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DIVERGENCE-FREE FINITE ELEMENTS
ON TETRAHEDRAL GRIDS FOR k£ >6

SHANGYOU ZHANG

ABSTRACT. It was shown two decades ago that the Pg-Pj_1 mixed element
on triangular grids, approximating the velocity by the continuous P}, piecewise
polynomials and the pressure by the discontinuous Pj_1 piecewise polynomi-
als, is stable for all k& > 4, provided the grids are free of a nearly-singular
vertex. The problem with the method in 3D was posted then and remains
open. The problem is solved partially in this work. It is shown that the Pj-
Pj,_1 element is stable and of optimal order in approximation, on a family of
uniform tetrahedral grids, for all £k > 6. The analysis is to be generalized to
non-uniform grids, when we can deal with the complicity of 3D geometry.

For the divergence-free elements, the finite element spaces for the pressure
can be avoided in computation, if a classic iterated penalty method is applied.
The finite element solutions for the pressure are computed as byproducts from
the iterate solutions for the velocity. Numerical tests are provided.

1. INTRODUCTION

Rewriting the Navier-Stokes or the Stokes equations in the weak variational
forms, the primitive unknowns, the velocity and the pressure, belong to Sobolev
spaces H' and L2, respectively. Naturally, a finite element method would be the P-
P;,_; element which approximates the velocity in an H'-subspace of continuous Py
piecewise polynomials (Cp-P) and approximates the pressure in an L2-subspace of
discontinuous Py _; piecewise polynomials (C_1-Px_1). This is a truly conforming
element as the incompressibility condition is satisfied pointwise and the discrete
solution for the velocity is a projection within the space of divergence-free functions.
A fundamental study on the method was done by Scott and Vogelius ([I1 12]) that
the method is stable and consequently of the optimal order on 2D triangular grids
for any k > 4, provided that the grids have no nearly-singular vertex. A 2D vertex
of a triangulation is singular if all edges meeting at the vertex form two cross lines;
see Figure [[l For k < 3, Scott and Vogelius showed that the Pj-Pj,_1 element
would not be stable, and may not produce approximating solutions on general 2D
triangular grids in [I1,[12]. What is this magic number k in 3D? Scott and Vogelius
posted this question explicitly after discovering that k = 4 in 2D. The problem has
remained open for more than 20 years.

The geometry of the 3D tetrahedral grids is much more complicated than that of
2D. By adding or moving a few edges and vertices locally, one can easily eliminate
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FIGURE 1. Singular vertices (A and B) and a nearly-singular ver-
tex (C, when C — A), in 2D.

singular vertices in 2D; see Figure[ll When a triangulation is singular-vertex free, it
is shown by Scott and Vogelius [I1}, [12] that the divergence of a Cy-Py, vector space
is exactly the space of C'_1-Px_1 modulus a constant. Following this approach, we
found previously that this is true on Hsieh-Clough-Tocher tetrahedral grids ([17])
for all £ > 3 in 3D also. For general tetrahedral grids, it is challenging to identify
all the singular vertices and edges. For example, when doing multigrid refinements
on tetrahedral grids (cf. [16]), a known type of singular edges (all face triangles
meeting at the edge fall into two planes) and singular vertices (all face triangles
meeting at the vertex fall into three planes) cannot be avoided. To extend the
Scott-Vogelius result to 3D while avoiding the technical details on the geometry
of singular vertices, we limit this research on a family of uniform grids, shown in
Figure2l We will show that the P,-P;_1 element is stable and provides the optimal
order solutions, for all £ > 6. When a classic iterated penalty method ([6, 8], [, [14])
is used here, we only need to solve a vector-Laplacian equation for the velocity with
an iteration number independent of grid size. In such a case, the mixed element
is reduced to a single element, and the pressure is computed as a byproduct. This
research is still far away from answering the question on the magic number k in 3D
proposed by Scott and Vogelius. Since we limit our work on the uniform grids, the
magic k may be greater than 6. As we require £ > 6 in our constructional proof,
the magic k could be less than 6 as well, though unlikely; see Corollary 3.1l and the
numerical result following that. We note that for the continuous pressure version
of the Py-Pj_; element (k > 2) on tetrahedral grids, the analysis is done in [2],
extending the Taylor-Hood element [10].

The rest of the paper is organized as follows. In Section 2, we define the Pg-
Pi_1 element. In Section 3, we will prove the stability of the Px-Py_1 element on a
uniform grid, and show the optimal order of convergence. In Section 4, we provide
some numerical results.

2. THE Py-P._1 ELEMENT

In this section, we shall define the Py-Py_1 finite element for the stationary
Stokes equations. The resulting linear systems are guaranteed to have a unique
solution, i.e. the (reduced) inf-sup condition always holds for such a divergence-
free finite element pair. The classic iterated penalty method ([6} B, [, [14]) can be
applied where the mixed element is reduced to a single divergence-free element.



DIVERGENCE-FREE FINITE ELEMENTS ON TETRAHEDRAL GRIDS 671

FIGURE 2. The first three levels (n = 1,2, 4) of grids, Qj.

We solve a model stationary Stokes problem: Find functions u (the fluid velocity)
and p (the pressure) on a domain of unit cube Q = (0, 1)? such that

—Au+Vp=f in ,
(2.1) divu=0 in Q,
u=20 on 01},

where f is the body force. The standard variational form is: Find u € H}(Q)? and
p € LE(Q) such that

a(u,v) +b(v,p) = (f,v) Vv e Hy(Q)°,
b(u,q) =0 Vg € L(Q).

Here Hg(£2)? is the Sobolev space (cf. [5]) with zero boundary trace, L3(12) is the
L? space with zero mean value, i.e., L*(Q)/R={p e L* | [,p =0}, and

(2.2)

a(u,v) = / Vu- Vv dx,
Q
b(v,p) = — [ divup dx,

(f,v) = / f v dx.
Q
Let €, be a family of uniform tetrahedral grids on €2 depicted in Figure
Qn ={K | K is a tetrahedron with size |K|<h}.
Then we define the Pj-Pi_1 mixed element spaces by
(2.3)
Vh,k = {llh S C(Q) | llh|K S Pk(K)B VK € Qh and uh|8Q = 0} C Hé(Q)?’,
(24) P, = {diV u, |uy € Vh)/g} C Lg(Q)
It is widely known that the pointwise divergence-free mixed method is too compli-

cated and not practical; cf. []. Very little work has been done on this method; cf.

[T 7, [8, @1 1T, 17, [I8]. The resulting system of finite element equations for ([22)) is:
Find uy, € V1, and py, € Py, such that

(l(llh,V) + b(vaph) = (f,V) Vv € Vh,ka

2.5
25) b(up,q) =0 Vg € P.
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The linear system of equations (Z.5]) always has a unique solution, in the divergence-
free element method; cf. [I8]. We note that P, in (Z4]) is a proper subspace of
traditional C'_1-P,_; finite element space. We will characterize it in detail below.
Letting ¢ = divuy, in ([Z.3)), we still have the (pointwise) divergence-free property
for the finite element solution

(2.6) /Q(div uy,)%dx = b(uy, q) = 0.

By (26)), the unique solution uy of ([Z3]) is divergence-free ([I0 [, B} [18]). It is, in
fact, the a(-, -) orthogonal projection from the divergence-free space Z to a subspace
Zy,, defined by,

(2.7) Z = {ve Hj(Q)?|divv =0},

(28) Zy = {V € Vh,k ‘ divv = 0}

As P;, may be a proper subspace of discontinuous, piecewise polynomials of degree
(k—1) or less, it may be difficult to find a nodal basis for P}, in some cases. But on
the other side, it is the special interest of the divergence-free element method that
the space P, can be omitted in computation and the discrete solutions approximat-
ing the pressure function in the Stokes equations can be obtained as byproducts, via
the iterated penalty method. This does not only simplify the coding work, but also
it avoids the difficulty of solving non-positive definite systems of linear equations,
encountered in typical mixed element methods. We refer to [6] [4] 3] [14] [18] for the
iterated penalty method.

3. STABILITY AND CONVERGENCE

In this section, we will prove the inf-sup condition ([B.69), i.e., the stability of
the divergence-free Py-P;_1 mixed element. The analysis is done by construction,
based on the unit cube domain Q and the uniform grids €, except Lemma 3.1
The convergence follows the stability routinely.

Lemma 3.1. For any q € Py, (defined in (Z4), k > 3, there is a function vy € Vi, 3
(defined in ([23))) such that
(3.1) / diVV1 :/ q VK € Qh, and HV1||H1(Q)3 < CHq||L2(Q)'

K K
Proof. For any q¢ € P, by the inf-sup condition for the continuous functions
(cf. [10]) there is a u, € H}(Q)? such that

divug(z,y,2) = q(z,y) ae. for (z,y,2) € Q

and

gl < Cligll -

We modify the Lagrange interpolation operator slightly to define a “Fortin op-
erator” (see []):

I, : C(Q)ﬂH&(Q)S—)V;%g, I, : uq»—>Ihuq,

Inu4(a;) = ug(a;) at all nodes except the four internal face nodes,

/ Lyugdx = / ugdx, i=1,2,3,4,
(0K)i (0K)i
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FIGURE 3. P3 Lagrange nodes: b;. Removing four inner-face nodes.

where I,u,(b;) (see Figure [3) is chosen so that the integral on each of the four
face triangles matches that of u,. We note that an averaging interpolation can be
adopted if the function u, is not continuous, as usual; see [13]. Also follow, for
example, [I3], it is standard to show the stability of such an interpolation operator
by scaling:

IThugllz < Cllugll g

The interpolant also preserves the divergence elementwise:

/divvldx:/ V1~ndx:/ uq~ndx:/ divuqu:/ qdx.
K Ok Ok K K

We note that the above analysis in defining Iu, € V}, 3 is well known in showing
the stability of Ps-FPy element in 3D; cf. [17]. O

After matching the integral values of ¢ elementwise by div vi, we next match the
vertex-values of ¢ — divvy.

Lemma 3.2. For any q € Py, defined in (24) such that qu =0 VK € Q,
k > 3, there is a function vo € V}, 3 such that

(3.2) divve(al) = q(af) VK € Qy,
(3.3) / divve =0 VK €O,

K
(3.4) [vallz @y < Cllallrz(o)-

Here a1 <i <4, are the four vertices of element K.
Proof. Let ¢ = divwy, for some wy, € Vj,, k > 3. From Figure [ there are six
types of vertices in :
Type (a): Corner vertices shared by 2 tetrahedra, B,C, D, E, F, H in Figure [
(b): Corner vertices shared by 6 tetrahedra, A and G in Figure (]
): Mid-edge vertices shared by 4 tetrahedra, I, P and R in Figure @]
Type (d): Mid-edge vertices shared by 8 tetrahedra, J in Figure []
): Mid-face vertices shared by 12 tetrahedra, L, N and @ in Figure [l
): Internal vertices shared by 24 tetrahedra, M in Figure @]
For a Type (a) boundary vertex, such as B in Figure [, the vector field wy,

vanishes on the four boundary faces meeting at B; it follows that in each of the
two tetrahedra sharing the vertex B, wy, vanishes along the three edges meeting at
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R

FIGURE 4. The interior and boundary vertices of .

B (in BASGF, for instance, wy, vanishes along BA, BF', and BG). This implies
that divwy, = 0 at B, so that we do not need any construction of vo in order to
meet the requirement [B2l), because ¢|garp(B) = ¢lcacr(B) = 0.

For a Type (c) vertex, similarly, all four tetrahedra meeting at the vertex have
three boundary edges. Therefore, q(ain) = div Wh(af{j ) = 0 at 4 tetrahedra Kj,
sharing such a boundary vertex.

For a Type (b) vertex such as A in Figure @] there are six tetrahedra {K;}
sharing the vertex. We define a vector function v, ;) € P§ N Co(UK;) such that
v, = 0 at all Lagrange nodes except nodes on the diagonal edge of the cube
formed by the six tetrahedra, i.e., nodes a and b in Figure Bl As v ;) has three
components, there are in total 6 degrees of freedom for such a vy (), at nodes a
and b. Note that, as wy|gq = 0, the gradient of w;, at A are the same on two
tetrahedra sharing a flat boundary. That is,

qlacea(A)=qlacap(A4), qlacpc(A)=dlaccr(A), dlacer(A)=qlacre(A).

The three values of ¢(A) at a boundary vertex A would be matched by three degrees
of freedom of vy () while the other three degrees of freedom of v ;) would make
Vv ) = 0 at the opposite vertex G.

Let us give an explicit construction of vy (). Without loss of generality, let
ABCDEFGH be the unit cube at the origin. Let a “derivative nodal” basis func-
tion ¢ (z,y, 2) at A be the continuous piecewise P3 function which has nodal value
0 at all Lagrange nodes except two diagonal nodes a and b (see Figure [), so that

T

100 on AGEH U AGHD,

Vow (G) =

o O O

(o)
, but Ve (4) = (o 0 1) on AGDC U AGCB,
(01 0)

T
01 0 on AGBF U AGFE.
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FIGURE 5. The vertices and the Lagrange interpolation nodes.

We can define (not unique) this continuous Ps nodal basis by (see Figure [,

x(1—2)(1+y—2z) on AGEH,
z(1—-y)(1+2—-2y) on AGHD,
z1—y)(1+x2—2 on AGDC,
(35) by, 5y = VT2
z1—z)(1+y—2z) on AGCB,
y(l—2)(1+2z—22) on AGBF,
y(1—2)(14+x—22z) on AGFE.
The function vy () to be constructed is
qlacen(A)
(3.6) Vo) = ¢(0)(2,y,2) | dlacer(A)
qlacpc(4)

By the construction div vy () has zero nodal values at all vertices of 6 K, except
at vertex A, where the six values match that of q. By the equivalence of norms on
the unit cube for piecewise polynomials, we have

(3.7) la(A)] < Ch*|lqll 2 x, ).

On the other side, we used scaled derivatives to define v, (;y and we get the following
bound:

Vo, (U re)e < ClAivva @yl 2 ;) < ChY2|div Vs 4|12 ((0,1)9)
(3-8) < Ch*2|q(A)] < Clldll2k,)-

We note that due to the uniform grid, we can compute the constants in (3.7)) and
B8). For example, by (B) and ([B.6]), we can obtain

Vo, |1 (acEm)? = |dlacen (0, 070)’\/§|5€(1 —2)(1+y —22)|m(acen)
1 .
= |Q|AGEH(Oa0,0)|E = 23| div va, )| L2 (acEH) -

But the constants in ([B.7)) and (B8] would depend on the polynomial degree k.
The constructed vy (3 satisfies (3.2)) and ([B.4), but not ([B.3)), i.e., ij div vy, ) #

0. By the divergence theorem, the integral on the whole cube formed by the 6

tetrahedra is zero. After correcting the integrals on 5 of the 6 tetrahedron by
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functions supported inside two tetrahedra each time, the last integral on the sixth
integral would be zero also. First, we define vy (1) by

CONAGEDPAGEH on tetrahedron AGEH,
(3~9) Va2,(b1) =

doNAGEPAGEF on tetrahedron AGEF,

where nygg is the outward normal to the face AGFE on tetrahedron AGEH and
¢aceH 1s a P3 polynomial identically zero on the three faces of AGEH except face
triangle AGE. ¢agrm is zero on all Lagrange nodes except c; cf. Figure For
example, if AGEH is the unit cube as in B.0), pacry = (1 —2)(z —y). In (39),
cg is chosen so that

(3.10) / div v 1) dx = / div vy, ) dx.
AGEH AGEH

In B.9) do is chosen so that vy (1) is continuous on the interface. We note that co
can always be found to satisfy B10) as nagr - Véagrm is strictly positive inside
AGEH for the third degree polynomial ¢ sgpgy. By a scaling argument, we have
also that

(3.11) Ivo,1) | z1 ()2 < Cllva,w la ) < Cllallzz)-

Next, we repeat the process on the two tetrahedra AGFE and AGF B to define
Va,(b2) SO that

/ div Vg’(bQ)dX = / (le V2,(b) —div V2,(b1)) dx.
AGEH AGEH
It follows by the construction that

(3.12) Vo, 2) [l 1 () < Cllva,on)ll 1 ()3 + Cllva,m)ll a1 0)2 < Cllallz2()-

Repeatedly, we obtain vy (3;), ¢ = 1,2,...,5. We note that after we define v ;5),
the integral of the divergence of the difference v, ;) — > v () has to be zero on
the sixth tetrahedron as it is zero on the seventh tetrahedron which is also the first
tetrahedron. Let Vo (5 = Vo 3) — 2 Va,(bi)- Then Vy ) satisfies (B.3) and (3.4),
and its divergence matches ¢ at 6 vertices of 6 tetrahedra at A while being zero at
all other vertices. By symmetry, we can construct such a vy () at the other vertex

G.

E_ @ 1 H I H
2 J
F '- L
’ G
U
0 P
B 1l M N
R D .
il st

FIGURE 6. 8 tetrahedra meeting at a vertex J.
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For a Type (d) vertex, for example, J in Figure d we construct a v, ). This
time, we have two internal edges meeting at J, on which we have 6 degrees of
freedom to match divwvy 4) with g at the 8 vertices of 8 tetrahedra meeting at J.
Similar to (3.35) and (3.7), we define one part of vy (4) as follows (cf. Figure H).

(3.13) div vy q)lres(J) = qlies(J) = alras(J),
(3.14) div vy (qy|zps(J) = qlvps(J) = qlras(J),
(3.15) div vy 1) lm@rs(J) = dlmirq(J) # dlarion(J).

To do so, we repeat the construction of vy (3. Next, on an internal edge JM, we
define a nodal basis function ¢4y like (B.5)):

(I-y)(z—2)(~y) on MJNG,
by — d W=D =2)(=y) on MIGL,
@7 YA +2—2))(~y) on MILQ,

(I+z-y)(z)(~y) on MJQN,

assuming that M is the origin and M N is an edge in the y direction of length 1.

We construct the second part of vy 4y by

qlvine(J) = (alarirq(J) — dlarien (7))
Vo (d2) = P(d) qlmina(J)
qlmineg(J) = (@lmire(J) —almion(J))

Then we let v () = Va,(q1) + V2,(d2)- div Vg (q) matches g at 7 vertices at J, except

div(va,(a1) + Vo,(a2)) lmsar(J) = qlmina(J) — darrrq(J) + qlarson(J).

Will div vy, (gylmrsar(J) = qlmaar(J)? The answer is yes. As continuous P func-
tions, the gradients of three components wy, at J are

T
(0 Wiy 0) on MJNG,
(0 0 w 1) on MJGL,
gradwy, ; = T
(ww 0w 1) on MJLQ,
(whg W; 1 ) on MJQ@N,
where w; ; are constants. Then

Wo 1 on MJNG,

MJGL

divwy(J) = { > on ’

w12 + W31 on MJLQ,

wi,2 +w211 on MJQN,

i.e.,

divwp | mern(J) + divwi | amaoon (J)

=divwy|mane(J) + divwy|agrg(J).

Hence, as div vy (4) matches the 7 values of ¢ = divwy, at J, it matches the eighth
value divwy|arsgr(J). Finally, we correct the perturbation of v, gy on the 8
tetrahedra by 7 bubble functions vy (4;) to obtain a vy 4y to preserve condition

(BE), as we did for \72,(1,) by {V27(bi)}1§i§5-
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For a Type (e) vertex, say, the mid-face vertex N in Figure @l The additional
directional derivative of wy, at N of internal edge N M will give us a P3 nodal basis
(cf. Figure [6])

(I=y)y—2)(y) on MNGS,
(L=y)(y—2)(y) on MNJG,
by = (I+z—y)(y—2)y) on MNQJ
O A+ - n»)©) on MND'Q,
(I+2z-y) ) on MNR'D',
(I+z-y)y—2)(y) on MNSE,

assuming M is the origin and M N is a unit edge in the y direction. Let va (c1) be

0

d(ey(— adlmnas(N)) | 1
0

Then, as wy vanishes on boundary triangles GNJ and GN.S, we have that
divwy|mvas(N) = divwy|mnsa(N), and that div vy 1) matches ¢ at N on the
two tetrahedra. Next, viewing the bottom two cubes (having face squares CSNR
and NRDP, respectively) below N together, N is a type J node. So, by the con-
struction of vy, (4), we match nodal values of (¢—div vy (.1)) at NV by a 5-dimensional
space to get a vy (c2). Again, viewing the two cubes (having face squares RDPN
and PNJH, respectively) behind N together, this also makes N a type J node
(a vertical mid-edge Type (d) node). We can define another vy (.3) to match its
divergence with (¢ — div vy (c1) — div vy (c2)) at N. Therefore, the divergence of

V3,(3) = Va,(e1) T V2,(e2) T V2,(e3)

matches ¢ at N, on all 12 tetrahedra. Unlike earlier cases, we do have (enough
count) 12 degrees of freedom at N in {v,} (3 components and 4 internal edges),
but {(div vy)(NN)} is only of dimension 8. On the other side, the twelve values of ¢
at N would also form an eight-dimensional vector space, because ¢ = divw; and
we have the following four constraints:

(3.16) qlmunas(N) = qlunar(N),

(3.17) qlp'Npr(N) = qlp'nNpP(N),

(3.18) qlrnms(N) = qlrnsr(N) = —qlr'NrQ(N) + qlr'ND M (N),
(3.19) —qlonim(N) + glonup (N) = qlonp p(N) — qlonps(N).

Repeating the process (BH)—-([BI2), after correcting the integral of divergence of
div vy (o) on 12 tetrahedra by 11 bubble functions, we would obtain a v; () for the
lemma.

For a Type (f) node, at an internal vertex M in Figure @ we have 14 internal
edges and 24 tetrahedra connected to the vertex. These 3 x 14 = 42 degrees
of freedoms for vy (y) will make the divergence of it match ¢ values at M on 24
tetrahedra. Here {q|k,(N)} is a dimension 18 vector space, not of 24 dimensions.
There are 6 constraints similar to (BI8) and (3I9), around the 6 square-diagonal
edges meeting at N; cf. Figure To construct vy (), we first view M as two
overlapping Type (e) vertices with 4 squares on the left and 4 on the right to M.
Then we separate the eight squares meeting M into two groups, 4 on top and 4 at
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the bottom, in order to use the construction for a type (e) boundary vertex. Of
course, we can construct vy (5 directly by giving its explicit definition as we did
for vy gy and vy (o). Repeatedly, we correct vy () to get V5 5y to preserve (B.3).
The lemma is proved by letting

vy = Z Vo, b) Z Va,(d)

2 Type (b) vertices 4(n —1) Type (d) vertices
+ > Va(e) > Va,(f),
6(n — 1)? Type (e) vertices (n — 1) Type (f) vertices
where n is the number of cubes in one direction. (]

After we match the element integrals and the vertex values of ¢ € Py, we will
next match g pointwise on each edge within each element.

Lemma 3.3. For any q € Py, defined in (2.4) such that fK q=0 VKe€Q, k>6
and q vanishes at all vertices of grid Qy,, there is a function vs € Vy, i, such that

(320) diVV3|Eg< = q|E1K VK € Qp,
(321) / divvg=0 VK € Qh,

K
(3.22) Ivsllzr s < Cllgllz2)-

Here EX | 1 <i <6, are the siz edges of tetrahedron K.

Proof. Let wy, € Vj, j, such that div wy, = ¢ for a ¢ satisfying the lemma conditions.
We will construct a vs matching its divergence with divwy at all edges. We start
with an edge F A of triangle EAG; see FigureBl As in Lemma[3.2] we first construct
a vz in Vyp for wy, € Vi i, for all £ > 4, matching ¢ at edge FA. Then, we
correct the integral of divvs by a v3 ¢ supported on two tetrahedra FAGE and
EAGH in Figure B Regardless of the polynomial degree k in the lemma, the
polynomial degree for vz can be chosen exactly 6 for all k& > 4. The reason is
that in order to correct the elementwise divergence-free condition (B.2I]) while not
perturbing the divergence on the edges shared by two neighboring tetrahedra, as
we did in BI0)-@I2), we need degree 6 “bubble” polynomials which have an
internal-face degree of freedom, shown in Figure [

9 ‘@ ” Lagrange nodes to
9 “T” Hermit nodes.

® ®© ®© ©

IR

FIGURE 7. Change {\; = 1,A; > 0} Lagrange nodes to Hermit
nodes, for Py elements.
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SEERR.

A

FiGURE 8. Modified Lagrange interpolation nodes for P;.

To match the divergence of wy, at edge AFE (see Figures[8 and[) we replace some
of the standard Lagrange interpolation nodes on the face triangle AEG by some
edge-normal derivatives on the face triangle. Here we replace one loop of Lagrange
nodes of the standard Py element on one face triangle by Hermit nodes on the three
edges of the triangle, shown in Figure [l and Figure 8Bl We show next that the Py
element is well defined this way, for £k > 4. Let v € Py defined on tetrahedron
AFEGH so that all interpolation values are zero. Let the restriction of v on triangle
AEG be v. Let Lyg =0, Lgg =0 and Lga = 0 be the equations for three lines
AE, EG and GA, respectively. Since vy has (k + 1) zero points on the three lines,
we have

(3.23) v = LagLggLgavi_3, for some vg_3 € Pk,g(AEG)Q.

Let ny,,, be the unit normal vector to AE inside plane EAG. As Ov,/0nyg,,
has (k — 2) zero points on the line AE (see Figures [ and @) vi_3|ap = 0.

V = LiELEgLGAUk,LL, for some vj_4 € Pk,4(AEG)2

Again, as Ovy/dnp, ., has (k — 3) zero points on the line EG, and dv/dng,, has
(k — 4) zero points on the line GA, it follows that

v = LApL%cLéavn_g, for some vy _g € Py_¢(AEG)?.

Finally, as v = 0 at (k — 4)(k — 5)/2 Lagrange nodes interior to triangle AEG, we
conclude that vi_g = 0 and v|agg = 0. Therefore,

(3.24) v = Lapgwy_1, forsome wy_; € Py_1(AEGH)3.

Here Lapg = 0 is an equation for the plane AEG. As the rest of the Lagrange
interpolation points are not altered, w1 = 0 at (k+2)(k+1)k/6 standard Lagrange
nodes for P;_1 in 3D (see Figure §) we conclude that wy_1 =0 and v = 0.

Now we are ready to prove the lemma. For each internal triangle, exactly one
face triangle of each of two tetrahedra sharing this internal triangle are on the same
plane, due to special structure of the uniform grid. For example, the edge EG of
internal triangle EG A is on the plane EFGH of two face triangles EFG and EGH
of the two tetrahedra EFGA and EGH A; cf. Figure[dl For internal triangle QN P,
the two sharing tetrahedra have edge QN on their two face triangles plane, IQRN J.
If such an edge is on the boundary, then we lose all internal edge degrees of freedom
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P4Z

/

/

FIGURE 9. Modified Lagrange interpolation nodes for Py, P5, Ps
and Ps.

for divwy, on one side of the edge, for example, divwy|apg(x) = divwp|arp(x)
for x on edge AF; see Figure [

Let us first try to construct a P, polynomial v3 at two tetrahedra GFEA and
GH FE A sharing an internal triangle AEG (cf. Figure[§]) to match div vz and div wy,
on the three edges of triangle AEG. Let us try to define a P, “derivative nodal
basis” shown in Figure [@ which is 0 on the 6 outside face triangles of GFEA
and GHFEA and has a normal derivative 1 inside the face FAG and two normal
derivatives 0 on another edge. For example, on EAGH, we have

¢31(2,y,2) = (1 = 2)(z = y)(c1 + caw + c3y + ca2)

with 4 constants. But one of them is determined by the internal P, Lagrange node,
inside the tetrahedron. The other three constants would be determined by three
normal derivatives, 2 on one edge, 1 on another, 0 on the third edge, shown in
Figure @ We have three choices, EA, EG or AG, for the two-derivative edge,
where the 2 normal derivatives inside triangle EAG are 0. This gives us three such
“nodal basis” functions:

$a1 = Z2(1—2)(z2—y)z on EAGH,
sl %y(l —2)(z—x)x on FAGF,
27
7 ﬁz(l—z)(z—y)(l —2) on FAGH,
(3.25) b3z = {j—gy(l —z)(z—x)(1—2) on EAGF,
bos = %x(l—z)(z—y)(z—x) on FAGH,
53 %y(l —z)(z—zx)(z—x) on FAGF.

Since a v, function has three components, with 3 ¢3; we can have a 3 x 3 =9
dimensional subspace

1 0 0
(3.26) {Vh} = Span ¢3)iej | e = 0 , €y = 1 , €3 = 0 )
0 0 1

see (B21) below. However, we need a dimension 10 {divvy} for the 10 degrees
of internal-edge freedom of ¢ on the two sides of triangle FAG. In fact, we need
a dimension 12 {divv,} subspace for a general grid. But we have a special grid
here that every triangle has precisely one singular edge, where the two neighboring
tetrahedra have one common face plane. In this case, the edge EG is a singular
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edge as EGF A and HEGA each have a triangle on plane z = 1. When a singular
edge is on the boundary, ¢ is continuous on it. In particular, when k£ = 4, we
have qlpacr(3,3.1) = qlpacu(3,3,1), and qlpacr(3,2,1) = qlpacu (3, 2,1);
cf. Figure [§ and (327). To match ¢ at these two points, we let

0

2 11
V31 = gq‘EAGF(ga 3’ 1) ¢3\,}_ ,
— /2
(3.27) 3,1 93,3
1 2 2 0
V3o = §Q\EAGF(§7 3’ 1) —4¢31
V2¢33 — 431

In order to match the other 8 g values on the other two edges, we need to “borrow”
one degree of freedom of v, from the next interface. Similar to ([B:27), we construct
one more basis function on the next two tetrahedra:

(3.28)

2701 —y)(z—2)(1—y) on AGHD.

g4 = {%w(l —2)(y—z)(1—y) on AGHE,
4

We only use one additional freedom, in addition to the 9-dimensional space (3.26])

whose divergence is zero on all edges except on the FAGF side of of edge AG. We
construct vs; so that divvs; match the rest of the eight degrees of freedom of g at
the other two edges: edge AG:

2 1 0
V33 = §Q|EAGF(§a 3 g) 31— P34 |,
(1/V2)¢3 2
Vsa = gdlpacu(3, 353 :6,4 ,
3.29
(329) o 0
V35 = _§Q|EAGF(§7 3’ g) 4931 — ¢34 |,
(1/V2)¢3.2

4031

1 2
V376—_§Q|EAGH(§7§7§) ¢36,4 ,
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and edge AF:
V2 1 P32 — ¢33
V37 = TQ|EAGF(07 0, g) V263 4 ,
0
0
V2 1
V38 = ?LI|EAGH(07 0, g) $32— 33 — V2034 | ,
(3.30) Pa.2
1 @32 — 433
V39 = —3_\/§Q‘EAGF(07 0, 5) \/58173,4 ;
0
3v/2 2
V3,10 = —T\EAGH((L 0, g) b32 — 4Ad33 — V2034

$3.2

Hence, letting v3 = Z}il v3,;, we have divvs zero at all vertices, and on all other
edges except the three edges on two sides of triangle AEG where the divergence
matches ¢, assuming FG is a boundary edge. We remark that we have to “borrow”
a degree of freedom from next internal triangle, no matter how high the polynomial
degree k is. For example, when £ = 5, we do have 3 x 6 = 18 nodal degrees
of freedom for v; internal to three edges of triangle AEG, similar to (3:26) (see
Figure @), while ¢ on the two sides of AEG has 18 nodal values (recall that for Py,
we have dimensions 9 and 10 for them.) But {div v} is still short of one dimension.
Now, for all k& > 4, we have (k — 4) mid-edge degrees of freedom on each edge,
shown in Figure @l We first construct a vs.,, to match ¢ values at the (k — 4)
mid-edge points. For example, for k = 5, on edge E'A of Figure Rl we define

— 2)2(1 — 2)2
(3.31) ¢37m:{16y(2 z)’(1-2)* on EAGH,

162(z —y)*(1 — 2)? on EFAGF.

Then the divergence of

0
v3.m = qlpacu(0,0, 5) ®3,m
0
is zero on all edges except on the side EAGH of edge FA. As

) 1
(¢ —divvsm)eacu (0,0, 5) =0,

we construct a vy, as (B.27)-B.30) so that div vy |pagm matches (¢—div vs ) pacH
at two outside Lagrange nodes, (0,0, i) and (0,0, %) For k > 5, we have exact
internal degrees of freedom for defining ([B31]) to match ¢ at internal edge nodes.
Hence, a construction can be done for edges EA and AG for all k > 4.

Next, as in the last lemma, we have to preserve the mean divergence-zero ele-
mentwise by correcting divvs on three tetrahedra with two P bubble functions,
supported on two neighboring tetrahedra each, as ([8.9]). For example,

by o = conapclipylienléay  on EAGH,
’ napcliprlherLiar on FAGF.
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E H 1)) H Y

F1GURE 10. The interior and boundary vertices of €2j,.

Here we need the divergence of Pz bubble functions be zero at all vertices as well
as on all edges.

Repeating this construction for each of the 6 triangles around the diagonal edge
AG, we match ¢ at all edges, assuming €2, has only 6 tetrahedra. For a general
(small) cube ABCDEFGH in a refined €, the cube has 6 two-tetrahedra edges
like EA where two tetrahedra form a 90-degree face angle; cf. Figure @l The
above construction would match g exactly at 6 such two-tetrahedra edges. But the
(small) cube ABCDEFGH has also 6 one-tetrahedron edges like EH and 6 flat
two-tetrahedra edges like EG (where two tetrahedra form a 180-degree face angle.)
For these 6 one-tetrahedron and 6 flat two-tetrahedra edges, the above construction
may not match divvs; with g there. We need to construct further vs; for these
two cases.

If EH is a boundary edge, but inside a face square, such as QP in Figure[d then
we use basis functions like (3:25]), internal to triangle QPN to match g|gp at the
bottom, to get a vsp. Then (¢ — divvs ) would change the g values at the edge
QP on the two tetrahedra inside the top cube, QPNJ and QPJH. So we need to
repeat the work in (B28)-B30) on the triangle QP.J. Next, if EH is an internal
edge, such as M N in Figure [l the ¢ values at edge M N are matched separately
on the two cubes in front, and two cubes behind.

Finally, we consider the case of square-diagonal edge when it is not on the bound-
ary, for example, EG in Figure @l There, AH and GD are such singular edges in
the other two directions. For simplicity of notation, we consider the case of GD
depicted in Figure [I0, where we assume D is the origin, and the two cubes sharing
D are unit ones. Here GD is the intersection of two planes, ZGAD and HGCD.
We first see why it is called a singular edge. At any point X internal to the edge
GD, for any vy, € Vj, i, we write

0 1 0
(3.32) vi=uy [ 1/V2| +us | 0] +us | —1/v2 | =1u; +uy + us,
1/v2 0 1/v2

where u; is a global Py polynomial on four tetrahedra sharing edge GD, while us
and ug are continuous piecewise-Pj on the four tetrahedra. By the continuity of
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Vi, we have

divui|agpr(xo) = divui|agpe(x0) = divwi | zapa (x0) = divui|zepe(%o),
divus|acpr(x0) = divus|zapa (X0), divus|acpce(xo) = divus|zape(xo),
divus|lagpm(x0) = divus|agpe(x0), divus|zapa(x0) = div us|zape (Xo)-

Therefore, the dimension of the linear vector space of

(3.33) {divvp|aepr(x0),divVvi|acpc(X0), div vi|zepr (X0), div Vi|zape (%0) }

is 3, not 4. Thus, for any point on edge GD, we have a checkerboard mode, which
is limited by the constraint (cf. [I1])

(3.34) > (=1 divvalz, (x0) =0,

i
where T; stands for one of four tetrahedra around the edge GD. We need to
construct local basis functions for each of three linearly independent vectors in
B33). [B32) provides a construction method. Let us consider first the Py case.

Let
(3.35) b3 51 = {%(x —y)(z—=z)(1-2)(1-2), onZGDH,

Za(z—2)(1+y—2)(1-=z), on AGDH,

(3.36) 61— 4 2@y -2)(1=2)a,  on ZGDH,
' v 27795(2_1‘)14‘?/—2)06, on AGDH.

We next define

0
1 1.1
V361 :CI|ZGDH(§aO7§)_ 0 ;
4¢3 51 — P3,2
0
2 2.2
V3,2 :CI|ZGDH(§707§)§ 0
$3,52 — P3,51

Then, div(vs s + V3 s2) matches ¢ at the two Lagrange points on the edge GD,
in ZGDH. Note that div(vs s + v3s2) = 0 at the two Lagrange points, on the
other side of plane AGDZ. Similarly, we can define v3 ¢3 and v3 ;4 so that their
divergence matches g at the two Lagrange points inside ZG D H, while not altering
the match done on the other side of plane AGDZ. Hence

(3.37) g3 :=¢q— div(vs s1 + V3,52 + V3 53 + V3.54)

vanishes on the edge GD on y > 0 side. As we did for the non-singular edge case
AG, the construction [35)-B31) can be extended to any Py, k > 4. Again, we
correct g3 on each element to keep (B2I) by Ps bubble functions. By ([B.34) and
B37), edge GD behaves as a boundary edge for ¢g3. Hence the edge values of g3
can be matched now by the divergence of vs;, defined in B.27), (3:29) and B30).
Summing over all such vs; over all edges of €2}, after adding bubbles to preserve

B21)), denoted by vs, it satisfies (B20)—(B322). O

After we match the element integrals, the vertex values and the edge values of
q € Py, we will next match ¢ on each face of element. This is the simplest task
among the others. The reason for this is that we can show the next lemma on any
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F1GURE 11. The affine mapping from K to K.

tetrahedral grid, unlike the other lemmas which are shown for the uniform grid
only.

Lemma 3.4. For any q € Py, defined in (2.4) such that fK q=0 VK eQu k>4
and q vanishes at all edges of grid Qp, there is a function v4 € Vi, such that

(3.39) / divvy =0 VK €O,
K
(3.40) Vallz1 @y < Cllallz2(o)-

Here T, 1 <i < 4, are the four face triangles of tetrahedron K.

Proof. We note that for £k = 1,2,3, the lemma holds with v4 = 0 as ¢ = 0. To
understand the analysis better, we first discuss the case k = 4, which is also covered
in the proof for general k > 4 below. For k = 4, let v4 = codi, where ¢ is the
bubble function of P, on K. Then divvy is a P3 function with zero integral on
K and zero trace on the 6 edges of K. This is exactly how ¢ is restricted in the
lemma. The three choices in ¢q for v4 will provide a unique match to the three
degrees of freedom in defining ¢ on K. We next formalize this argument rigorously
for all £ > 4.
For a given ¢ specified in the lemma, we are going to construct v4 in 4 steps:

(341) V4 = (V411 + vy +vys+ V474)¢K € Co(K) N P]?,

where vy ; are vector P,_4 polynomials to be specified and ¢x is the Py bubble
function on K. Let K = ABCD with 4 face triangles numbered as 77 = ABC,
T, = ABD,T5 = ACD and T, = BCD. Let F(x) = Bx+x( be an affine mapping
from the reference tetrahedron K = {0<2<1-3—9,0<y<1-%,0<Z<1}to
K so that the face triangles of K on the plane & = 0, g=0,2=0and 2+9+2=1
are mapped to Ty, Ty, T3 and Ty, respectively. This is shown in Figure [Tl Mapping
the equation div(vy 4) = ¢ back to the reference element, we have

(3.42) Vi B TVog + ¢ptrace (B~TVVg4) = (%),



DIVERGENCE-FREE FINITE ELEMENTS ON TETRAHEDRAL GRIDS 687

where
gz(1 -2 — 45— %)
Vor=1221-2-29—%)
T9(1 — 3 —§—22)
We choose, if k > 4,
z
(3.43) V4a=B |7 | us4, forsome us € Py_s.
3

Let %x; = (&;,9:, 2;) be interior Lagrange points for P,_1 on the face triangle T, =
F~1(Ty) on the plane #+7+ 2 = 1 of the reference element. We derive the following

from (B:42):

(344) U4()A(i) = —

Since ¢ = 0 on the three edges of the triangle and mapping back to K, we conclude
that

divvya|r, = 4|z,
diVV474|Ti = O, ) # 17
[Vaalm < Cllglzz.

Now, for k = 4 in (343]), we have to match ¢ on all four faces with only one v44
by letting

V4,4 = Beg, where ¢g = [VgﬁK(kz)} B

where Z; are the barycentric centers of any three-face triangle.

We repeat the construction of v4 4 three more times to get va 1, Va2, Va3 in
B41)), whose divergence match g on the other three triangles. Similar to (B43]) we
let

Vi1 =B uy, for some u; € Pj_s,

Vyo=B|1—-2—9— 2| uy, forsome us € Pj_s,

Vi3 =B ug, for some usz € Pi_5,
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where (cf. (B:44) u; are determined by the nodal values:

R q(x;) o 70
u1(X;) = — ~ — vx; €17,
(%) 9i2i(1 = 9i — 2i) !
) (i) . 0
i) = = F— Vx; €T3,
'U:Q(X ) $121(1 — X; — Zi)2 % € 2

2:9:(1 — &5 — 9:)?
By the inverse reference mapping, we get v4,;. Letting v4 = Zle v4,;. The lemma

is proven. ([

Lemma 3.5. Let q € Py defined in 2.4) with k > 4 such that [,, q=0 VK € Qy
and q vanishes on all triangular faces of grid Q. There is a function vs € Vi, i,
such that

(3.45) divvs(z,y) = q(z,y) V(z,y) € Q,
(3.46) vs(z,y) =0 V(z,y) € 0K and VK € Qp,
(3.47) Ivsllz @) < Cllallz2(q)-

Proof. Each K € Qy, is a scaling of one of 6 unit tetrahedra shown in Figure[dl The
properties listed in (B48)-(B.47) are independent of scaling. Because we can work
out the other 5 cases similarly, we show one case in which K is the unit tetrahedron
AEGH shown in Figure [

K=AEGH ={(z,y,2) | 0<2<y 0<y<z 0<z<1}
When restricted on K, we let the pressure space satisfying the lemma be

(3.48) Pr = {q € P,_1(K) ‘ /KQZ(L qloxk =0 }

For any qy € Pk, we have

(3.49) qo = ¢ q1, for some q; € Py_5,
where ¢ is the degree-4 polynomial bubble function:
(3.50) oK = MAaAzA\y, where

(3.51) M=z, d=y—zx, A3z=2z-—y,

and /\4:1—)\1—/\2—)\3:1—2’.

Further, ¢ = 0 for any k£ < 5, due to fK q = 0, i.e., the lemma holds trivially for
4 < k < 5. We next introduce a subspace of Hj(K)?* N P2 whose image under the
divergence operator is inside the space Py defined in (3:48):

(3.52) Vi = {v € Pu(K)? ‘ vlox =0, divv € P }

We show next that the divergence operator is also an onto mapping from Vg to
Pk . Because of divergence-free polynomials, we would reduce the space Vi to a
much smaller one which is mapped to the space Px one-to-one by the divergence
operator. To make divv € Pk, we can limit

A A2v1 (A1, A2, Ag)
vV = gﬁK /\2/\3112()\1, /\27 /\3) where Vi € Pk76(>\1, )\2, )\3),
A3Agv3 (A1, A2, Az)
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so that divv|sx = 0. This can be seen by the calculation (354 below. After
eliminating divergence-free functions, we let

A1A201 (A1, A2, A3) ‘
(3.53) Vo= {V € Pu(K)® | v=0r | Aadsva(A,A3) |, vi € Pog(K)*" }

)\3)\4’03(/\1)
Indeed, we have divvg € Pk for vy € Vg, as
(354) div Vo = ¢K[2()\2 — )\1)’01 + )\1)\2U1m + 2(1 — )\1 — 2)\2 — )\3)’1)2

+ 2’()3()\1 + Ao+ 23 — 1)]

Now, for each gy € Pk, we will find a vq € V( such that divvy = ¢g. This is done
by mathematical induction. We first construct a vy such that the highest order
terms of div vy match those of a given ¢y € Pk. For any ¢y € Pk, we separate the
degree k — 5 terms of ¢; in (B48) from the rest as follows:

k—5k—5—1

(3.55) =3 D> @M+ (A, A, A),

i=0 j=0 I=k—5—i—j

where ¢o is a degree (k — 6) polynomial. When we compare the degree k — 5 terms
of divvy in B54) and ¢; in (B55), we need to check only the degree (k — 6) terms
in v1, vy and vz. We let a vq in B53]) be

k—6k—6—1

(A As) =3 > Y v AN,

=0 j=0 I=k—6—i—j

k—6
(3.56) va (A1, Ag) = > vaior A,
i=0 l=k—6—1i
v3(A1) = V300 b
i=k—6
We note that there are
k—5k—5—1
—3)(k—4)
I S
=0 j=0

coefficients of ¢;;; in ([B.50]), which defines the (k — 3)(k — 4)/2 linear equations for
the unknown coefficients of v; in ([B50):

k—6k—6—1i k—6
> > 1)+(Zl)+1:W+k_5+1:w_

; : ; 2
=0 j5=0 =0

We can list the (k—3)(k—4)/2 linear equations in the following order to get an upper
triangular system except the last three equations involving vy (x—6)00, V2,(k—6)00 and

VU3,(k—6)00"
For i =0,
(3.57) —2v2,00(1-1) = Giji; j=0,
(3.58) 201,001 = Giji + 4v2,001, j=1,

(3.59) 2v1 00— 1)1 = dijis j=2:(k=05).
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Fori=1:(k-T7),

(3.60) =202 50(1-1) = Qiji + 2v1,i—1)01 — 2V2,(i—nyo1;  J =0,

(3.61) (24 9)vi00 = Qiji + 2v1,6—1)u + 4v2,401, Jj=1

(3.62)  (2+D)vrig—1y = Qiji + 201, (i—1)j15 j=2:(k—=5—1).
Fori =k —6,

(3.63) —2v34500 + 4v3 400 = Gij1 + 201, i—1)01 — 2V2,(i—1)01 Jj=0,
(3.64) (2 +7)v1400 + 203,400 = Giji + 201, (i—1)1 + 4v20015 Jj=1L

Finally, for ¢ = k — 5,

(3.65) =201 (i41)00 — 2V2,(i+1)00 T V2,(i+1)00 = Giji + 2V1,(i—1)j1-

Here in equations [B57)—(B3.63), the index | = k — 5 — 4 — 7. Also in all of these
equations, all vy, ;;; on the right-hand side are resolved by earlier equations. For the
last three equations (B.63)—(B.65]), the determinant of the 3 x 3 coefficient matrix
is —4(k — 6). So, for a k > 7, we find a unique vq so that divvg and ¢o match the
highest order terms. We move the div vg to the right-hand side of (348]), combined
into ¢o there. We then repeat the above construction for one lower degree ¢o, until
k = 6. When k = 6, the systems of equations [B.57)—([B.65]) become to

—2v2,000 = qoo1,
2v1,000 = Qo10 + 4v2,000,
2v3,000 = q100 + 2v1,000 + 2v2,000-

This system is an upper triangular one, and has a unique solution.

Therefore, we constructed a locally supported vs on one tetrahedron AEGH.
Similar construction can be done on the other five types of tetrahedra. The lemma
is proven. ([l

Corollary 3.1. Let k > 6. The mized finite element pair (Vi i, Py) are defined
in 23) and @4)). Let n be the number of cubes in each coordinate direction; cf.
Figure 2. The dimensions of Vi, i, Py and subspace Zy, (defined in [2.8)) are

(3.66) dim Vj, , = (nk — 1),

1.
(3.67) dim P, = 6n3(1c+2)(/<;+ Dk — 3kn(n® +n+2) + 5,
(368) dim Zh = dim Vh,k — dim Ph.
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Proof. We summarize all constraints for divwy, = ¢ in the last few lemmas:

Corner vertices — Type (b): 2 x 6,

Corner vertices — Type (a): 3x2,

Mid-edge vertices — Type (c): 4% 6(n—1),
Mid-edge vertices — Type (d): 3x6(n—1),
Mid-face vertices — Type (e): 4% 6(n—1)2
Internal vertices — Type (f): 6 x (n—1)3,
One-tetrahedron boundary edges: (k —2) x 6n,
Diagonal boundary edges: (k —2) x 6n?,
Internal singular edges: (k—2) x 3(n — 1)n?,
Global integral constraint: 1.

Deducting the number of constraints from the dimension of discontinuous Py_1
polynomials on €25, we prove the corollary. ([

Numerically, we have verified Corollary 3.1t

269 ifk=6, n=1,
2405 ifk=6, n=2,
425  itk=7, n=1,
3701 ifk=7, n=2.

dim Ph =

We proved [B.67)) for k& > 6 only, but it seems to hold for k = 5 as well:
dim P, = 155 and 1445, if n = 1 and 2, respectively.
However, [B.67)) no longer holds for k < 4:
dim P, = 75 and 772, if n = 1 and 2, respectively,
while [B.67) gives 76 and 789, respectively.

Theorem 3.1. Let k > 6. The mized finite element pair (Vy, i, Py) defined in
@3) and (Z4) is stable on the uniform grids, i.e., the following inf-sup condition
holds:

(3.69) inf sup b @) > C.

a#0,4€Pu v, evy, ;. IVillar @z llallze) —

Proof. For any q € P, we construct a v, € Vi, i to satisfy (8:69). By (BI)), there
is a vi € Vj, such that

/ (g—divvy) =0 VK € Qp,
K
Vil < Cillgllze.
By ([B2), there is v € V}, such that
[divve — ¢+ divvi]|g (aF) =0 VK € Q and for all vertices of K,

[Vl < Collg — div vy 2.
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By (B20), there is vz € V}, such that
[divvs — g+ div(vi + vo)]| (Bf) =0 VK € Q, and for all edges of K,

Vsl < Csllg — div(vi — va2)| 2.
By 38), there is v4 € V}, such that
[divvy — g+ div(vy + va + v3)] | (FF) =0 VK €
and for all face triangles of K,
[vallrr < Callg = div(vy + va + vs)| 2.
By (B8, there is a v € V}, such that
divvs = ¢ — div(vy + vo + v3 + vy),
Vsl < Csllg — div(vi + va + va + va)|| 2.
Let v=—v; — vy — vy — vy — vs. It follows that
VIl < [villas + [[vellmr + 1vsllee + [vallze + (Vs a
< Cillgllrz + Callg — divvi[r2 + Csllg — div(vy + va)|[r2 + -+
< Cillgllzz + Ca(llgllzz + | divval[r2) + - -
< Cillgllrz + C2(llgllz2 + Cullallrz) + -+
< Cillqllre

and that
b(vi,q) = (= divvi, q) = [lallizq) = C VI @ llall2 ()
B69) is proved with C = C L. O

Theorem 3.2. Let k > 6. The discrete solution (un,pr) of Z3) approximate that
of 22) in the optimal order:

(3.70) [u—wnl[zr @) + lp — pullLzo)
< Chmin{k’r}(HuHHHl(Q)S + ||PHHT(Q))7 r>1.

Proof. By the inf-sup condition (3.69) and the standard mixed finite element theory
[10], it follows that

[u—upl| g3 + 1P — pullzz@)

<C( inf |u-v inf —
- (thVh,k I nll ey + o P — anllz2(2)

< C( inf ||u - Vh”Hl(Q)B —+
K

in
vREV, qnE

f llp—anllzz@))
B

h

where Py is the space of continuous Py_; polynomials with mean value zero:
ph =P, ﬁC(Q) = {qh e C(Q) ‘ / gn =0, qu|k € Px—1 VK € Qh}.
Q

The theorem is proven as both spaces Vj, ;. and P, provide the optimal order of
approximation. O
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4. NUMERICAL TESTS

In this section, we report some numerical tests on the Py-Pj_1 elements for the
stationary Stokes equations (ZI]) on the unit cube, Q = (0,1)3. The grids are
obtained by the standard multigrid refinement; cf. [16]. The first three grids are
depicted in Figure

&

P

.~.~.~~.'- e

-
/’ﬂf— NN «’f/

xRl

FicURE 12. The exact solution, the first component of u and p
in (£2)), restricted on z = 0.33.

We choose the right-hand side function f for (2.1)) as

0\ 1
f=—-Acurl|g]| + §Vgxy
(4.1) g
—Yzzy — Gyyy — Jyzz + Guaz + Gyyz + 9222 + gzzy/g
= —Yzzx — Goyy — Gxzz T+ gzyy/g ;
Jzzz T Joyy + Gazz + gwyz/g
where

g=2"%x—2")?(y—v*)?(z -2
The exact solution for the Stokes equations ([2.1)) is

0
(4.2) u=curl|g|, p=
g

As we are unable to plot a 3D function in 4D, we show the restriction of the
functions u (the first component) and p, on the plane z = 0.33 in Figure We
note that the grids obtained by the intersection of tetrahedra in € and the plane
consist of both rectangles and triangles, shown at the bottom in Figure [[2] and in
Figure

In Table [ we list errors for the Py-Pj_1 element for k = 6, on three level of grids
Q. The iterated penalty method is used to solve the discrete linear equations. The
order of convergence fits the estimate ([B70) well. We show some errors in Figure [[4l

TABLE 1. The errors for the Py-P,—1 ( k = 6) element on Figure [ grids.

lu—wuplgr A" [ [lp—pallez A"
1 6.73310 29.66007

0.23981 4.81 1.13377 4.70
3 0.00421 5.83 0.02196 5.69

[\]
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F1GURE 13. The cut on the third level grid §2;, by plane z = 0.33.

FicURE 14. The errors for the first component of u and p re-
stricted on plane z = 0.33.
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