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1. Introduction

We deal with the problem of numerically solving the magnetic field B
(or equivalently H), governed by the static Maxwell equations:

∇×H = J in Ω,

∇ ·B = 0 in Ω,

B = µ(x)H in Ω,

n ·B = 0 on ∂Ω,

(1.1)

where Ω ⊂ R3 is a bounded and simply connected domain with the Lipschitz
boundary ∂Ω, n is the unit outward normal on ∂Ω, µ(x) is the material
susceptibility, and J(x) is the current density satisfying ∇ · J = 0.

The equations (1.1) are a div-curl system, and similar systems also oc-
cur in the field of fluid dynamics. In the past three decades, several nu-
merical methods have been developed for such kind of problems, e.g., the
finite element method [11, 13], the covolume method [17], the discontinuous
least squares method [2], the locally divergence-free discontinuous Galerkin
method [5] and some novel methods [3]. Since the magnetic field B is di-
vergence free, as used in computational fluid dynamics [6], it is common to
reformulate (1.1) in potential formulations [11, 13, 21]. For this, we intro-
duce a vector potential u for B (cf. [1, 7, 14]) such that

B = ∇× u in Ω, (1.2)

∇ · u = 0 in Ω, (1.3)

n× u = 0 on ∂Ω. (1.4)

Then, using the relation H = µ−1(x)B and the equalities (1.2) and (1.4), we
can write the first equation in (1.1) as ∇× (µ−1(x)∇× u) = J. By Green’s
formula for vector fields and assuming B ∈ H1(Ω)3, the weak formulation
for u reads

(µ−1(x)∇× u,∇× v)L2(Ω)3 = (J,v)L2(Ω)3 , u,v ∈ H1
t (curl), (1.5)

where the Sobolev space H1
t (curl) is defined by

H1
t (curl) =

{
v ∈ H1(Ω)3

∣∣∇× v ∈ H1(Ω)3, n× u = 0 on ∂Ω
}
. (1.6)

It is difficult to solve finite element equations discretizing (1.5), for two
reasons. The bilinear form in (1.5) is not positive definite and there is
an additional constraint (1.3) for the problem (1.5). An effective method
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was proposed in [14] that a discrete div-div form is added to (1.5) for an
edge-element method of [16]. The resulting positive definite problem is then
solved by the multigrid method in the optimal order of computation [14].

In this work, we propose a different method, based on the divergence-
free finite element on rectangular grids in 3D. First the weak problem (1.5),
when B (or H) is needed only, is equivalent to

(µ−1(x)B,w)L2(Ω)3 = (J,v)L2(Ω)3 ,

B ∈ Zn and for all v ∈ H1
t (curl), (1.7)

where w = ∇× v and Zn is a divergence-free space, defined by

Zn =
{
v ∈ H1(Ω)3 | ∇ · v = 0 in Ω, n · v = 0 on ∂Ω

}
. (1.8)

Thus, we seek the divergence-free finite element solution Bh for B directly,
without computing the potential uh. To do so, we construct a corresponding
subspace Sk

h of H1
t (curl) (cf. (3.17) below) so that the corresponding finite

element equations for (1.5) becomes

(µ−1(x)Bh,wh) = (J,vh), Bh ∈ Zk
h and for all vh ∈ Sk

h, (1.9)

wherewh = ∇×vh, is in the divergence-free finite element space Zk
h defined

by (2.7). Here vh is not unique, for a given wh. But Bh is the unique
weighted L2-orthogonal projection of B in the previous finite element
space Zk

h.
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Figure 1: The Vk
h finite element (2.6), k = 3. (Showing face nodes.)

The advantage of the new method (1.9) is that we completely ignore
the divergence-free constraint (1.3) on the vector potential u. We do not
need to compute the finite element vector-potential. Of course, if we do
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compute such a finite element potential, it is not of much use as it does
not approximate the potential u of (1.5) at all. A similar idea was used in
[6, 18] where a discrete axial gauge condition is applied to eliminate some
degrees of freedom for the finite element. The finite element potential does
not approximate u either, but its curl does approximate ∇× u = B. The
approach in [6] is based on a graph analysis of grids, while our work
here is directed to finding all divergence-free elements and a set of their
(non divergence-free) vector potentials. Though the method is simpler, it is
limited to rectangular grids in 2D and 3D, for example, an L-shaped domain
equipped with a rectangular grid, at the moment. However, the method
could be extended to other divergence-free finite elements. For example, on
general triangular grids, by choosing the Morgan-Scott complete C1-Pk+1

basis [15] as our potential basis, our method would produce a finite element
solution Bh for (1.9) in the Pk divergence-free finite element space (k ≥ 4, cf.
[19]). In principle, the method can be applied to any divergence-free finite
element method if we are willing to find a basis for the potential space. But
the method is no longer as simple as it is on regular grids.

The new method is also limited to continuous permeability µ(x) in (1.1).
Or it is applicable in combination with the domain decomposition method
when µ(x) is continuous within each subdomain. When µ(x) is piecewise
continuous, the continuity/regularity of B is not fully known, cf. [10] and
references therein. Similar to our method, there are other continuous finite
element methods for the Maxwell equations (1.1), for example, in [12]. To
be precise, the divergence-free finite element here is a continuous, piecewise
polynomials of different degrees in different direction, shown in Figure 1.
Such finite elements are designed and studied in [24] and [25].

2. The finite element discretization and convergence

We consider the static Maxwell equations (1.1). It is assumed the system
(1.1) is consistent in that

∇ · J = 0 in Ω.

We further assume the domain Ω, the coefficient µ(x) and the data J are
smooth enough so that a regularity of H1 or better for the solution (1.1)
holds,

B ∈ Hr(Ω)3 ∩Hn(curl) for some r ≥ 1, (2.1)
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where

Hn(curl) =
{
v ∈ L2(Ω)3 | ∇ × v ∈ L2(Ω)3, n · v = 0 on ∂Ω

}
.

For a vector field B, let u be a vector field determined by (1.2)-(1.4). By the
regularity assumption (2.1), the weak formulation of the potential problem
is (1.5), i.e.,

(µ−1(x)∇× u,∇× v)L2(Ω)3 = (J,v)L2(Ω)3 ,

u ∈ H1
t (curl) and for all v ∈ H1

t (curl). (2.2)

However, we have a constraint, i.e., the gauge condition, for the potential u:

∇ · u = 0 in Ω. (2.3)

For simplicity, we assume that the potential solution u of (2.2) and (2.3)
has a lifting regularity if (2.1) is satisfied:

∥u∥Hr+1(Ω)3 ≤ C∥B∥Hr(Ω)3 . (2.4)

We remark that the assumptions (2.1) and (2.4) are given only for the-
oretical analysis. They are very strong but are really fulfilled when the
domain Ω and the susceptibility function µ are smooth enough. In fact, if
∂Ω ∈ C1,1 or Ω is a convex polyhedron, J ∈ L2(Ω)3, µ ∈ C1(Ω̄) and there
exist two positive constants C0 and C1 such that C0 ≤ µ(x) ≤ C1 for all
x ∈ Ω̄, from Theorems 3.5 and 3.6 and Corollary 3.7 in [7] and a similar
argument for deriving Theorem 5.2 in [10], we find that the solution B of
(1.1) lies in H1(Ω)3, with the bound ∥B∥H1(Ω)3 ≤ C∥J∥L2(Ω)3 . Further-
more, if ∂Ω ∈ C2,1, for the vector potential u determined by (1.2)-(1.4), we
have from Corollaries 3.3 and 3.7 in [7] that u ∈ H2(Ω)3, with the bound
∥u∥H2(Ω)3 ≤ C∥B∥H1(Ω)3 .

In the new method to be proposed, we completely ignore the condition
(2.3) when solving (2.2). The idea is to find any one solution of (1.5), in
the finite element method. We only want the curl of such a finite element
potential, but not the potential itself. That is, in the numerical method
we propose, we seek an approximate solution for B directly, instead of its
vector potential u. As described at (1.7), the original problem for B can be
characterized as: Find B ∈ Zn such that

(µ−1(x)B,w)L2(Ω)3 = (J,v)L2(Ω)3 for all w ∈ Zn

and for all v ∈ H1
t (curl), (2.5)
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where w = ∇ × v, and the spaces Zn and H1
t (curl) are defined in (1.8)

and (1.6), respectively. Please notice that the divergence-free constraint is
omitted in the definition of H1

t (curl). It is interesting to know that, in (2.5),
v is itself a solution of the original Maxwell equations (1.1):

∇× v = w in Ω,

∇ · v = 0 in Ω,

n · v = 0 on ∂Ω.

But in the computation, v are given as some basis functions in the potential
space (without divergence-free constraint).

Next, we introduce a special finite element method for problem (1.1)
based on the above formulation. Let the domain Ω be subdivided into
rectangular cubes, denoted as Th, where h stands for the maximal element
size. The k-th order finite element space is defined by, cf. Figure 1, for all
k ≥ 2,

Vk
h =

{
vh =

(
v1 v2 v3

)T ∈ C(Ω)3
∣∣∣ v1|K ∈ Qk+1,k,k,

v2|K ∈ Qk,k+1,k, v3|K ∈ Qk,k,k+1,∀ K ∈ Th; n · vh|∂Ω = 0
}
, (2.6)

where the polynomial spaces are denoted by their separated degrees

Qi′,j′,k′ =


i′∑

i=0

j′∑
j=0

k′∑
k=0

cijkx
iyjzk

 .

In (2.6), we require k ≥ 2. A divergence-free piecewise polynomial function
would be C1 in x direction for its first component v1, C

1 in y direction for
its second component v2 and C1 in z direction for its third component v3.
This can be seen as (v1)x = −(v2)y − (v3)z while the two functions on the
right side are continuous in x direction. The minimal degree C1-element is
the cubic Bogner-Fox-Schmit element, i.e., the C1-Q3,3,3 element. This is
why we do not allow k = 1 in (2.6). The construction of a potential space
for the divergence-free subspace of Vk

h is based on the Bogner-Fox-Schmit
element, or its higher order extension [25].

The divergence-free finite element spaces are defined by

Zk
h =

{
zh ∈ Vk

h | ∇ · zh = 0 in Ω
}
. (2.7)

The finite element approximation for (2.5) is: Find Bh ∈ Zk
h such that

(µ−1(x)Bh,wh) = (J,vh) ∀ wh ∈ Zk
h, (2.8)
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where vh ∈ Sk
h, defined below in (2.11) and (3.17), such that ∇× vh = wh.

For simplicity, we drop the index L2(Ω)3 for the L2-inner product in (2.8),
and from here on. Traditionally, the potential vh in (2.8) is chosen uniquely
in a divergence-free? space, i.e., ∇ · vh = 0 and ∇ × vh = wh. In our
method, we relax the condition ∇ · vh = 0. But it is still a challenge to find
an “exact” potential finite element space Sk

h for a finite element space Vk
h,

i.e., each wh ∈ Zk
h has a unique vh ∈ Sk

h such that ∇× vh = wh. In other
words, we need to find a space Sk

h such that

∇× Sk
h = Zk

h and {vh ∈ Sk
h | ∇ × vh = 0} = {0}. (2.9)

Toward this purpose, we introduce a larger potential space:

S̃k
h =

{
sh =

(
s1 s2 s3

)T ∈ C(Ω)3
∣∣∣ s1|K ∈ Qk,k+1,k+1,

s2|K ∈ Qk+1,k,k+1, s3|K ∈ Qk+1,k+1,k,∀ K ∈ Th;

∇× sh ∈ Vk
h, n× sh|∂Ω = 0

}
. (2.10)

It is easy to verify that
{
∇× vh

∣∣vh ∈ S̃k
h

}
⊂ Zk

h. But we do not know if S̃k
h

is a potential space for Zk
h yet, that is, if ∇× S̃k

h ⊃ Zk
h. Our goal is to find

one (nonunique) subspace Sk
h ⊂ S̃k

h, in (3.17) next section, satisfying (2.9),
or equivalently satisfying (as ∇× Sk

h ⊂ Zk
h)

∇× Sk
h = Zk

h and dimSk
h = dimZk

h. (2.11)

Therefore, a basis for Sk
h forms a potential basis for Zk

h, under the curl
operator. Again, because

Zk
h = ∇× Sk

h ⊂ ∇× S̃k
h ⊂ Zk

h,

the larger space S̃k
h is also a potential space for Zk

h.
In particular, we have the following inclusions for the conforming finite

element spaces, cf. (1.6) and (1.8),

Sk
h ⊂ S̃k

h ⊂ H1
t (curl) and Zk

h ⊂ Zn.

The advantage of the new method is that we do not need to find a divergence-
free basis for a subspace of the potential space S̃k

h. Nevertheless, it is still
a tedious work to find one Sk

h and one basis for it. Please note that the
definitions of Sk

h and S̃k
h are abstract in (2.9), (2.11) and (2.10). We will

give them constructive definitions next section, after we find the dimension
of Zk

h.
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Theorem 2.1. The finite element equation (2.8) has a unique solution
Bh ∈ Zk

h.

Proof . As we have the weighted L2-inner product as the bilinear form in
the equation (2.8), it has a unique solution in any L2 space, in particular
the space Zk

h. But we have to show that the right hand side is independent
of the choice of vh used in (2.8). First, by (2.10), (2.9) and (2.11), it is
apparent that{

∇× sh | sh ∈ S̃k
h

}
=

{
∇× sh | sh ∈ Sk

h

}
= Zk

h. (2.12)

In fact, this is to be proved in Proposition 3.1 in the next section, as we
have abstract definitions here, i.e., not showing the existence of Sk

h yet. By
(2.12), let v1 be one (unique) such function in Sk

h and v2 be another one in
S̃k
h such that ∇× v1 = wh = ∇× v2. Then the right hand side of (2.8) is

independent of the choice of vi:

(J,v2) = (J,v2 − v1) + (J,v1) = (∇×H,v2 − v1) + (J,v1)

= (H,∇× (v2 − v1)) + (J,v1) = (J,v1).

The theorem is proved.

As we define Zh = ∇×S̃k
h, the approximation property of Zh is inherited

from that of S̃k
h, the space of C1-Qk+1 functions. In particular, the nodal

value interpolation operator Ih on S̃k
h is stable for smoothing functions and

provides an optimal order approximator Ihu to u. This way, we would
get implicitly an interpolation operator (nonlocal) on the space Z to Zh:
(∇ × Ih) ◦ (∇×)−1 where (∇×)−1 is the inverse operator defined by the
solution of (1.5). Via it, we obtain the best order approximation for the
solution Bh without constructing such a wh in the subspace Zh, differently
from the standard procedure. It is possible but difficult to construct a local
interpolation operator preserving the divergence from Z to Zh, cf. [9, 23]
for a few such operators.

Theorem 2.2. The finite element solution Bh, defined in (2.8), approxi-
mates the solution B of (2.5) in the optimal order:

∥B−Bh∥L2(Ω)3 ≤ Chmin{k,r}∥B∥Hr(Ω)3 , (2.13)

assuming the regularity conditions (2.1) and (2.4) hold.
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Proof . This is a standard Céa’s lemma [4]. Subtracting (2.8) from (2.5),
we get the typical orthogonal projection:(

µ−1(x)(B−Bh),wh

)
= 0 ∀ wh ∈ Zk

h.

This, together with the condition: C0 ≤ µ(x) ≤ C1 for all x ∈ Ω̄, implies
that, for all wh ∈ Zk

h,

C−1
1 ∥B−Bh∥2L2(Ω)3 ≤

(
µ−1(x)(B−Bh),B−Bh

)
=

(
µ−1(x)(B−Bh),B−wh

)
≤ C−1

0 ∥B−Bh∥L2(Ω)3∥B−wh∥L2(Ω)3 . (2.14)

Next, let the potential u be defined in (1.5). Let Ihu = uh be the nodal
interpolation of u in finite element space S̃k

h and wh = ∇× uh. The finite
element space S̃k

h is defined in (2.10), but it will be defined again in (3.7) next
section with explicit nodal degrees of freedom (3.8). The nodal interpolation
operator Ih is defined by such nodal degrees of freedom (3.8). It is standard,
cf. for example, [25], to show that Ih interpolates smooth function u in (2.4)
in the optimal order of approximation, for r > 5/2 in (2.4). We note that
for less smooth functions, Ih can be defined as an averaging interpolation
operator such as the Scott–Zhang operator in [8, 20]. Then, by (2.14) and
(2.4), we prove (2.13) as

∥B−Bh∥L2(Ω)3 ≤ C−1
0 C1∥B−wh∥L2(Ω)3 = C−1

0 C1∥∇ × (u− uh)∥L2(Ω)3

= C−1
0 C1|u− Ihu|H(curl) ≤ Chmin{k,r}∥u∥Hr+1(Ω)3

≤ Chmin{k,r}∥B∥Hr(Ω)3 .

We remark that the u above in the analysis is unique, but uh = Ihu may
not be unique. That is, different Ih can be used. Also uh may be defined
by other ways than linear interpolation. What we need, in the analysis and
in computation, is a unique, divergence-free

wh = ∇× uh.

Thus, this allows us to choose uh from a non divergence-free subspace Sk
h,

cf. (3.7), (3.17) and (3.16) below. Of course, in Sk
h uh is unique for wh,

but not unique in S̃k
h. This is different from other computational methods

where uh is also unique, divergence-free. We note that, with an appropriate
boundary condition, a divergence-free and curl-free function in S̃k

h is 0.
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3. 3D divergence-free basis

Let Ω be the cube [0, 1]3 in 3D. The construction can be extended to do-
mains which are a union of rectangular cubes, but not to general polyhedral
domains. Let Th be an uniform grid of n3 cubes on Ω, cf. Figures 4 and 5.

On the grid Th, the finite element space Vk
h of (2.6) is simply the con-

tinuous Lagrange element. The number of nodal degrees of freedom in the
x-direction, for the first component v1 of a Vk

h function vh, on one element
is (k+2). With the continuity constraint and boundary condition n ·vh = 0,
the number of degrees of freedom is [(k+1)n− 1] in the x-direction. In the
y and z directions, the first component is of polynomial degree k, and has
no boundary condition, i.e. v1(x, 0, 0), v1(x, 1, 0), v1(x, 0, 1), and v1(x, 1, 1)
do not have to be zero. So the total degrees of freedom for v1 of vh ∈ Vk

h is
((k + 1)n− 1)(kn+ 1)2. Hence the dimension is, for all three components,

dimVk
h = 3

(
((k + 1)n− 1)(kn+ 1)2

)
= 3k3n3 + 3k2n2 − 3kn+ 3k2n3 + 6kn2 + 3n− 3. (3.1)

In order to find the dimension of the divergence-free subspace of Vk
h, we

introduce the image space of divergence-operator:

P k
h = ∇ ·Vk

h =
{
∇ · vh | vh ∈ Vk

h

}
⊂ Q−1,−1,−1

k,k,k (Th). (3.2)

Here we used a convenient notation so thatQα1,α2,α3

k1,k2,k3
(Th) denotes the space of

functions which has a continuous partial derivative of order αi in xi direction
and is piecewise polynomial of separated degrees ki in xi on the grid Th. For
example,

Q0,1,0
k,k+1,k(Ω) =

{
v ∈ C0(Ω) | vy ∈ C0(Ω), v|K ∈ Qk,k+1,k, ∀ K ∈ Th

}
.

By (3.2), P k
h are discontinuous and piecewise Qk polynomials on Th. The

dimension of discontinuous Qk functions, Q−1,−1,−1
k,k,k (Th), is (k+1)3n3. How-

ever, there are constraints on functions of P k
h at so called singular vertices

and singular edges of Th. The name singular vertex was introduced by Mor-
gan and Scott in [15], cf. also [19, 24]. Here a singular vertex is a vertex
where all planes meeting at the vertex fall into three crossing planes, cf.
Figure 2.

We study the constraints on P k
h functions. Let qh ∈ P k

h and vh =
(v1, v2, v3) ∈ Vk

h be such that

qh = ∇ · vh = ∂xv1 + ∂yv2 + ∂zv3.
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Figure 2: A singular vertex A and a node B on a singular edge, cf. (3.5) and (3.4).

Let node B be inside an edge, shared by four cubes, K+−−,K++−,K+++,
and K+−+, cf. Figure 2. Due to the continuity of vi, we have

qh|K+−−(B) = ∂xv1|K+−−(B) + ∂yv2|K+−−(B) + ∂zv3|K+−−(B),

qh|K++−(B) = ∂xv1|K+−−(B) + ∂yv2|K++−(B) + ∂zv3|K+−−(B),

qh|K+++(B) = ∂xv1|K+−−(B) + ∂yv2|K++−(B) + ∂zv3|K+−+(B),

qh|K+−+(B) = ∂xv1|K+−−(B) + ∂yv2|K+−−(B) + ∂zv3|K+−+(B).

(3.3)

Therefore

qh|K+−−(B)− qh|K++−(B) + qh|K+++(B)− qh|K+−+(B) = 0. (3.4)

That is, {qh(B)} has three degrees of freedom, instead of four, when re-
stricted on the four cubes meeting at B. At a singular vertex A, cf. Figure
2, we repeat the calculation (3.3)–(3.4) within the front four cubes, within
the back four cubes, within the right four cubes, and within the top four
cubes. It follows that

qh|K+−−(A)− qh|K++−(A) + qh|K+++(A)− qh|K+−+(A) = 0,

qh|K−−−(A)− qh|K−+−(A) + qh|K−++(A)− qh|K−−+(A) = 0,

qh|K+++(A)− qh|K−++(A) + qh|K−+−(A)− qh|K++−(A) = 0,

qh|K+++(A)− qh|K−++(A) + qh|K−−+(A)− qh|K+−+(A) = 0.

(3.5)
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By choosing vi appropriately, we can show the three constraints in (3.5) are
linearly independent. That is, the number of degrees of freedom of {qh(A)}
is precisely 4, instead of 8, when restricted on the 8 cubes. Let us give the
details. There are 6 spanning functions v±i . For example, v+1 is defined such
that

∂xv
+
1 |K+−−(A) = 1,

∂xv
+
1 |K−−−(A) = 0.

Note that {∂xv1(A)} has two degrees of freedom instead of 8. Let vector
Vqh,A = (qh|K±±±(A)) consist of the 8 values of {q(A)} on the 8 cubes. We
have the following span, from the divergence of 6 spanning vectors.

{Vqh,A} = span{∇ ·

v+1
0
0

 ,∇ ·

v−1
0
0

 ,∇ ·

 0
v+2
0

 ,

∇ ·

 0
v−2
0

 ,∇ ·

 0
0
v+3

 ,∇ ·

 0
0
v−3

}.

That is,

{Vqh,A} = span{



1
0
0
1
0
1
1
0


,



0
1
1
0
1
0
0
1


,



1
1
0
0
0
0
1
1


,



0
0
1
1
1
1
0
0


,



1
1
1
1
0
0
0
0


,



0
0
0
0
1
1
1
1


}

= span{



1
0
0
1
0
1
1
0


,



0
1
1
0
1
0
0
1


,



1
1
0
0
0
0
1
1


,



1
1
1
1
0
0
0
0


}.

We list all constraints for a P k
h function next.
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1. For each internal vertex A, qh ∈ P k
h has 8 nodal values when restricted

on 8 elements sharing the vertex A. But there are constraints on these
8 values, cf. (3.5). We lose 4 degrees of freedom at each internal vertex
for P k

h . There are (n− 1)3 internal vertices.

2. At each boundary vertex A which is interior to one face square of ∂Ω,
we have only 3 degrees of freedom for the functions in P k

h , where the
4th degree of freedom is lost due to the 2D version singular vertex,
similar to (3.4). There are 6 boundary faces and 6(n − 1)2 internal
face-vertex.

3. On each internal edge, there are 4(k − 1) internal degrees of freedom
for a Qk function, when restricted on the 4 squares sharing the edge.
Such an internal node (B in Figure 2) is also a 2D version singular
vertex where P k

h satisfies (3.4). There are edges in 3 directions and
n(n− 1)2 internal edges each direction.

4. Due to the boundary condition n ·vh = 0, by the divergence theorem,
the average of functions in P k

h is zero, because
∫
Ω qhdx =

∫
Ω∇·vhdx =∫

∂Ω n · vhds = 0. This gives one constraint.

Therefore, with these restrictions, we found the dimension

dimP k
h = (k + 1)3n3 − 4(n− 1)3

− 6(n− 1)2 − 3(k − 1)n(n+ 1)2 − 1. (3.6)

However, the counting above of constraints may not be complete, i.e., there
might be additional constraints. To be complete, we need to find a Vk

h

function for each Q−1,−1,−1
k,k,k (Th) satisfying the four points in the counting.

This is what we did in 2D [24], in order to show the inf-sup condition.
But here we omit this work, but only prove the dimension formula (3.6),
in Proposition 3.1 below. Proposition 3.1 does ensure that the constraint
counting above is correct and complete. Consequently, we find the dimension
of the divergence-free subspace of Vk

h, defined in (2.7),

dimZk
h = dimVk

h − dimP k
h .

Next, we construct the potential spaces. By the conditions in defining
S̃k
h, cf. (2.10), we give another definition to S̃k

h:

S̃k
h =

{
sh = (s1, s2, s3)

T | s1 ∈ Q0,1,1
k,k+1,k+1(Th), s2 ∈ Q1,0,1

k+1,k,k+1(Th),

s3 ∈ Q1,1,0
k+1,k+1,k(Th), n× sh = 0

}
. (3.7)
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By the method in [25], we can show the two definitions for S̃k
h are equivalent.

But in analysis and in computation, we do not need this space S̃k
h. Instead,

we need its subspace Sk
h, defined in (2.11) and (3.17). We omit the analysis

on S̃k
h. By [25], the nodal functionals defining Q0,1,1

k,k+1,k+1 on the reference

element [0, 1]3 are
f( ik ,

j
k−1 ,

l
k−1), 0 ≤ i ≤ k, 0 ≤ j, l ≤ (k − 1);

fy(
i
k , j,

l
k−1), 0 ≤ i ≤ k, 0 ≤ j ≤ 1, 0 ≤ l ≤ (k − 1);

fz(
i
k ,

j
k−1 , l), 0 ≤ i ≤ k, 0 ≤ j ≤ (k − 1), 0 ≤ l ≤ 1;

fyz(
i
k , j, l), 0 ≤ i ≤ k, 0 ≤ j, l ≤ 1.

(3.8)

In particular, we plot the face degree-of-freedom at x = 0 in Figure 3. By
switching x and y, and x and z, the nodal functionals for the other two
components of S̃k

h are defined similar to (3.8).

r f( ik ,
j

k−1 ,
l

k−1)

6fz(
i
k ,

j
k−1 , l)

- fy(
i
k , j,

l
k−1)jfy & fz

������ fyz(
i
k , j, l)

k = 2 :r
r
r
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j
j
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Figure 3: The face nodal values of Q0,1,1
k,k+1,k+1 at x = 0, cf. (3.8).

By (3.8) and the boundary condition n × sh = 0, we would get the
dimension of S̃k

h:

dim S̃k
h = 3(kn+ 1)(kn)2. (3.9)

Though the dimension of S̃k
h is no less than that of Zk

h, it does not necessarily
mean the image of S̃k

h would cover Zk
h under the curl operator. This is to be

shown next, by finding a subspace of S̃k
h which has a kernel {0} under the

mapping of the curl operator.
Define two subspaces of S̃k

h by

S1 =
{
s =

(
s1 0 0

)T ∣∣∣ s ∈ S̃k
h

}
, (3.10)

S2 =
{
s =

(
0 s2 0

)T ∣∣∣ s ∈ S̃k
h

}
. (3.11)

When studying the image space of S1 ⊕ S2 under the curl, we can see that
the curl operator is a one-to-one mapping. Further, by checking the first
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two components of Vk
h and of ∇× (S1 ⊕ S2), the difference is an additional

constraint on the image space, i.e.,

∫ 1

0
∇×

s1
s2
0

 (x0, y0, z)dz =

0
0
c

 , for all 0 ≤ x0, y0 ≤ 1. (3.12)

Here the constant c is the integral of the third component of ∇× (s1, s2, 0),
which may not be zero. Therefore S1 and S2 are not enough to span one
space Sk

h. We need some contribution of the third component of S̃k
h. To

correct (3.12), we need only one degree of freedom for s3 in the z direction.

�
�
�
�
�

�
�
�

�
�

�
�

�
�
�

�
�
�

�
�

�
�
�

�
�

s s s
s s s

s s s
��� ��� ���

-

-

-

���*���*

Top:

u(xj , yl, 1) :

s
s
s

s
s
s

s
s
s

uy(xj , yl1 , 1) :

6 6 6

ux(xj1 , yl, 1) :

-

-

-

uxy(xj1 , yl1 , 1) :

������

Figure 4: The linear functionals in FT (3.14), k = 2, n = 2.

Let the space S3 be spanned by those nodal basis functions on the top
face of Ω, {(x, y, 1) | 0 ≤ x, y ≤ 1}:

S3 =
{
s =

(
0 0 s3

)T ∣∣∣ s ∈ S̃k
h, fi(s3) = 0 if fi ̸∈ FT

}
, (3.13)

where fi stands for one nodal value functional defined in (3.8), and FT is
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defined by, cf. Figure 4,

FT =
{
fi | fi(u) = u((n1 +

j

k − 1
)h, (n2 +

l

k − 1
)h, 1),

ux((n1 + j1)h, (n2 +
l

k − 1
)h, 1),

uy((n1 +
j

k − 1
)h, (n2 + l1)h, 1),

uxy((n1 + j1)h, (n2 + l1)h, 1),

0 ≤ n1, n2 ≤ (n− 1), 0 ≤ j, l ≤ (k − 1), 0 ≤ j1, l1 ≤ 1
}
. (3.14)

We note that the boundary condition n× s3 = 0 restricted ∂xs3 = ∂ys3 = 0
on the boundary edges of top square z = 1, but s3 ̸= 0 there.

Proposition 3.1. Let the spaces Vk
h and Zk

h be defined by (2.6) and (2.7),
respectively. Then

dimZk
h = 2k3n3 + 3k2n2. (3.15)

In addition, dimSk
h = 2k3n3 + 3k2n2 and

∇× Sk
h = Zk

h, (3.16)

where

Sk
h = span{S1,S2,S3}, (3.17)

for Si defined in (3.10), (3.11) and (3.13).

Proof . By the definitions, we have that

Sk
h ⊂ S̃k

h and ∇× Sk
h ⊂ Zk

h.

First, the nodal basis functions in S1 are linearly independent. For a non-
zero s ∈ S1, as long as it is non-zero at one node, its curl is non-zero. The
same reasoning applies to S2 and S3. Therefore

dimS1 = dim(∇× S1) = (kn+ 1)(kn)2, (3.18)

dimS2 = dim(∇× S2) = (kn+ 1)(kn)2, (3.19)

dimS3 = dim(∇× S3) = (kn)2. (3.20)
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Next, we show three functions in ∇ × S1, ∇ × S2 and ∇ × S3 are linearly
independent. Let

c1∇×

s1
0
0

+ c2∇×

 0
s2
0

+ c3∇×

 0
0
s3

 = 0 (3.21)

for some, not all zero, c1, c2, and c3. If c3 = 0, then the first two vectors are
linearly dependent. ∇× (s1, 0, 0) has its first component zero. This leads to
c2 = 0 or ∂zs2 = 0. Because s2(x, y, 0) = 0, by the boundary condition in
(3.7), s2 ≡ 0. Symmetrically, c1 = 0 or s1 ≡ 0.

Let c3 ̸= 0 in (3.21). From the first two components of the integral of
(3.21) in z direction, by (3.12), we get∫ 1

0
∂ys3dz = 0,

∫ 1

0
∂xs3dz = 0.

Thus ∫ 1

0
s3(x, y, z)dz = c0

independent of x and y. Let x = y = 0. By the boundary condition for S3,
c0 = 0. By the definition (3.13), the C1-Pk, 1D spline function s3(x0, y0, z)
has all nodal values 0 except at z = 1. By integrating the nodal basis
function, one would get∫ 1

0
s3(x0, y0, z)dz = Cs3(x0, y0, 1) = c0 = 0, (3.22)

for some nonzero C depending on k and n. Thus s3(x, y, 1) ≡ 0 for all x and
y, by (3.22). Hence s3 = 0. In (3.21), if a ci ̸= 0, then si = 0. The three
vectors in (3.21) are therefore linearly independent.

Hence, for Sk
h defined in (3.17), we have by (3.18) that

dim{∇ × s | s ∈ Sk
h} = dimS1 + dimS2 + dimS3

= (kn+ 1)(kn)2 + (kn+ 1)(kn)2 + (kn)2

= 2k3n3 + 3k2n2. (3.23)

Since {∇ × s | s ∈ span(S1,S2,S3)} ⊂ Zk
h, it follows from (3.23) that

dimZk
h ≥ 2k3n3 + 3k2n2. (3.24)
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On the other side, by counting singular vertices, we know that the dimension
of P k

h is no less than the number given in the right hand side of (3.6).
The dimension could be bigger if we missed any constraints in (3.6).

However, by (3.1) and (3.6),

dimZk
h = dimVk

h − dimP k
h

≤
[
3k3n3 + 3k2n2 − 3kn+ 3k2n3 + 6kn2 + 3n− 3

]
−

[
(k + 1)3n3 − 4(n− 1)3 − 6(n− 1)2 − 3(k − 1)n(n+ 1)2 − 1

]
= 2k3n3 + 3k2n2. (3.25)

By comparing (3.24) and (3.25), (3.15) and (3.6) hold. Finally, by (3.23),
the subspace ∇ × Sk

h is the same as the divergence-free space Zk
h as the

dimension of the subspace is equal to that of the bigger space.

4. Numerical tests

In this section, we report some numerical tests on solving (1.1) on the
unit cube, Ω = (0, 1)3. The grids are obtained by the standard multigrid
refinement, shown in Figure 5.

Figure 5: The first three levels of grids in the computations.

We choose the right hand side function J for (1.1), with µ(x) = 1 there,
as

J = ∇×∇×

g
g
0

 ,

where

g = 212(x− x2)2(y − y2)2(z − z2)2.
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The exact solution for the Maxwell equations (1.1) is

B = ∇×

g
g
0

 . (4.1)

In Table 1 we list the errors in L2-norm for the finite element solutions
of (2.8) and (4.1), for k = 2. Usually, we are interested in the L2 errors
of B, and the H1 errors for its vector potential, cf. for example, page 189
in Monk’s book [13]. The number of conjugate-gradient iterations, used
to solve the linear system of finite element equations up to the order of
discretization error, is listed in the fifth column. Different from the typical
finite element L2 equations, here the condition number for system (2.8) is
not constant, but increases rapidly. This is because the basis functions for
Zk
h in the computation (2.8) are not usual nodal basis, but the curl of nodal

basis functions for S1, S2 and S3. In Table 1, B∗
h is the solution when the

CG stops at roughly the truncation error instead of the machine accuracy.
If we continue the conjugate-gradient iteration to get an exact solution up
to the computer accuracy, the number of conjugate-gradient iterations can
exceed the number of unknowns in the linear system, see the last column
in Table 1. This is not seen (by the authors) in solving other finite element
equations by the CG method.

Table 1: The error and convergence rate for (4.1), k = 2.

level dimZk
h ∥Bh −B∗

h∥L2 hn #CG ∥Bh −Bh∥L2 hn #CG

2 176 0.4283359 87 0.42833299 1118
3 1216 0.0620251 2.8 1051 0.06203413 2.8 10064
4 8960 0.0075215 3.0 2491 0.00752723 3.0 26531
5 68608 0.0008888 3.1 20178 0.00088926 3.1 44000

The order of convergence, n, in the fourth column of Table 1 is cal-
culated by two consecutive errors. We note that the order of convergence
for the computation in Table 1 is one higher than that proved in Theorem
2.2. This is commonly seen, a superconvergence phenomenon on uniform
rectangular grids, cf. [22] for many general results. In fact, to display the
superconvergence, we use a interpolated function

Bh = ∇× IhJ

instead of B = ∇ × J , in Tables 1, 2 and 3. Here IhJ denotes the nodal
interpolation of J in the space S̃k

h.
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Next we compute (2.8) with the solution (4.1) again by the order k = 3
finite element. The convergence is shown in Table 2, one order higher than
the theory predicted. This is again a superconvergence on a uniform grid,
which is not studied in this work. Again, the computer accuracy could be
a problem that the CG iteration could take more than four times of the
dimension. In theory, the CG assumes the exact solution at no more steps
than the dimension, for a positive definite linear system.

Table 2: The convergence of Zk
h, k = 3, for (2.8) with (4.1) .

level dimZk
h ∥Bh −B∗

h∥L2 hn #CG ∥Bh −Bh∥L2 hn #CG

1 81 0.57247233 17 0.57977580 1267
2 540 0.03635564 4.0 123 0.03792754 3.9 13456
3 3888 0.00252970 3.8 2535 0.00253402 3.9 44881
4 29376 0.00016408 3.9 6446 0.00016394 4.0 79135

Finally, we numerically test another exact solution to the Maxwell equa-
tions (1.1), to be fair,

B = ∇× J, J =

0
g
g

 . (4.2)

This is because our potential space Sk
h = S1 ∪ S2 ∪ S3 where S1 and S2 are

full finite element spaces, cf. (3.10) and (3.11). So we intentionally choose
a potential J = (0, g, g) which cannot be approximated by our potential
functions in Sk

h. The error and convergence rate are listed in Table 3, for
k = 3 and k = 4. Comparing to the solutions to (4.1), reported in Table
2, there is no difference in convergence for (4.2), see the first four rows of
Table 3.

When we solve the problem (1.1) with the solution (4.2) by k = 4 finite
element method, as the solution B is inside the finite element space Zk

h, the
finite element solution Bh defined by (2.8) is exactly B. This is shown in
the last row of Table 3. The error would be zero if there is no computer
round-off error, even on the first grid. We note again that the potential in
Sk
h for the solution Bh is totally different from J, but Bh = B. This is the

advantage of the new method, not seeking the unique potential Jh which is
the divergence-free one.

Acknowledgments. The authors thank two anonymous referees who raised
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Table 3: The error of the Zk
h solution to (4.2).

level ∥Bh −B∗
h∥L2 hn # CG dimZk

h

k = 3

1 0.59058868261 0.0 29 81
2 0.03339096705 4.1 121 540
3 0.00232247484 3.8 4734 3888
4 0.00014621751 4.0 15801 29376

k = 4 (B ∈ Zk
h.)

1 0.00000000201 0.0 594 176

many questions and made many constructive comments, which greatly
improve the manuscript.
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