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Abstract

A family of continuously differentiable piecewise polynomials of degree 9 and higher, on general tetrahedral grids, is constructed,
by simplifying and extending the Py element of ZeniSek. A mathematical justification and numerical tests are presented.

The current computing power is still limited for the computation with 3D C finite elements in general. The construction here
mainly serves the purposes of understanding and ensuring the approximation properties of C finite elements spaces on tetrahedral
grids. In particular, this construction indicates that the 3D divergence-free Cy- P; elements have the full order of approximation for
any degree k > 8.
© 2008 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The construction for continuously-differentiable (C1) finite elements are relatively difficult in two and three space
dimensions. Most such C;-element designs were done in 1970s and earlier (cf. Ciarlet [6]). For example, we have
the following well known C; elements, the Bogner—Fox—Schmit Q3 rectangle (1965 [6]), the Argyris Ps-triangle
(1968 [1]), the Bell reduced Ps-triangle (1969 [2]), the Morgan—Scott Pg-triangles (k > 5) (1975 [10]), the Hsieh—
Clough-Tocher P3-macrotriangles (1965 [6]), the reduced Hsieh—Clough—Tocher Pz-macrotriangles (1976 [11]), the
Douglas—Dupont—Percell-Scott Pg-triangles (1979 [7]), the Powell-Sabin P,-triangles (1977 [12]), the Fraeijs de
Veubeke—Sander Pz quadrilateral and its reduced version (1964 [13,8]), and the Zeniek Py tetrahedron (1973 [17]),
It seems the only C element on tetrahedral grids is constructed by Zenisek in [17].

The C; finite elements are not used as popularly as Cp or weaker (nonconforming) finite elements. In general,
the coding and computation of C| finite elements is relatively costing. In addition to the complexity in construction,
this prevents probably further development in C; finite elements in last 30 years. Another reason might be that the
current computer power is too small to compute C; finite elements in 3D (see Section 4). In this work, we modify (and
simplify) the ZeniSek Po tetrahedron [17] to define another Cj- Py finite element on tetrahedron. We further extend
the degree of polynomial of the new C; element to all polynomials of degree k > 9. We may have to admit that such
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high-degree polynomial finite elements in 3D may not be of much practical use in the near future. Nevertheless, this
work is of somewhat interest in mathematics as a gap in C; families of finite elements is filled, since currently only
Cy finite element families are listed in textbooks [6,5].

A main interest in constructing C elements on tetrahedral grids is to understand the approximation properties of C
finite element spaces which contain the curl or the grad of some C;-element spaces on the same grids. For example,
Morgan and Scott constructed a basis for the C- P elements on triangular grids, for all £ > 5 [10]. Subsequently, Scott
and Vogelius proved the stability and the optimal order of approximation, for Co- Py divergence-free finite elements,
i.e., the velocity is approximated by continuous piecewise polynomials of degree k and the pressure is approximated
by discontinuous piecewise polynomials of degree (k — 1) for the Stokes equations, on triangular grids, for all k¥ > 4
[14,15]. The 3D version of the question, what the smallest k is such that the Co-P; divergence-free finite element
is stable for all / > k, was raised explicitly there by Scott and Vogelius. The problem remains open today. By the
construction of Cj finite elements of polynomial degree 9 and higher in this work, we will be able to solve partially
this open problem of Scott and Vogelius that the magic number &k in 3D is 8 or less. The work is to be reported
elsewhere. We note that on special grids, the 3D Scott—Vogelius number k may be lower. For example, k = 3 for the
Hsieh—Clough—Tocher macro-tetrahedral grids, cf. [18].

The rest of this manuscript is organized as follows. In Section 2, the C;- P finite element family is defined. In
Section 3, the finite element is shown to be continuously differentiable, and to have the optimal order of approximation
property, both in interpolation and in Galerkin projection. Also in Section 3, a Cp- P family of Hermite-type finite
elements is constructed, helping the analysis on the C;- P, element. In Section 4, some numerical tests are presented
in supporting the analysis.

2. Construction of a Cy- Py finite element

In this section, we define a family of finite elements. We then show the elements are well defined as the associated
set of linear functions is uni-solvent.

A finite element is defined by a triple (Px, K, Xk ), where K is an element, Pk is a finite dimensional space of
functions defined on K, and X' is a dual basis for the linear functionals on Pk, cf. [6]. In this work, K is a tetrahedron,
Pk is the space of polynomials Py, k > 9. We need to define X'k . This is done in Definition 2.1, where X % is defined

for the reference element (Pk’ K ) 16)' To illustrate the nodal value set of X £ We plot them in Figs. 1-4, where only
the nodal values/derivatives on the front face-triangle are shown.

We note that, when k = 9, the construction of the C; element in Definition 2.1 is similar to the Py element con-
structed by Zenisek in 1973 [17]. However, we simplify ZeniSek’s Py construction by replacing the 2nd-order mixed
derivatives at internal points of face-triangles by 1st-order normal derivatives at appropriate face-points, and by re-
placing the derivatives at internal points of the tetrahedron by the function values at some points.

Definition 2.1. Let the reference unit tetrahedron K be defined by
K={(xy2]0<x 0<y 0<z, (x+y+2)<1}.

For each edge on K, denoted by n and m, we choose arbitrarily two unit vectors orthogonal to the edge. Also n denotes
a normal vector for each face triangle of K. The set of linear functionals, X' p = { f}, is defined by the following nodal

values and derivatives, f(u), for any u € Pk(k ).

1. (Fig. 1) The nodal values and derivatives up to order 4 at 4 vertices p;: {D;u(p;), j=0,1,2,3,4}. Here D;
denotes an order j derivative. For example
Diu(p1) = {ux(p1), uy(p1), uz(pn)}.
The total number of functionals at the 4 vertices is
1.2 2.3 3.4 4.5 5.6
dy=4 —— 4+ 2 "4 7 T4 7 "7 7)) =140. 2.1
U<2+2+2+2+2> @.1)

2. (Fig. 2) The nodal values {u(g;)} at (k — 9) equally-distributed internal points, 2 first order normal deriva-
tives {un(qi), um(q;)} at (k — 8) equally-distributed internal points, and 3 second order normal derivatives
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( Diju, i <4, dim = 4(35) = 140.)

Fig. 1. Degrees of freedom at 4 vertices, for Cy- P, polynomials.

(values on edges, u) (normal to edge, up, um) (2nd, normal, uny, Unm, Umm)

dim = 6(1)(k —9) dim = 6(2)(k — 8) dim = 6(3)(k —7)

Fig. 2. Degrees of freedom at 6 edges, for C|- Py polynomials.

TN N

(nodal values on faces, u) (normal derivatives to faces, uy)
dim:4-w dim:4-w

Fig. 3. Degrees of freedom on 4 face triangles, for C1- Py polynomials.

{unn(gi); unm(qi), uUmm(qi)} at (k — 7) equally-distributed internal points, on each of the 6 edges. The total num-
ber of functionals on the 6 edges is
d, = 6((k — N +2k—8)+3k— 7)) = 36k — 276. (2.2)

3. (Fig. 3) The nodal values {u(r;)} at the standardly-distributed internal points for a 2D Cp- Py_g element (cf. [6]),
and first order normal derivatives {uy(r;)} at the standardly-distributed internal points for a 2D Co- P;_7 element,
on each of the 4 face triangles. The total number of functionals on the 4 triangles is

df=4<(k_8)(k_7) n (k —6)(k —5)

2 2

4. (Fig. 4) The nodal values {u(s;)} at the standardly-distributed internal points for a 3D Cy-Px_g element, inside
the tetrahedron. The total number of functionals inside the tetrahedron is

k—T)(k—6)(k—5 1 107
_ k=7 - )( ):gk3_3k2+?k_35' (2.4)

> =4k> — 52k + 172. (2.3)

d;

We first show that the number of functionals in X' is the same as the dimension of the space of 3D Py polynomials.
For the space of 3D P, polynomials, the dimension is
k+D(k+2*k+3) 1

—k3+k2+£k+1 (2.5)
6 6 6 ' '

dim P, =
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(k=7)(k—6)(k—05)

(internal nodal values, v) dim = 5

Fig. 4. Degrees of freedom inside a tetrahedron, for C1- P polynomials.

Let us add the numbers of linear functionals in the four parts in Definition 2.1:

1 107
dv+de+df+d,=140+36k—276+4k2—52k+172+gk3—3k2+?k—35
I | ,
= K+ —k+ 1 =dim P, (2.6)

Theorem 2.1. The set of functional Xz is a dual basis for Py, i.e., for any v € Py such that f(v) =0 forall f € X,
then v =0.

Proof. Let v € Py = P;. The analysis consists of the following 8 steps.
1. Restricting v on a face triangle z = 0 of the reference tetrahedra K, let

vi(x,y) =v(x,y,0). 2.7

v1 is a polynomial of degree k in (x, y). Further, let vo = v (x, 0) be the restriction of v| on an e@ge y = 0 of the above
triangle. v2(x) is a polynomial of degree k in x. Since D;(p;) = 0 at the four vertices {p;} of K, by Definition 2.1.1,
it follows that

v2(0) = v5(0) = 15 (0) = v5(0) = v (0) = v2(1) = V(1) = vy (1) = v’ (1) = v} (1) = 0.

So va(x) =x7(1 — x)5pk_A10(x) where pr_10(x) is a degree (k — 10) polynomial. Since v(g;) =0 on (k — 9) internal
points g; of each edge of K by Definition 2.1.2, we have

i i
0= —— | =pr— , 1<i<(k-9). 2.8
v2<k—8> Pk 10<k—8> i< (k=9) (2.8)

Since pi—10 is a polynomial of degree (k — 10) and it has at most (k — 10) roots, we conclude that py_j0 =0 as (2.8)
says pr—10 has (k —9) roots, and consequently v>(x) = 0.

2. Since vy (x, y) is identically zero on the edge y = 0, we can factor out this factor, i.e., for some polynomial
v3(x, y) of degree (k — 1),

vi(x, y) =yvi(x,y). (2.9)

Next, restricting eaiv on the edge y =0, we obtain
y

v4(x) = v3(x,0) = %v(x, 0,0)

by (2.9). Hence v4(x) is a polynomial of degree (k — 1). Because at the four vertices, by Definition 2.1.1,

ai+]v
2 _YpH=0 0<i<3,
ayoix P7) '

it follows that
di di
“oy=2%1y=0, 0<i<3.

dix dix
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We can rewrite v4(x) as
va(x) =x*(1 = x)* pr_o(x)

where px_9(x) is a degree (k — 9) polynomial. py_g(x) has (k — 8) zero-points. This is because at (k — 8) internal
points of the edge y = 0 (on the face triangle z = 0), by Definition 2.1.2, the normal derivatives of v are zero vy(g;) =
Um(Qi) == 09 i-e-’

! v T 50)=0 1<i<(k-8)
— - T 4 9 == 9 \l\ - .
P\ =7 ) T oy \=7

We note that as v is identically zero on the edge and v¢ is zero on the edge, where t is a tangent vector to the edge.
Since vy and vy, are zero too at the nodal point, the gradient vector is 0, and so is dv/dy there. Of course, if one of n
or m happens in the direction of y, the above argument is not needed. Therefore py_g(x) = 0 and v4(x) =0. By (2.9),
we can factor out another y from vy:

vi(x, y) =y pr-a(x, y).
By symmetry, we can factor out similarly at all three edges of triangle z = 0:
Vi, y) =y (1= x = )?vs(x, y) = v(x, y,0), (2.10)
where vs5(x, y) is a polynomial of degree k — 6.
3. For the degree (k — 6) polynomial vs(x, y) in (2.10), by Definition 2.1.1, we have
it gitjtm+n
37 ydix v5(0.0)

i.e., v5(x, y) has all derivatives up to order 2 vanished at 3 vertices of the triangle z = 0. Since the second order mixed-
normal derivatives of v, {Umm, Ymn, Vnn}, are zero at (k — 7) internal points of the edge y = 0, by Definition 2.1.2, we
have

:WU(O,O,O)zo, l+j=0,1,2,

. 52 .
v ——0)=cZv(——.0.0)=0, 1<i<®k-7).
k—6 2 \k—6

Here we note again that the three 2nd-order normal derivatives are zero, which ensures all 2nd-order normal derivative
zero, in particular, 9% /0 y2 = 0. When restricting vs on the edge y = 0, it has (2 4 (k — 7)) zero points, one more than
its polynomial degree. Therefore vs5(x, y) = ypx—7(x, y) for some polynomial p;_7 of degree (k — 7). By symmetry,
we conclude that we can factor vs further as vs(x, y) =xy(l —x — y) pr—o(x, y). Consequently we write that

v1(x, y) =y} (1 = x — y)’ve(x, y) = v(x, y,0), Q.11

where vg(x, y) is a polynomial of degree (k — 9).
4. By Definition 2.1.3, v has (k — 8)(k — 7)/2 zero points (distributed by the rule for the standard Cyp- Px_9 finite
element interpolation points) interior to each face. We get that, by (2.11),

i i o o
o \=c L _0)=0, i>0j>0, k—6).
”6<k—6 k—6> U(k—6 k—6 ) £20.7>0. (+))<k=06)

By the standard 2D Lagrange finite element theory, cf. [6], it follows that vg(x, y) =0, as it is a degree (k — 9)
polynomial. Therefore, by (2.7) and (2.11),

vi(x, y) =v(x,y,0)=0,
and we can factor out a factor z from v:

v(x,y,z) =zv7(x,y,2), (2.12)
where v7(x, y, z) is a polynomial of degree (k — 1).

5. We next consider the restriction, on z = 0, of the partial derivative v_, by (2.12),

0
—u(x,y,0)=v7(x,y,2).
0z



224 S. Zhang / Applied Numerical Mathematics 59 (2009) 219-233

As all derivatives up to order 4 are zero for v at the vertices, by Definition 2.1.1, we have
3m+n
axmayn
where p; is one of the three vertices of face triangle z = 0. On the edge y = 0, as all normal derivatives of v,
vp = vm = 0, are zero at (k — 8) internal points,

. ) )
v ——.00)=—v(——,0,0) =0, 1<i<k—8).
k—17 dz \k—17

Since the degree (k — 1) polynomial v;(x, 0, 0) has 8 + (k — 8) = k zero points on edge y = 0, it must be identically 0.
This would allow us to factor y from v7(x, y, 0):

vs(pi) =0, m+n=0,1,2,3, (2.13)

d
U7(x’y70)=yv8(xsy)=a_zv(x,)’,()), (214)

where vg is a degree (k — 2) polynomial in x and y.
6. As all three mixed, 2nd-order, normal derivatives of v on edge y = 0 are zero at (k — 7) internal points, we get
from Definition 2.1.2 and (2.14) that

i 92 i .
vg ,0) = v ,0,0) =0, 1<i<k-17).
k—6 aydz \k—6
In addition, by (2.13), we have also (at vertices)
D;vg(0,0) = D;vg(1,0)=0, i=0,1,2.

Therefore the degree (k — 2) polynomial vg(x, 0) has (k —7) + 6 = (k — 1) zero points on edge y = 0, and it must be
identically zero. So we can factor out another factor y from vg(x, y):

v7(x, 3,0) = yus(x, ) = ¥ pr—3(x, y)
for some polynomial px_3(x, y) of degree (k — 3). By symmetry,
v7(x, y,0) =x2y*(1 —x — ) vo(x, y), (2.15)

where vg(x, y) is a degree (k — 7) polynomial.
7. Since dv/dz has (k — 6)(k — 5)/2 internal zero points inside the bottom triangle z = 0, by Definition 2.1.3, we

get

T Ve (T g 20, 20,50, (+))<(k—4)

v , =C= , , =0, i>0,j>0, (i < (k—4).
Nk—a k-2 dz\k—4 k—4 / /

As vg9(x, y) is a degree (k — 7) polynomial, having (k — 6)(k — 5)/2 zero-points at the standard finite element inter-

polation points inside the bottom face triangle z = 0, by [6], it is identically zero. By (2.15), v7(x, y, ) is identically

zero on the face z = 0 and it can factor out a factor z. By (2.12),

v(x,y,2) =2 pra(x,,2),
for some degree (k —2) polynomial py_»(x, y, z). By symmetry, we can do such factoring on each face of tetrahedron
K to get
_ 222 2
v(x,y,2) =x"yz7(1 —x =y —2)"vi0(x, y, 2), (2.16)

for some degree (k — 8) polynomial vig(x, y, 2).
8. Finally, we determineAvlo(x, v, z) by the internal zero points of v. By Definition 2.1.4, v has (k — 7)(k — 6) (k —
5)/6 internal zeros inside K, i.e.,

i j l i j l . . o
, , =C , , =0, 0, 0,/>0 (+j+! k—15).
v1o<k_5 k—5 k—5> v(k—s k—5 k—5> == >0, (+j+D<( )

By the standard Lagrange finite element theory ([6]), the degree (k — 8) polynomial vig(x, y, z) must be identically
zero. By (2.16),

v(x,y,2) =0.
The proof is completed. O
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Corollary 2.1. Let K be a non-degenerate tetrahedron. The following set of functional Xk is a dual basis for Py,

Yk ={f | (a) derivatives of order 0 to 4 at 4 vertices,
(b) (k —9) values inside each of 6 edges,
(c) 2 normal derivatives at (k — 8) nodes inside each of 6 edges,
(d) 3 2nd-order normal derivatives at (k — 7) nodes inside each of 6 edges,
(e) nodal values at (k — 8)(k — 7)/2 evenly distributed points inside each of 4 face triangles,
() (k—6)(k —5)/2 normal derivatives at evenly distributed points inside each of 4 face triangles,
(g) (k—T)(k —6)(k —5)/6 values at evenly distributed points inside a tetrahedron}.

Proof. The proof for Theorem 2.1 remains the same, where we did not use any special property of the reference K
except the simpler notations. O

We note that the nodal points inside edges, inside face-triangles, and inside tetrahedra, do not need to be evenly
distributed in (2.17), as long as they satisfy certain uni-solvent conditions. But they have to be the same on the
neighboring tetrahedra. For simplicity and practicality, one would assume them evenly distributed as specified by
standard finite elements (cf. [6]).

3. Continuously differentiability and approximation

In this section, we define the C- Py finite element space on tetrahedral grids, and show the continuously differen-
tiability. We then define a Co- Py affine family of finite elements, similar to (2.17). Via the element, we will show the
C1- P, finite element space is an almost-affine family (cf. [6]), i.e., having the optimal order of approximation. We
then apply the finite element to solve a model of biharmonic equation in 3D.

Let £2 be a 3D polyhedral domain, subdivided by a family of quasiuniform tetrahedral grids £2;, = {K}, i.e.,

max h h
max hx < Ch, ——k27K o max =X <, (3.1)
Kes2, mingeg, hk Ke, px

where hg is the diameter of tetrahedron K and pg is the diameter of the largest ball inscribed in K. On each edge of
K € §2;,, we select two normal vectors arbitrarily, but the same for all K sharing the edge. We define the C;- Py finite
element space, on a grid £2,, by

Vi={vlvlk € VK € 23, f(vlk,) = flg,) VS € (Zk, N Zx,)}. (3.2)
Theorem 3.1. Let §2, be a quasiuniform grid (3.1) on $2. The finite element space Vi defined by (2.17) and (3.2) is
continuously differentiable:

Vi C C1(£2).

Proof. Given a v € V. On each element K, it is a P, polynomial, and continuously differentiable. We are left to
show, on each inter-element triangle,

T=KiNK>C{(x 5,2 |L(x y,2) :=ax+by+cz—d=0}, (3.3)
v is continuously differentiable. Let

w(x,y,2) =v(x,y,2) —vi(x,y,2), (x,y,2) €KjUKy,

where v; is a Px polynomial, the restriction of v on K. Then vy is identically zero on Kj. All the nodal values of vy
on the interface triangle T are zero in (2.17). Repeating the steps in the proof for Theorem 2.1 and for Corollary 2.1,
we can factor out two factors L(x, y, z) (defined in (3.3)) from the Py polynomial (on K»):

vo(x, y,2) = L(x,y,2)* pr—2(x, y,2) = (ax + by + cz — d)* pr—2(x, ¥, 2),
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Yk Opv, Omv E&g) 0 OLijm¥, Onijmv (see (3.4))

i

—_—
Pndijm dij,m

Pi4ijm

A\ Pi

Fig. 5. Normal and scaled directional derivatives on an edge.
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nm mm lijm nn,ij,m”

pi
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Pi4ijm

-\ Pi

Fig. 6. Three 2nd order normal and scaled directional derivatives (3.5) on an edge.

Skt O 205 ijumo (see (3.6))

pi Di

PiTijn,m

P

Qijn,m

Tijn ,m\
N
N

i P/ Pl Pj

Fig. 7. Normal derivatives and scaled directional derivatives on a face triangle.

where pr_»(x,y, z) is degree (k — 2) polynomial. Therefore vy is C; over the two neighboring tetrahedra, and so
isv. O

Next we define a Cy- P, element, by replacing the 2 normal vectors at an internal edge-point by the vectors con-
necting the point with the two other vertices (of the tetrahedron) which are not on the edge, cf. Figs. 5-6, and by
replacing the normal vector at an internal face-point by the vector connecting the point with the other vertex (of the
tetrahedron) which is not on the face-triangle, cf. Fig. 7, in (2.17). The purpose of introducing this Co element is to
utilize the standard finite element theory, as this element is of an affine family, i.e., invariant under the affine reference
mapping. We note that as normal derivatives are used in the definition of X'x in (2.17), the C1- P finite element is
not of an affine family (cf. [6] for the definition). To make notations clear, we use the following conventions (see
Figs. 5-7):

o The other two vertices not on an edge p; p; of a tetrahedron K are p; and p,;
e Aninternal edge-point of X'g, on an edge p; p;, is denoted by g;;j m;
o A scaled directional derivative of v at g;; » is denoted by

Oijmv = (Yo(gijm)) - (Pidijm); (3.4)
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A scaled 2nd-order directional derivative of v at g;; ,, is denoted by

— —
O ijm? = (V[VV@Gijm)] - (P1gijm)) - (Pugijm): (3.5)
The other vertex not on a triangle p; p; p; of a tetrahedron K is py;

An internal face-point of Xk, on a triangle p; p; p;, is denoted by 7;j7 m;
A scaled directional derivative of v at r;j; , is denoted by

O ijt.mv = (YOijtm)) - (PaTiftm)- (3.6)

We next define a Cy- Py Hermite type finite element by replacing the normal derivatives in X'x by scaled directional
derivatives, cf. Figs 5-7. Let K € §2, and v € Pg = P4.

Z‘;(O) ={f | (a) derivatives of order O to 4 at 4 vertices of K,
(b) (k —9) values inside each of 6 edges,
(c) two scaled directional derivatives, 9 ;j,mV, On,ijmV, cf. (3.4),

at (k — 8) nodes {g;; n} inside each of 6 edges,

v, and 92 v

(d) three 2nd-order scaled directional derivatives,d> v,0 o, ij,m V>

1,ij,m
defined in (3.5) at (k — 7) nodes inside each of 6 edges,

(e) nodal values at (k — 8)(k — 7)/2 evenly distributed points inside each of 4 face triangles,

2
In,ij,m

(f) (k—6)(k —5)/2 scaled directional derivatives, 9, ;j1,m v at evenly distributed points
{riji,m}, inside each of 4 face triangles
(g) (k —7)(k — 6)(k — 5)/6 values at evenly distributed points inside a tetrahedron}. 3.7

Theorem 3.2. For a non-degenerate tetrahedron K, Z’;{()), defined in (3.7), is uni-solvent on Py.

Proof. The proof could be done by repeating the proof for Theorem 2.1, but the notations would be very complicated.
Instead, the proof here is based on the result of Theorem 2.1 and Corollary 2.1. Let v be a P, polynomial on K. Let
f)=0forall fe X
Since the nodal freedoms, other than normal derivatives, of Z‘;(O) and Yk are the same, we conclude that v is
identically zero on the boundary of K. Therefore all first and second order tangential derivatives of v on K are zero.
At an internal edge-point g;; , where the derivatives are used in Z‘;?) and X', we have three first order directional
derivatives, in the tangential direction pi—p> j» and the two directions connecting the point with the other two vertices,

pna;, m and plq—,‘;, m, all zero. These three vectors are linearly independent because K is non-degenerate. Therefore all
first order derivatives at g;; »,, including the two normal derivatives dyv and dymv used in X'g, are zero.

Next, the normal derivative d,v at each internal face-point used in X'x is zero too. This is because two tangential
derivatives on the face triangle, and a third directional derivative, are all zero (see Fig. 7).

For the second order normal derivatives on edges, used in the definition of Xk, we have a similar argument.
Because v is identically zero on a face triangle, the 2nd order face-tangential derivatives of v are zero, including the
one at an internal edge-point in the two directions, plq_i;-’m and pi_p> - Since all following six 2nd-order (not scaled, cf.
Fig. 6) derivatives at an edge-point g;; , are zero,

. . v=0, ¥ . v=0, ¥_ _ v=0,
PiPj:PiPj PiPj:Plgijm Pi4ij,msPlqij.m
0%, . v=0, 0x. v=0, 8%, ., v=0.
Pi4ij,msPnqijm PiPjsPndijm PndijmsPndijm

Via a change of variables, i.e., a linear transformation, we conclude that the three 2nd-order normal derivatives used
in X'k are all zero too:

32,0(ijm) =0, 82mv(@ijm) =0, 32mv(gijm)=0.
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In conclusion, we have shown that
f@)=0 Vfex¥ — f)=0 VfeZk.
By Corollary 2.1, v=0. O

We next define a Hermite type Co- Py finite element space.
VO ={v vk € P VK € 2. f(olk) = fOlk,) YV € (g N} (3.8)
Since E;(O) and X'k are the same except normal derivatives, shown in Theorem 3.2,
v c Co().
The nodal interpolation operators are defined by
I :Ca(82) = Vi, fUIv) = f(v) Vfe,
2 :cy2) - v, () =rw vrez?.

The next two theorems are the same as corresponding theorems in the Ciarlet book [6], where the approximation
of interpolation of the C-P5 Argyris triangles is established via the Co-Ps Hermit triangles. We remark that Theo-
rems 3.3 and 3.4 may not require the C4(£2) condition, if generalized (boundary-averaging) interpolation operators
are used instead. We refer to [16] and [9].

Theorem 3.3. The Co- Py (k > 9) finite element family Vk(o) has the optimal order of approximation property that, for
0<a<?,
0 i —
|u—1°u| sogy SCHMM BV o0 Ve Cy(2) N HA(2),
and that, for 3 <o < min{f, k + 1},

172
2 i _

{ > u— 10| HL,(K)} < CHMNBRED=e )y o) Yu e C4(2) N HP (2).

Ke.Qh

Proof. Since IT ]EO) preserves Py polynomials locally and Vk(o) is an affine family of finite element spaces, the proof is
standard, cf. Theorems 3.1.2 and 3.1.3 in Ciarlet [6]. O

Since the letters m and [ are to be used as indexes of basis functions, we use Greek letters o and 8 for the Sobolev
space indexes in these two theorems. The next theorem is a 3D version of Theorem 6.6.1 of [6].

Theorem 3.4. The C- Py (k > 9) finite element family Vi has the optimal order of approximation property that, for
allu € C4(2) N HA (),

lu — Mgue]| a2y < CR™™PAFD= s 00, if0<a <2,

12 _
{ >l — Hkun%,a(m} < CRMMPRED= g o), if3 <o <min{B.k + 1)
Kes2,

Proof. Vj is not a regular affine family of finite element spaces. It is almost-affine, by the definition of Ciarlet [6].
The auxiliary space Vk(o) is used in the analysis.
Letu € C4(2) N HP(£2). Ona single element K € 2,

w— M= (u— MOu) + (17w — M) (3.9)
The first term in (3.9) is analyzed in Theorem 3.3. For simplicity, we let the second term be

w = (1" u — Mu) € Pe(K).
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Since the interpolations are same at vertices of K, and same for the function values at the interior points of edges,
faces and the tetrahedron K itself, we separate w into 3 parts:

3
:Z ZZmet(w)¢Kmt» (3.10)

i=1 m

where ¢k i, i = 1,2, 3, are the basis functions of Vk(o) associated with the three types of directional derivatives (see
Figs. 5-7) on K. For a first order directional derivative on an edge (cf. Fig. 5), it is a linear combination of the gradient
vector at the point:
— — — —
,ijmW =Vw(Gijm) Pigijm = OaW(Gij,m) Piqijm M+ OmwW(qij.m) Piqijm M+ 0w (qijm) P1qij,m -t,

where n and m are two selected unit normal vectors on the edge for X'k, and t is a unit tangent vector on the edge
pipj. Therefore

0) - 0) -
A,ijmw = 0n (1T, w — u)(qijm) Pigijm M+ dmw(qijm) (T, w — u)(qijm) Pigijm M
0) —_
+ 0qw(qij,m) (T, — u)(Gijm) Pigijm -t

We note that dgw(g;j,m) =0as w =11 ,50) u — ITiu is identically zero on the edge. But for convenience, we keep the d;
term and denote the three vectors n, m and t by n,,, n = 1, 2, 3, respectively. So

w) = Z fK,m,l (w)¢K,rn.1

—Z¢Km lzann H(O)u —M)(ql/ m) quum .

n=1

By the regularity assumption of tetrahedra in €2, cf. Theorem 6.1.1 in Ciarlet [6],

R —
| p1gijm 0p| < Ch

Ch3/2—ot A

[Pk m.1lH (k) < 98 1| ey

|8nnw(qij,m)| <\/§|17]§0)M Ch /2|M|Hﬁ(K)'

”|W1 K)
Combining the three estimates, we get the optimal order bound for wy in (3.10):
lwil ey < ChP = |u| iy 3.11)

Next, for the term w» in (3.10) containing the second order scaled directional derivatives on the edges of K (cf. Fig. 6),
we estimate it similarly.

wr =Y fKm2(WPK m2

3
0 — —
=§ K .m.2 Z aﬁnl,nnz(ﬂ;f "~ u) (Gijm) Prizam D) Padlijm )
m ni,np=1

where n,,, are the three orthonormal vectors on the edge p; p;, at point g, for ny = 1,2, 3. Then

|Pll]z] m nnl| X
Ipnq,,m Ny, | <C
< h3/2—a o .
|¢K,m,2|H°’(K) S |qK’m’]|Hm(K)v
2 3 ©) B—1/2
annl,nnzw(%lsm” <3|m 7 — ”|W§O(K) < Ch |l 15 (-
Hence,

lwal ey < CHP = |u| o (k). (3.12)
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Finally, for the term w3 in (3.10) containing the scaled directional derivatives on the faces of K (cf. Fig. 7), the
estimation is the same as that for w;. That is

lw3| e k) < ChP = |u| ok, (3.13)
because (cf. Fig. 7)

w3 = Z Jkm3W)PK m3
m

3
= Z¢K,zn,3 Z 8n,,I (HIEO)M - u)(rijl,m) pnﬁj)l,m Ny,
m

n1=I1

where n,, stands for the normal vector on the face triangle and two selected tangential vectors on the face.
The proof is completed by a triangle inequality applied to (3.9). O

We introduce next a 3D model of biharmonic equation, its variational form and its finite element approximation.
We then establish the best order convergence of the finite element solution. We seek the solution of the following
biharmonic equation with homogeneous boundary conditions,

Alu=f, inQCR,

u=~0 on 452, (3.14)
g—’:l =0 on d0%2.

Via integration by parts, we introduce the variational problem, finding u € H02(Q) such that

fAuAv:/fv Vv € HZ(82).
2

2
Let Vpo=Vi N Hg(.Q). The finite element solution uy, is defined by

a(up,vp) = (f,vp) Yve Vo, (3.15)
where a(u, v) = [ AuAv and (f,v) = [ fv.

Theorem 3.5. The finite element solutions from (3.15) converge at the optimal order, i.e.,

lu —unll g2y < CHP 2l gocgy. 2 < B < (k+1).
Proof. The proof follows the Cea’s lemma (cf. [6]) and the approximation property, Theorem 3.4. O
4. Numerical test

In this section, we numerically check that the C1- P, element is well defined. We do a few numerical tests on the
domain of unit cube, which has a tetrahedral grid shown in Fig. 8.

First, we generate the local and global bases for V}, defined in (3.2), corresponding to X'x. We solve local linear
systems and express the basis functions by two methods. In one method, we express the basis function by monomials,

o= Y cpxyd. (4.1)
it j+H<k
In the other method, we express the basis function by the Lagrange C¢ nodal basis functions. The second method does
not improve the round-off error significantly. We report the output data for the first method (4.1) only.
To check the correctness of the computation for generating the basis functions, in Fig. 9, we plot two global nodal
basis functions. On the left side, it is the C1-Pj¢ basis function whose nodal value is 1 at (1/2,1/2, 1/2). On the right

side of Fig. 9, we plot the global C;- Py basis function which has value 1 for one of its two normal derivatives at the
middle of the diagonal edge (see Fig. 8), (1/2,1/2,1/2).
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&

Fig. 8. A tetrahedral grid on the unit cube.
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Table 1

The interpolation errors for vy in (4.2)

Degree k lvg = Mgvyllpoo () Cond(Ajpcal, 2)
9 0.941257465 1.6828 x 101!

10 0.000000548 5.5419 x 1012

11 0.000030431 1.7719 x 1014

12 0.000546004 5.1170 x 1013

13 0.008998926 1.3926 x 1017

14 0.436249056 3.5941 x 10!8

Table 2

The errors of the finite element solutions for (4.3)

||A(u7”h)”L2(Q)

Degree k u—u Alu—u
g I h”LOO(.Q) I1A( h)HLZ(Q) HA"‘”L2(_Q)
9 0.91577142935 6.59061863 0.51004
10 0.00300771334 0.67166077 0.05197
Table 3

The errors of the finite element solutions for (4.5)

”A(u_uh)”LZ(Q)

Degree k lu —upllpoo(2) NA@ = upll 2 A,
9 0.00002775 0.03185083 0.00263929040
10 0.00536660 0.06399795 0.00530313128

Next we test the accuracy of the computer-generated basis functions, and of the nodal-value interpolation operators.
We choose a P function on the cube,

V1, y.2) =20 (x(1 =0yl — )’z - 2). (4.2)

In Table 1, we list the interpolation errors, on the grid shown in Fig. 8. It is supposed that the error for IT;v is
zero if k > 10. The computation is done by Matlab, which has an accuracy of 2.22 x 107!, So the computation
for generating nodal basis functions for Vi loses about 10 significant digits for Ci-Pjo finite elements. Here we
remark that [[vq] @) = 1. As for degree 14 C; finite elements, we lost all 16 significant digits! Which simply
indicates that we could not compute 3D Ci- P4 finite element this way, by (4.1). For the linear system to determine
the coefficients of basis functions on the uniform tetrahedron (see Fig. 8), the condition number (of coefficient matrix
Ajgcal) 18 huge, as listed in Table 1, column 3, for various polynomial degrees. One way to make the 3D Ci- Py
finite element computable might be to construct nodal basis functions directly, as done in [3] and [4] where the basis
for C1-Ps Argyris triangles and the basis for C1-P3; Hsieh—Clough—Tocher triangles are constructed. We leave such
constructions as future research.
We then check the finite element solutions on the grid shown in Fig. 8. We solve the following biharmonic equation

with non-homogeneous boundary conditions,

A%u=f (= A%v)) inf CR3,

u=0 on 952, 4.3)

u—g(=Lv) ond 2.
Here the exact solution is u = vy, defined in (4.2). Since the exact solution is a Pjg polynomial, the finite element
solutions of the C;- Py method should be exactly the same as v itself, for all £ > 10, if there is no round-off error
caused by computer. In fact, again, as seen above, the round-off error is huge. In Table 2, we list the norms of the
errors of the finite element solutions, on the grid shown in Fig. 8. By Table 2, we can see that the relative error in the

energy norm [|A - || 25y is 0.05197, not close to zero.
Finally, we test the finite element solutions for another exact solution of a lower degree polynomial:

va(x, y,2) =2%x(1 = x)y(1 — y)z(l —2). (4.4)
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Then the biharmonic test problem is
A%u=f (=A%) inf2 CR3,
u=0 on dg, 4.5)
ou _

u—g(==2v)  ondf.

Here the exact solution is u = vy, defined in (4.4).

This time, if no computer round-off error, both C1-Py and C1-Pjg finite element methods should give the exact
solution, since the exact solution is a degree 6 polynomial. Again, our computer is too far from enough accuracy
for such high-order elements, unless some special implementation methods are discovered. The errors are listed in
Table 3.
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