GINGI2 o+ qlGoac (GIng 2 fo

+ql6ocsGNER £+ (10648(G) — 4l60as(G)) — |2f

|m
by Lemma 3.3,

div VX’G (G) = ¢q(G) at all 6 subtetrahedra meeting at G.

That is, we have a total match at G. However, v4 ¢ Wwould violate condition (4.25),
that is, it would destroy the matching of Lemma 4.3 made at vertices such as A in
Fig. 3. We will construct a vﬁt! ¢ using only one nodal function f¢ at point G, defined
in (4.23). At point G, cf. (3.12) for notations,

o+ e+ et in OBAG,
T+ Tt + et in OCBG,
Loy = { fmi * et md 10 0ACG:
ms| Im3| [my| ’
Tt + T2 4+ It in O'BCG.

Define an inverse matrix by

( ) mi32 ms3)1 mp13 Mj43 my3i m3i4 mMjp4 mp41 myi2 -1
D) =
Y mi|  mz|  mp| my|  |my|  m3| my| o [mp|  myl
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Here the matrix is invertible because its vectors are linearly independent, to be shown
below. Let

mj3p mspg my;3 mi43 my3g msj4
cl ( - + ) - Cz( + + )
jm;|  |m3|  |mp| mp|  |my|  |m3|

mpp4 M4 My
+c3 ( + + ) =0.
mi|  |mp|  |my|

Its dot product with vector (my — my) is

V132 V132 V213 V241 V143 U241 V124
a(-E2 ) (Rt (2t
V132 V132 V431 U314 V143 U241 V124

Voasc
—cyPABC

=0 = c¢=0.
Vocsc

Here v;j; denotes the (positive) volume of tetrahedron formed by vectors m;, m;
and mg. By computing the dot products with (m3 — m;) and (mg4 — mj), we find
¢y =0and c3 =0. Let

P21
(¢l60aB(G) —qlcoca(G)) | p2
p23

/ —_—
V4.6 =

M| —

1 P31
+ E(CI|GOAB(G)_CI|GOBC(G)) r )| fc-
P33

Then

qlcoaB(G) iInGOAB,GOCA & GOBC,

—divv) -)(G) =
(q 4.6)(G) :co inGO’AB,GO'CA & GO'BC.

(g —divvy ) (x) =q(X) x=A,B,C,0& 0.

Here we obtain a same constant ¢ in the three subtetrahedral of K’ because of (3.11).
We correct v}, . (on K4 U K}) to keep (4.27) by the function v} ; defined in (4.24):

~ 1 !
. Jg, divvy gdx

/
Va.6=V46 V3.6 7. oo o
fk4 div vy gdx

Note that, by (3.11), the three values of div V’3 i (G) are same on the side of OABC.
This correction does not perturb the matching (4.26) by VQL G- Now, we let v4 be the

sum of v4 ¢ for all mid-face, internal points G on K. Finally, as in Lemma 4.2, (4.28)
holds as each v4 ¢ is constructed locally. O

Lemma 4.5 For any q € Py, satisfying that
/ g=0VK € Qy,
K
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Q|Ki_j(xl)=qlki.j+1(xl) VX[ EIE'GS_Zh,
qlk;, (€) =qlk, ;(c), j=2,3,i=1234,

there is a function vs € Vy, such that,

(¢ —divvs) e P(Ri), i=1,2,3,4, (4.29)

/ﬁ divvs=0 VK €y, (4.30)
K

Vsl 1@y = Cllgll 2 ) (4.31)

Here ¢; is th_e mid-face point G on the outsic_le face-triangle of Igi, i=1,2,3,4,
U?:l K; =K, ¢f. Fig. 6, and x; is a vertex of K .

Proof Let g € P, be a given Pj, function in the lemma. vs is constructed on each
HCT tetrahedron such as K4 in Figs. 7 and 3. That is, to satisfy (4.29),

y in OGBA=K4 | CKy, x=0,
y in OGAC =Ks, C K4, x=0,

y  inOGCB=Ky3CKy, x=0, (4.32)
Y0 inK4,,-,i=l,2,3, X=G,

qg(x) inKy;,i=12,3 x=A4A,B,C,

(g —divvs)(x) =

where the constant y is to be specified in (4.37) and yy in (4.36).
Let f 2 be a scaled internal nodal basis function on K4, a piecewise P, function
with zero trace.

[0G|Lapo®LABC®  in OGBA

L_ABO(XG)LABC(XO)
. — J 10G|LcaoX)Lapcx)
fK4 @, y,2) = Lcao(x6)Lapc(xo) in 0GAC,
|OG|LpcoX)Lapc(X) -
Lecoxc)Lapc(xo) 1 OGCB.

Here L 450 = 0 is an equation for the plane ABO. By the reference mappings, cf.
(3.2) and (3.3), it follows that

[OG|(OAXOB) -
0G-(0AxOB) in OGBA,

- _ |[OG|(OCx0A) .
grad fK4(0) = W_A—) m OGAC,

[OGI(OBxOC) -
0G-(0Bx0C) in 0GCB,

grad fk4(x)=0 inKs;,i=1,2,3,x=A,B,C,

IGO|(GB x GA)
GO - (GB x GA)

grad f (G) = inKy;, i=1,23. (4.33)
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Similarly to the construction of v; 1 1 in (4.10) and (4.11), let matrix Q be the inverse
matrix

0= @ (uﬁmdhxdh)uﬂmdbxdh)mbKdeGh»]
=qij)3x3=|—= = = S = = = = = .
o 0G - (OA x OB) OG -(OC x OA) GO -(GB x GA)

Here the matrix is invertible as its determinant is non-zero:
0GP
6VéoanVooac

0GP L
= m(—VOABC OA)-(GB x GA)
|0GPVoasc

6°VcoarVcoac

det(Q™") = (OA x OB) x (OC x OA) - (GB x GA)

We then use the row vectors to define three vs ; € HO1 (124)3:

qil
; - inKsy=0OGACUOGBAUOGCB,
vey = | 92| TRs M Ke (4.34)
qi3
0 elsewhere.
It follows that,i = 1,2, j =1,2,1=1,2,3,
8;; ImMOGBA=K41, OGAC=Ky,,
diVVSyi(O) _ ij ?1’1 4,1 4,2
¢ InOGCB=Ky3,
divvs;(x) =0 inK4;, x=A,B,C,G,
0 inOGBA=K41, OGAC=Kj4,,
divvs3(0) = n 41 42
¢z In OGCB = K43,
divvs3(x) =0 in K4, x=A,B,C,
diVV5,3(G) =1 in K4,l,
where {ci,j = lq, 2,3} _are constants, defined by the matrix-vector product

Q[|OﬁG|(OB x 0OC)/(0OG - (OB x 0C))]. To find out these constants, we rewrite
the vector, cf. Fig. 3, as a linear combination of the three vectors in defining Q:

OB x OC = (0OA+AB) x OC
= 0Ax OC+AB x (OA+ AC)
=—0C x OA+AB x (OA + AC)
=—0Cx OA+AB x OA— AC x AB
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=—0C x OA+ (AO + OB) x OA — AC x AB
——O0AxOB—0Cx OA—AC x AB.
The two unit vectors, orthogonal to triangle ABC, are the same:
GBxGA _ AC x AB

|IGB x GA|  |AC x AB|

The ratio of two vector lengths is also the ratio of the volume of big tetrahedron to
that of its subtetrahedron:

|AC x AB| _ Voasc

IGB x GA|  Voasc'

Then, we find out that

grad f¢ loccr(0) = |?G|(0#B x OqC)
4 0G - (0B x 0C)
OG- (0OA x OB) |0OG|(OA x OB)
" 0G-(0OB x OC) OG- (OA x OB)
0G - (OC x OA) |0G|(OC x OA)
"~ 0G-(0B x 0C) 0G - (0C x OA)
Voasc OG- (GB x GA) |OG|(GB x GA)
" VoasG OG- (OB x OC) OG- (GB x GA)’

Therefore,

Voasc

cl=— ,
Vosce
Vocac

=—,
Vosce
V

c3=—-248C _ 1446 <0 (4.35)
Vosca

Now, we define

3
Vs=) vivsi,
i=1

where

v3 =4qlg,(G) = o,
v =¢qlcoac(0) —v,

v1 =¢qlcopa(0O) —y.
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Here yp is the same as that in (4.32), defined by

Vcoas
v =4qlcoap(C)——
Voasc
VGcosc Vcoca
+qlcopc(A) +qlcosc(B) , (4.36)
Voasc Voasc
and y is the same as that in (4.32) too, defined by
0) — 0) — 0) —
y = qloccB(0) —c1qloga(0) — c2qlocac(O0) V33 4.37)
l—ci—c
By (4.35), y is well defined in (4.37). Then
qlcoBa(0) —y ifx=0, in OGAB,
qlGoac(0) —y ifx=0, in OGCA,
. C1V1 + c2v2 + €303
divvs(x) = . .
=qglcopc(0) —y ifx=0, inOGBC,
q|lg4(G)—y() ifx=G, inOGAB,OGBC & OGCA,
0 ifx=A,B&C.

Now we sum all such vs over all HCT tetrahedra Igi to define the global vs. Equa-
tion (4.30) holds as fk4 divvsdx = f3134 vs-ndS = 0. Again, as vs is defined locally,
(4.31) holds. O

By the construction of vs in this lemma, we already proved the inclusion Pj, C
divVy, (4.5). But we will prove it as a corollary later. We are ready to prove the main

theorem.

Theorem 4.1 (The inf-sup condition) For any g € Py, there is a function v, € Vy,

such that
divvy| g (X) = qlx (X) VK € Qp, (4.38)
Ivillgiep = Cligli2@)- (4.39)
That is,
inf sup bh. 4) > C. (4.40)

a€Puv,ev, Vel g llgliz) —

Proof Letq € Py,.

1. By Lemma 4.1, there is a v; such that fl& qg —divv; =0.

2. By Lemma 4.3, applied to ¢ — divvy, we get a v3 such that flg(q —divv) —
divv3) =0 and (¢ — divv; — divv3) assumes a same value at all vertex x; on the
two subtetrahedra of all K. i € fzh.
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3. Applying Lemma 4.4 to (¢ — divvy — divv3) € Py, there is a v4 such that (g —
divv; — divvz — divvs) assumes a same value at any vertex x; of K on the two
subtetrahedra, and a same value at the mid-face point ¢; on the three subtetrahedra,
of all Ie,‘ (S Qh.

4. Applying Lemma 4.5 to (g — divv) —divvs —divvy) € P, we find a vs such that
(g —divvy + V3 4+ Vs +Vs5)) € Pi(K;) for all K; € ;. We call vg = V| + v3 +
V4 + V5.

5. Applying Lemma 4.2 to (¢ — divvg) € Py, we get an v such that (g — divve —
div V2) =0.

Let v, = v2 + Ve. Then (4.38) holds. (4.39) follows (4.1), (4.8), (4.22), (4.28) and
4.31). O

Corollary 4.1 The pressure space Py, defined in (2.8) can be characterized as a C—_1—
P1 space with additional constraints at each mid-face vertex G and at each corner
vertex A:

q(Gy) —q(G5) =q(G) —q(GT)

q(G5) —q(G3)=q(Gy) —q(GY) and
q(A]) —q(Ay) =q(A]) — q(AY)

VAGIEV4UI€Z‘, 124652},,
VG € K4, Kye€ 2y,

(4.41)
where G|, G, and G5 are three vertices at the mid-face point of the outside face

triangle of Ks, cf. Figs. 3 and 8, and G;r are corresponding vertices on the neighbor-
ing tetrahedron of Ky, A\ and A, are two vertices at point A of two subtetrahedra
of Ky. If G; €3Q or A7 € 9Q2, we denote q(Gi+) =0or q(AlT") =0, respectively.
Further, the following inclusions hold,

Py C P, C Py, (4.42)

where f’h_(deﬁned in (4.4)) is the C_1—Py space on the Hsieh—Clough—Tocher grid
Qp, and Py, is the Co—P1 space on the base grid Qp,

Py={qe L NCQ) | qlg € PLVK € Q}. (4.43)

Proof Let P; be the space of C_;—P; functions g on €2, such that g € L%(Q) and
q satisfies (4.41):

Py = {q € L%(Q) | glk € P1 VK € Qp; g satisfies (4.41)}.

P, C P}f holds simply by their definitions. We note that f’h is the full C_-P;
L(%—space on the grid €, by Lemma 4.2. Therefore, P, C Pj.

Next, the inclusion P, C Py follows (4.41) directly as a Py,-function is one poly-
nomial at all vertices in (4.41), i.e., ¢(G|) = q(G,) =q(G5) and g(A]) =q(A,)
for all ¢ € Py. (4.42) would follow after we show P = Py.
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Split to 3

—

Fig. 8 The vertices and the Lagrange interpolation nodes

Let g € Py. By Lemmas 3.2 and 3.3, at each singular point G(= G; = G;L), see
Fig. 8, we have

1 0 0 0
0 1 0 0
0 0 1 0
Uq(G)ch 1 + 0 +c3 0 +cq 1
0 1 0 1
0 0 1 1
Thus g satisfies the first condition in (4.41), i.e.,
1 0
-1 1
0 -1
U, (G) L 1 and U,(G) L 0
1 -1
1
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Further, by Lemmas 3.1 and 3.4, we showed that

1 0 0
1 1 0
U =cilgl e | T3]
0 0 1
Then
1
-1
vl
—1

i.e., g satisfies the second condition in (4.41). Therefore
P, C P,T .

For the other direction of inclusion, for each g € P}T , g satisfies the restrictions
(3.1), (3.7), (3.13) and (3.17). By repeating the proof for Theorem 4.1, we construct
a vy, € Vj, such that divv, =g. Thus g € divV, = P,. So P C Py. O

We remark that it is usually difficult to characterize the divergence space div Vy,
i.e., the pressure space in the divergence-free finite element method. In 2D, Scott and
Vogelius [10] found the space div Vj, for Py (k > 4) which is the full C_j—Py_; L%-
space except a constraint like (4.41) at each internal and boundary singular vertex.
For the 3D Hsieh—Clough—Tocher Cop— Py HO1 -finite element space, the divergence is
the full C_1—Pr_1 L(%-space, if k > 2, i.e., there is no so-called singular vertex, cf.

[16]. But it is not known if div \7;, = ISh when the polynomial degree k = 2 (see the
comments before (4.5) and in the section on numerical tests). Let us make a brief
comment on the 3D singular-vertex by an example where the domain €2 consists of
one tetrahedron K € Q. The P> H_-space has a dimension 0 on the grid ; = {K},
while the P; L%—space has a dimension 4 — 1 = 3. So, in this case, all 4 vertices of
K are singular, and the divergence of this velocity space (consists of 0) is not the full
C_1—-P; L%-space on the grid. However, the HCT Co—P» Hol-space has a dimension
4 x 343 =15 on the grid Qn (consisting of 4 subtetrahedra {Iei}), while the C_{—
Py L(z)—space, f’h in (4.4), has a dimension 4 x 3 — 1 = 11. It is shown in [16] that
divV), = P, even when k = 2, but on one macro-element. So we may say there is
no singular vertex in HCT grids. But we do have such singular vertices G and A, on
Powell-Sabin grids, listed in the constraints (4.41).

We conclude the analysis by the convergence theorem which follows the inf-sup
condition as usual.

Theorem 4.2 The discrete solutions (uy, py) of (2.9) approximate that of (2.2) in the
optimal order:

A2 (Ll gy + Pl @), 7> 1
(4.44)

la = unll g1 @p + 1P = Prll 2 < C
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Proof By the inf-sup condition (4.40) and the standard mixed finite element theory
[9], it follows that

lu—upll g1y + 1P — pull2g)

<c( inf Ju—villgigp+ inf 19—l )
qne Py

VhE€Vh

=c( inf u=villgope+ inf 1p—aill o)
Vi€V qnePy,

where Py, is the Co— P, space defined in (4.43). Here in the last step, we applied (4.42).
In fact, our theory covers the 3D Taylor-Hood element (Co—P5 for the velocity and
Co—P; for the pressure [2]) on Powell-Sabin grids. The theorem is proven as both
spaces V), and Py, provide the optimal order approximation properties. O

5 Numerical tests

In this section, we report some numerical tests on the Py—P;_ divergence-free el-
ements, including the Powell-Sabin P, divergence-free element, for the stationary
Stokes equations (2.1) on the unit cube, 2 = (0, 1)3. The base grids €, are obtained
by the standard multigrid refinement, cf. [15]. The first three base grids are depicted
in Fig. 9, where the 4th grid is the Powell-Sabin grid based on the level 3 grid.

We choose the right hand side function f for (2.1) as

O\ 1
f=—Acurl| g ~|—§Vgxy
8

—8&xxy — 8yyy — 8yzz T 8xxz + &yyz + 8zzz + gxxy/9
= —8xxx — 8xyy — 8xzz T+ gxyy/9 s 5.1
8xxx T 8&xyy + 8xzz + gxyz/g

where

g= 212(x — xz)z(y - y2)2(z — 22)2.

PASNASSZASS

Qp Qo Qp/a Qpya

Fig. 9 The first 3 level base grids, and the Powell-Sabin level 4 grid
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Table 1 The error and

convergence order (P, [u—uplg " lp— pnll 2 h"
Powell-Sabin element) on Fig. 9
grids 2 9.39211 10.50260
3 9.54791 - 14.29001 -
4 3.06616 1.64 5.42907 1.40
5 0.87072 1.82 1.76084 1.62

Table 2 The error and n B
convergence order (P,—Pj lu—uy g1 h P = pnllz2 h
element) on uniform Fig. 9 grids

2 14.30606 41.81048

3 8.31682 0.78 54.91746 -
4 4.15555 1.00 55.44895 -
5 2.06199 1.01 55.34440 -

Table 3 The error and N .
convergence order (P,—P; HCT [w =] g1 h Ilp = pnll2 h
element) on Fig. 9 grids

2 11.70759 12.30094

3 17.52195 - 40.83355 -

4 7.40612 1.24 34.08396 0.26
5 2.95999 1.32 32.15647 0.08

The exact solution for the Stokes equations (2.1) is

0
u=curl | g|, p=

1

§gxy- (5.2)

In Table 1 we list the errors and the orders of convergence, for the Powell-Sabin P,
divergence-free element solutions on several levels. The iterated penalty method de-
fined in Definition 2.1 is used to solve the discrete linear equations. Here the pressure
ph is obtained as a byproduct by (2.13). The order of convergence seems to match
the estimate (4.44).

Next, we apply the P,—P; element on the standard grids Q, not the Powell-Sabin
grids, to solve (2.1) with data (5.1) again. As one expected, the discrete pressure
solutions do not converge to the true solution at all. But the discrete velocity solutions
seem to converge to the exact solution, but one order lower than the optimal order. On
general quasiuniform grids, we may not have a convergence for the velocity either.

Next, in Table 3, we test the P,—P; divergence-free element on Hsieh—Clough—
Tocher grids. It is shown in [16] that the Py—Pj_; divergence-free element is stable
and optimal on HCT grids, if the polynomial degree k > 2. From Table 3, the pres-
sure solutions may not convergent. It is quite convincing that the inf-sup condition
(4.40) would not hold uniformly. This also shows the condition k& > 2 in [16] is truly
necessary.
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Table 4 The errors for the P;

Powell-Sabin element on Fig. 9 [u—uy |1-11 h" lp— pn ”L2 h"
grids
2 13.26842 48.50482
3 16.04441 - 31.82411 -
4 16.36783 - 113.87327 -
5 15.23631 - 306.59689 -

Finally we test the P; Powell-Sabin element. In 2D, it is shown in [17], both
analytically and numerically, that the P; Powell-Sabin element on triangular grids
is stable and provides the optimal-order approximation. However, in 3D, this is no
longer true. The minimal polynomial degree for Py—P;_1 mixed element to be stable
is k = 2, on Powell-Sabin grids. That is, our analysis for (4.40) and (4.44) is sharp.
In Table 4, when applying P; Powell-Sabin element for (2.1) and (5.1), the discrete
velocity does not converge, and worse, the discrete pressure diverges to infinity.

Acknowledgement The author thanks an anonymous referee who pointed out numerous errors in three
early versions of this manuscript. The author apologizes for being so neglecting.
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