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1 Intro duction

The ! -coalescent, someimes also called the coalescemn with multiple collisions, is a Markov
process" whosestate spaceis the set of partitions of the postive integes. The standard ! -
coalescent " starts at the partition of the postive integess into singletons, and its restriction to
[n]:= {1,...,n}, denoted by " ,, isthe ! -coalescert starting with n initial partition elemers.
The measue ! , which is a bnite measue on [0, 1], dictatesthe rate of coalescemre evernts, as
well ashow many of the (exchangealle) partition elemerts, which we will alsorefer to as blocks,
may coalesceinto one at any such event. More precisely, if we defnefor 2" k" b k,b# N
integers,

!b,k::/ xK 21 x)P Kdi( x), (1)
[01]

then the parameter !, ! 0 is the rate at which any collection of k blocks coalescesinto one
new block when the current conbguration has b blocks.

The !-coal escem wasintroduced by Pitman [23], and also studied by Schweinsberg [26]. It was
obtained as a limit of gerealogical treesin Cannings models by Sagitov [25]. The well-known
Kingman coalescen [20] corresponds to the !-coal escem with ! (dx) = "¢(dx), the unit atomic
measue at 0. For this coalescem, eat pair of current partition elemerts coalescesat unit rate,
independertly of other pairs. Papers [1] and [15] are dewoted to stochastic coalescens where
again only pairs of partitions are allowedto coalesce but the coalescemrerateisnot uniform over
all pairs. The survey [1] givesmany pointers to the literature. The! -coalescem gereralizesthe
Kingman coalescen in the sersethat now any number of partition elemeris may mergeinto one
at a coalescerte evert, but the rate of coalescerme for any k-tuple of partition elemerts depends
still only on k. The brst example of such a ! -coalescen (other than the Kingman coalescen)
was studied by Bolthausen and Sznitman [11], who were interested in the special casewhere
I( dx) is Lebesgle measue on [0, 1] in connection with spin glasses. Bertoin and Le Gall [7]
obsewed a correspondence of this particular coalescen to the gerealogy of continuous state
branching processegCSBP). More recertly, Birkner et al. [10] extended this correspondence to
stable CSBP@ to ! -coalescetts, where ! is given by a Beta-distribution. Berestycki et al. [6]
usethis correspondence to study bne small time propertiesof the correspnding coalescens.

A further gereralization of the !-coal escens, known as the coalescents with simultaneous mul-
tiple collisions, was originally studied by Mehle and Sagitov [21] and Schweinsberg [27]. Fur-
ther connections to bridge processesind gereralized Fleming-Viot processesere discovered by
Bertoin and Le Gall [8], and to asymptotics of gerealogies during sekctive sweeps, by Durrett
and Schweinsberg [13].

Our brst goal, in Sedion 2, is to extend the notion of the ! -coalescen to the spatial setting.
Here, partition elemerts migrate in a geogiaphical space and may only coalescewhile sharing
the samelocation. Earlier works on variants of spatial coalescens, someimes also referred
to as structured coalescems, have all assumed Kingman coalescen-like behavior, and include
Notohara (1990) [22], Herbots (1997) [19], and more recerily Barton et al. [3] in the caseof
Pnite initial conbgurations, and Greven et al. [16] with inPnite initial states. A related model
has beenstudied by Zahle et al. [28] on two-dimensional tori. Finally, spatial coalescels are
related to coaleschg random walks, the di#erence being that for coalescng random walks blocks
coalesceinstantaneously when they enter the samesite. Coaleschg random walks have been
studied extensively, in particular as dual processego the voter model, seefor example [12].
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In most of this paper we assume that ! is a bnite measue on [0, 1] without an atom at O or at
1, such that ! ([0, 1]) > 0. At the end of Section 2 we commert on how atoms at 0 or 1 would
change the behavior of the coalescen. We extend the demnition made in (1) by setting! px = 0
forb= 1orb=0,k# N. Deein addition

b /b
lpi= ) <k>! byks (2)
and

b
o= 3 () kS o ®)

k=2

Note that !  is the total rate of coalescermre when the conbguration has b blocks, and that #, is
the total rate of decreasein the number of blocks when the conbguration hasb blocks. From the
above demitions, one may already obsewe (seealso proof of Theorem 1) that the ! -coalescen
canbe derived from a Poissonpoint processon R+ %[0, 1] (R+ := [0, & )) with intensity measue
dtx” 2d!( x) providedthat ! hasno atomat O: If (t, x) is an atom of this Poissonpoint process,
then at time t, we mark ead block independertly with probability x, and subsequerntly merge
all marked blocks into one.

Now consider a bnite graph G, and denote by |G| the number of its vertices. Call the verticesof
G sites. Consider a processstarted from a bnite conbguration of n blocks on sitesin G where
we allow only two typesof transitions, referred to as coalescence and migration respectively:

(i) at ead site blocks coalesceaccording to the !-coal escen,

(ii) the location processof ead block is an independent continuous Markov chain on G with
jump rate 1 and transition probabilitiesp(gi,g;), i, g # G.

Theoriginal I-coal escem of [23] and [26] corresponds to the setting where |G| = 1, somigrations
are impossble. The spatial !-coal escen started from a bnite conbguration {(1,i1),...,(n,in)}
is a well-dened strong Markov process(chain) with state space being the set of all partitions
of [n] = {1,...,n} labeled by their location in G. This will be stated precisely in Theorem 1 of
Section 2 which is dewoted to the construction of spatial !-coal escens" ' with gereral (possbly
inPnite) initial states.

After constructing the gereral spatial !-coal escem, we turn to characterizing thosethat come
down from inpPnity in Section 3. Schweinsberg [26] shows that if

Z#i<& (4)

b#2 P

holds, then the (non-spatial) !-coal escemn started with inPnitely many blocks at time 0 imme-
diately comesdown from inbnity, that is, the number of its blocks at all timest > 0 is bnite
with probability 1; otherwise,the ! -coalescen stays inbnite forever, meaning that it contains
inPnitely many blocks at all timest > 0 with probability 1. Interestingly, Bertoin and LeGall [9]
have recertly found that (4) is equivalent to the almost sure extinction of the assaiated CSBP.

The goal of Section 3 is to show that the spatial ! -coalescen inherits this property of either
coming down from inPnity or staying inPnite, from its nonspatial counterpart. More precisel,
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let (" '(t))wo be the ! -coalescem constructed in Theorem 1, and denote by #'( t) its size at
timet, i.e. the total number of blocksin " '(t), with any label. In Lemma 8 and Proposition 11
we show that condition (4) impliesP[#"( t) < &,'t > 0] = 1, evenif theinitial conbguration
"(0) corntains inbnitely many blocks. In this casewe say that the spatial ! -coalescemh comes
down from inbnity. In Proposition 11 we also show via a coupling to the non-spatial coalescen
that if (4) doesnot hold, provided#"(0) = & and! hasnoatomat 1,thenP[#'( t)= &,'t>
0] = 1. In this casewe sa that the spatial !-coal escem stays inbnite. Theseresuts extend
to the spatial coalescem for which the migration medanism may be more gereral, for example
non-exponertial or depending on the past and in a restricted serse even on the future of the
coalescerce medanism. We include a commert at the end of Section 3.

In Section 4 we cortinue to study the time T, in more detail, which isthe time until there are on
averagetwo blocks per site if there are initially n blocks per site. In particular, in Theorem 12
we obtain an upper bound on its expectation that is not only uniform in n but also, somewtlat
surprisingly, in the structure (size) of G. In thiscase,we say that the coalescem comes down from
inpnity uniformly. The argument of Theorem 12 relieson the independence of the coalescerme
and migration medanisms. Given Theorem 12, the approximation method of [16] secion 7
applies verbatim and enables construction of the spatial !-coal escet on the whole lattice Z9
sothat even if started with inbnitely many partition elemerts at ead site of Z9, at all positive
timesthe conbguration is locally Pnite, almost surely.

Our Pnal goal, in Section 5, is to study space-ime asymptotic propertiesof ! -coalescens that
comedown from inbnity uniformly on large bnite tori at time scakson the order of the volume.
In [16], this asymptotic behavior was studied for the spatial Kingman coalescen where! = #"¢
for some# > 0. It is interesting that on appropriate space-ime scaks, the scaing limit is
again (asin [16]) the Kingman coalescem, with only its starting conbguration depending on the
specibc properties of the underlying !-coal escem. We obtain functional limit theoremsfor the
partition structure and for the number of partitions, in Theorems 13 and 19 respectively.

2 Construction of the coalescent

The construction of the spatial coalesceh on an appropriate state spacefollows quite standard
steps. The construction below is inspired by thosein Evans and Pitman [15], Pitman [23], and
Berestycki [5].
Let P bethesetof partitionson N, which canbeiderntibPedwith the setof equivalencerelationson
N.Any $ # P canberepresenied uniquely by $ = (A1, Az, Az,...) where A; ( N forj ! 1lare
calledthethe blocks of $, indexed according to theincreasing ordering of theset{min A; :j ! 1}
that contains the smallest elemen of eat block. So in particular min A, 1 < min A, for any
n! 2. Likewise,we defne for any n # N, P, asthe set of partitions of [n], and for $ # P, we
have $ = (A1,A2,...,Ap) in an analogous way. We will write A # $ if A ( N isablock of $,
and

Ai) A
if Ai,Aj ( N and A; * A; (A for some(unique) A # $. If the number of blocks of $, denoted
by # $, is bnite, thensetA; = +forall i > #$.

For concretenessin the rest of the paper, let |G| = %for %a positive integerand let the vertices
of Gbe{gs,...,gs}. The spatial coalescen takesvaluesin the setP' of partitionson N, indexed
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as desciibed above, and labelled by G, so
P':= {(Aj,&) A #$,& #G$#P,j! 1}.

Similarly, the coalescen started from n blocks takesvaluesin P}, := {(Aj,&) : A] # $,& #
G$#Pn 1" j" n}.Here,the& # Gisthelabel (or location) of A; # $,j ! 1. Set& ="' #G
if Aj = + For any elemert $ # P' or $ # P, with n! m debne $|n # P}, asthe labeled
partition inducedby $ on P!,. We equip P' with the metric

d($,$9 = sup 2" Mg g0y 8, 8% P (5)

m%N
and likewise P}, with the metric

dn($,$9 = sup 2 M1y gy $,8%4 P
m' n

Since|G| is bnite, it iseasyto seethat d($,$% = sup,, dn($]n,$9n), and that (P}, dn) and (P, d)
are both compact metric spaces.

Note that P' can be interpreted as a subspace of the inbnite product space PR :=
(P4, P, P5,...) endowed with the metric d($,$9 = sup, dn($n,$%) for $ = ($1,%2,...),
$%= ($3,%3,...) # PQ, by identifying $ # P' with ($|1,$|2,$|s,...). Note that this met-
ric induces the product topology on PR and that an elemert ($1,$5,...) of PR is also an
elemert of P' if and only if it fulblls the following consistency relationship,

$n+1ln = $n foralln#N. (6)

n !

In therestof the paper, whenever" * isa spatial coalescem processwe denoteby " the partition
(without the labels of the blocks) of " !, and by

#'( Dwo
the corresponding total number of blocks process.Thus #"( t) isthe number (Pnite or inpPnite)
of blocks in "( t), or equivalertly, in " '(t).

With the above notation we are bnally able to construct the spatial ! -coalescer started from
potertially inPnitely many blocks, as stated in the following theorem. Recal the migration
medanism stated in the introduction: ead block performs an independent continuous Markov
chain on G with jump rate 1 and transition kemel p(3 3.

Theorem 1 Assume that ! has no atom at 0. Let G be a bnite graph with vertex set
{01,%,...,04}. Then, for each $ # P', there exists a cadlag Feller and strong Markov pro-
cess "' on P', called the spatial ! -coalescent, such that " '(0) = $ and

(i) blocks with the same lakel coalesce according to a (non-spatial) ! -coalescent,

(ii) independently, each block of lakel gi # G changes its lakel to g # G at rate p(gi,g) as
mentioned in introduction.

This process also satisbes
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(iii) (" '(t)|n)t#o is a spatial ! -coalescent started from " *(0)|n,

and its law is characterized by (iii) and the initial conbgiration $.

Proof. In order to defne a cadlag Markov process” ! with valuesin PR such that " |, := " |,

is a spatial coalescen starting at " ' (0)|, # P;, for any " '(0) # P', we will make useof stitably
chosenPoissonpoint processes.

For eadh i # [%4 let N; be an independent Poissonpoint processon R+ %[0, 1]%{0, 1}N with
intensity measue dtx” 2!( dx)Py(d(), where ( = ((1,(2,...) isarandom vector whoseertries;
arei.i.d. Bernoulli(x) under Py, defned on someprobability space($,F,F¢,P).

Let ", denote the Kroneder delta measure with unit atom at n. Let M be another independent
Poissonpoint processon the sameprobability space$ with valuesin R+ %N %G’ and intensity
measue given by dt Z(kzl " (dm)P#(dsy,...,dss), where P# is the joint law of independert
G-valued random variables Sy, ..., S, such that P(Sg = ¢j) = p(gi.g), 6i.g # G

n |l

Using the above random objects defne a spatial ! -coalescem with n initial blocks, " |,, on $
for eadh n ! 1 as follows: At any atom (t, x,() of N;, all blocks A;(t$) with &(t$) = g;
and (j = 1 coalescetogether into a new labeled block (Uj =1 9p(t" )= | A (t$),0); at any atom
(t, m,(s1,...,s%)) of M we set &,(t) = sy, ) provided m " #" ,(t$), otherwise nothing
changes. For all othert | 0 we set" | (t) = "} (t$). Note that coalescemre causesimmedi-
ate reindexing (or reordering) of blocks that have neither participated in coalescere nor in
migration, and that this reindexing operation decreasesead index by a non-negative amount.

Since the sum of the above debned jump ratesof " ;, is Pnite it follows immediately that " |, is
a well dened cadlag Markov processon $ for each n! 1 therefore inducing a cadlag Markov

process" ' on PR. It is important to note that each " | so constructed is a ! -coalescer
started from " *(0)|n. Since" !,,; (0)|n = " L(0) and since cleary the consistency condition (6) is

preseved under eadh transition of " | ,; in the construction (this is not always a transition for
"), wehave" |, (t)n = " (1) forallt! 0. Therefore, (" ' (t))txo constructed by " ' ()], =
n !

L(t),n! 1,t! Oiswell-detned. It followsthat "' is a cadlag Markov processwith valuesin
P', which cleary satiskes properties (i)-(iii), and uniquenessin distribution follows similarly.

In order to verify that the semgroup T¢) ($) := E[) (" '(t))|" '(0) = $] is a Feller-Dynkin
semgroup it now su%cesto ched the following two properties (see[24] 111 (6.5)-(6.7)): (i) For
any cortinuous (bounded) real valued function) on P' and all $ # P' we have

Jim T ($)=) (@),

and (ii) for any cortinuous (bounded) real valued function) onP' and allt> 0, $ -. Ty) ($)
is cortinuous (and bounded).

Note that (i) is an immedate consequence of the right-continuity of the paths and continuity
with resgectto (5). One can easly argue for (ii): if " 'K isthe spatial coalescen started from $K
and " ! isthe spatial coalescen started from $ such that limyy  $* = $# P', then, dueto the
demnition of the metric (5) on P!, there exists for all k # N an m = m(k) such that $¥|, = $|m,
with the property m(k) . & ask . & . Thisimpliesthat one can construct a coupling of
"tk and " ! (using the samePoissonpoint processedor all) such that " "k (t)|m = " ' (t)|m for
all t! 0. Henced(" " (t)," '(t)) " 2" (MK)*D forallt! 0and, sincem(k). &, the secom
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property follows due to the continuity of ) . Given that T; is a Feller-Dynkin semgroup the
strong Markov property holds. !

Remark. A variation of the above construction could be repeated for the caseswhere! hasan
atomat 0, i.e.where! (§ = a"o(§+! * (9, forsomea> Oand! * which doesnot have an atom
at 0. This would correspond to superimposing Kingman coalescen type transitions and the
Poissonprocess(! * driven) induced coalescen evernts. The spatial !-coal escen corresponding
to the atomic part a"g is a time-change of the spatial Kingman coalescen and it comesdown
from inPnity uniformly dueto Proposition 3.4 in [16]. Superposition of coalescemredrivenby ! *
can only decreasethe number of particles, so any such ! -coalescet comesdown from inbnity
uniformly. Alsonote that an atom of ! at 1 impliescomplete collapsein Pnite time, evenif the
coalescen corresponding to the measue !( & [0, 1)) staysinbnite. See[23] for further discussion
of atoms. 0

Remark. We stated Theorem 1 for |G| < & . The samePoissonpoint processconstruction, even
in the caseswhere the underlying graph G is an inbnite and bounded degree(or a locally Pnite)
graph, and where the starting conbguration $ # P}, is bnite, cleally works. This fact will be
uselul in Section 5 where we consider G= Z9. To extend the construction to inbnite graphs and
inPniteinitial conbgurations requiresa little more work. As mertionedin theintroduction, given
Theorem 12, one can corveniertly approximate the whole lattice Z9 by largetori to construct a
locally bnite (at all postive times)version of the coalescen, evenif started with inbnitely many
partition elemerts at ead site of the lattice. 0

3 Coming down from inPnity

In this secton, we brst obtain estimateson the coalescere rates and the rates of decreasein
the number of blocks, both in the non-spatial and the spatial setting. Several of theseestimates
will be applied to showing that the spatial ! -coalescen comesdown from inbnity if and only if
(4) holds.

It is easyto see,using demitions (1)-(3), that

= [ IBOSEDAS T g sy, gz [ DXELTAS Ny
[0.1]

X [0.1] x2

(7)

Thefollowing lemmais listing somefacts, which are basedon (7) and somesimple computations.

Lemma 2 We hawe the following esti mates:
(i) Yo $ 1= [ 18 x)P" 1di( x) for b! 2, in particular ! p" 1 peq " 3l p,
(i) #o $ #o= [ (1S (1S x)P)x" di( x) ! 0.
Proof. (i) Notethat $ (1% x)”1 $ (b+ 1)x(1$ x)°+ (1$ x)°+ bx(1$ x)?" 1 = (1$ x)? 1($ (1$ x)2$

(b+ 1)x(1$ x) + (1$ x) + bx), and that the term in the parenthesesequals bx?. Combined with
(7), this givesthe initial statemert of the lemma. The brst inequality ! h+1 ! ! isimmediate.
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The secord inequality follows again from (7), by integrating the following inequality with respect
to!

1% x)P 1" hb$ 1)x 21$ x)P 2" 2" 2 (1$ (1% x)°$ bx(1$ x)¥ 1) X #1[0,1]

which is easyto ched, for example, via the Binomial Theorem.

(ii) The stated property of the sequence # was already noted and usedby Schweinsberg, cf. [26]
Lemma 3. For completenesswe include a brief argument: From (7)

(x+ (1% x) $ (1% x)P)x" 2di( x)
[0,1]

/ (1% (1% x)O)x di( x)! 0.
[0.1]

Hor1 $ #p

The following two lemmasand a corollary are auxiliary resuts, often implicitly obsewed in [23]
or [26], and are of interest to anyone studying bne properties of !-coal escens. Fix a # (0, 1).
Let ! 2 betherestriction of ! to [0, a], namely

1 3([0,x]) = ([0 ,a]/ [0,x]), x # [0, 1].

Let ! b, #2 be denedin (1)-(3) using ! # asthe underlying measue instead of !.

Lemma 3 (i) For each bxed a, such that ! 2((0, 1)) > O, there exists a constant C; = C1(! ,a) #
(0, &) such that for all large b,
ram 1y Cyl .

(ii) Thereexistsana< 1 and C, = Cy(! ,a) # (0,& ) such that for all large b,
Ho" Hp " Co#d.

(iii) If f[O’” %d!( X) = &, in particular if (4) holds, then for each bxed a, the inequalities in (ii)
hold with a congtant C3 = C3(! ,a) # (0,& ).

Remark. For any bxed! let
b
b
* = |
= <k>k. ok
k=2
Thenit iseasyto seethat #,/*,. lasb. &, sostatemerts (ii) and (iii) above extend to the
corresponding *p and *§. 0

Proof. For eath a# (0, 1), the pbrst inequalitiesin both (i) and (ii) are trivial consequences of
| @ being the restriction of ! , the idertitiesin (7), and the fact that 1$ (1$ x)?$ bx(1$ x)?' *
and bx$ 1+ (1$ x)P are both non-negative on [0, 1].

The secor inequality in (i) is easyaswell, since1$ (1$ x)°$ bx(1$ x)? ! is bounded by 1,
which implies

bt 15+ S0, ®
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Then either !y &, in which case(8) implies!? . & asb. &, sothat for all large b,
aiz!([ alp" ! a , or |y stays bnite, in which casethe upper bound is trivial.

The proof of the secom inequality in (ii) is similar. First note that bx$ 1+ (1$ x)?" bx so
that

#Ho! Ho+ g!([ a,1]). (9)
Now it is easyto seeby Lemma 2(ii) that #n1 $ #, is non-decreasng in b sothat #,! (#3$
#)(b$ 2) for eath b. For a chosensuwociently closeto 1, %!([ a,1]) < (#3% #2)/3 (recal ! isa

Pnite measue). Hence, (9) implies#% I (#3% #2)b/2 for all blarge enough and (9) then also
impliesthe upper bound in (ii) since 2!([ a,1]) < (#3$ #)2 < #2.

Part (iii) follows immediately from the argument for (ii), and the following fact (already noticed

by Pitman [23], Lemma 25),
#
—di( x) = I|m —. 10
/[01]X (x)= lim & (10)

In particular, (4) must imply that the left hand side in (10) is inbnite. !

Let the symbol 1 stand for Oasynptotically equivalert behaviorOin the sersethat a, 1 by (as
m . &) if there exist two Pnite postive constants c,C such that

cam" bp" Cap, m! 1.

Lemma 4 We hawe

(i)
(b" 1)
1,1 1[0 ,1/b]+/ —zdl( x)$ b A$7 ~ i %),
[Lb,1] X [1/b,log(2b/ (1" €* 1)) /b] X
(ii)
#,1 BP0, Ub] + b/ —d'( X).
b, 1] X
Proof. (i) To show the brst claim, useexpresson (7) to getfor b! 2,
b b' 1
= / 1$ (1% x) $2bx(1$ X) di( x)
[0,1/b] X
b b' 1
N / 1$ (1% x) $2bx(1$ X) di( ).
[1/b, 1] X
Then note that I (@ 0™ b )P
ST DXAT 0T g x
Jo.um) x? (x) 1, asb. &,

b(b$ 1)!([0 ,1/b])/2
and also that

"y 1 . 1$ (1% x)° . 1
(1seh 2 d(x) /[l/b,l] T2 di( x) /[1 di( x).

[1/b, 1] x2 /b, 1] x2
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A calculus fact, 1$ x " € X, x # [0,1] impliesthat if x I log(2b/(1$ e 1))/b, then (1$ x)°"
% Thisin turn impliesthat

b(l $ X)b“ 1
/[Iog(2b/(l" e*1))/b, 1] ox
" / Md!( X)
[log(2b/ (1" €*1))/b, 1] 2(b$ 1)x
. b1sel 1
m [log(2b/ (1" €# 1)) /b, 1] x2
) b 1$ (1% x)°
2(b$ 1) Jip, 1 X2

di( x)

dl( x)

di( x),

sothat $ f[log(Zb/(l" & 1Y) /b, 1] b(1"+)b#1d!( X) canbeignoredin theasymptotics,and the remaining

term §
/ b(1$ x)?"?
[1/b, log(2b/ (1" €* 1))/b] X
appearsin the asymptotic expresson for ! . (ii) Since#, 1 *y, seethe above remalk, it su%ces
to show the secor statemert for *p, instead As in (7),

di( x),

b' 1 b1
* =D Md!( X)+ b Md!( X),
[0,1/b] X [1/b, 1] X

and sinceit is easyto seethat

1" (1" b# 1

Joamy 55— () 1, ash. &

bi([0 , 1/b]) ’ ' '

while b1
/ Md!( x) 1 / Ed!( X),
[1/b, 1] X [1/b, 1] X

the claim on the asymptotics of #, (i.e., *p) follows. !

Corollary 5 (i) If!'y. &,asb. & thenlimy !pai/l p= 1,

(ii) Since#,. & ,asb. & weoltain that limy #o 1 /#Fp= 1

Proof. (i) By the Binomial Formula, for x # [0, 1],

bilbxz(1$ )P 1 18 (1S x)°$ bx(1$ X)L,

sothat
/ b(1$ x)” Ldi( x) (11)
[0,log(2(b" 1))/ (b" 1)]
2 / 1$ (1$ x)°$ bx(1$ x)”?
b$ 1 Jiol0gc2(r 1))/ (0" 1) x2

n

di( x).
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Since [ioge 1)/t 1,171 S x)P Tdi( x) " z(b.—k?l)!([o ,1]), the conclusion follows by Lemma
2(i), (7, (1) and thefactthat ' ,. &.

(ii) Perhaps the easest way to seethat #,. & whenewer! ([0, 1]) > 0is by using the identity
(10). The statemert thenfollows immediately from Lemma 2(ii), Lemma 4(ii), and the fact that

/ 1$ A8 9% ) b(o ,1/b])+/ “ai x).
[0.1]

X [1/b,1] X

Lemma 6 There exists a bPnite number +! 1 such that for any !, and all b! 3,m! 2 such
that b/m ! 2 we hawe

&
o™ m™ wpm+

Proof. In thislemmawe consider the iderntities(7) for all realb! 1. It su%cesto show that for
somec# (0,&)
'p" Cly (12)

for all b! by wherehy > 2 is somebnite integer Indeed if m # (2%, 2¢*1] for somek then (note
CIogzm = mlogzc¢

" +1 n log, c
! b Ck I b/ 2k+1 cm 92 ' *h/m +»

and now one cantake +> c+ log, c to get the statemert of the lemma. Delne the function
g, . x):=1$(1%$x) $,xAsx) L

Due to represenation (7) for ! it then su%cesto study

13 (@3 XS bx(@s )Pt g(bx)
fp(x) = 5 = :
1$ (1$x)728 dx1$ x)2"t  9(b/2,X)

and show
sup fp(x)" c,
X%0,1]

uniformly in all b! by, Note that fo(0+) = pabzigy = 453 " 8if b! 3and that fy(1) = 1.
Thederivativefg(x) canbewrittenasaratiof ny(x)/f dy(x) wheref dy(x) ! 0and wheref ny(x)

equals

b 3b

x(1$ x)? 2[(b$ 1)(1$ x)Y2$ (b/2$ 1)g$ 5(5 8 1s x)P$ b('g)zx(1$ )P 1],

Therefore f ny(x) < 0 whenever b(b$ 1)(1 $ x)?2 < (2$ 1)5 and in particular whenever
x > 2log8forall b! 4. Soit subcesto show that

sup  fp(x)" c.
x%0,Z log 8]
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For this note that g(b/2,x) | 222 Dy2(1 g x)2" 2 for any x # [0, 1], and that (by expanding
the binomial terms and noting x/ (1 $ x) " %IogS whenever x < %IogS and b! 10)

g(b.x) o 2ms 2 x \"?
O)xzas x)pr2 |Z;n(m ! <1$ x)

b "
. (1$ 2)/(b$ 2)!7 (log8hH" 2, ..
2a§{ N(bs$ D" 2 } (1% 2)! 288",

sincethe term in square bradcets is bounded by 1. !

Now we turn to the spatial setting. Recal that the vertex set of Gis {qgi,...,g#}. Denote by
I'(by, by, ..., ) the total rate of coalescerme for the conbguration with by blocks at site g;,

# b h #
by, by, be) = Y 0> <k)! hk= D b
i=1 k=2 i=1
Similarly, let .
#on, by, ... be) = >
i=1

Denote by 2x3 the integerpart of the real number x and let 4x5:= $23$ x3.

The following two lemmaswill be useil for the proof of the characterization resut given in
Proposition 11.

Lemma 7 Forall %! 1,b! 0,i=1,...,%integers with 7", b > %

(i) # 1 g ! #(by, by, le) ! WP p,

(ii) B S.P ! V(b be) NP
Proof. (i) In order to verify the brst inequality we obsere that for x # [0, 1],
# P ,
% 11 () (1$x)")$ @A$x) =2 (13)
i=1
since one can simply ched that equality holds for x = 0 and that x -. (Zf‘:1 @sx)"Hs s
x) =1 B jsa decreashg function on [0, 1]. Inequality (13) impliesthat
# P, #
O b)x$ 1+ @$x) =21 Y (hx$ 1+ (1$ x)°)
i=1 i=1

for all x # [0, 1]. The brst inequality in (i) now follows from this and from (7), since

# #
#on, by, ... be) = > #y = / X' 2> (ax$ 1+ (1$ x)*)d!( x), (14)
i=1 [0.1] i=1
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forb ! O(if weset0® = 1). Thesecom inequality of (i) isimmedate if Zle b < 2% Otherwise,
we note that “ .
YA x)P L AL x) = B (15)
i=1
by Jenser(3 Inequality since the functiony -. a¥ is corvex for every a > 0. Therefore, (14) is
bounded below by

%/[O,l]x" 2 ( x$ 1+ (1% %) ) di( x),

where, = Z}il b/%. If , isanintegerthenthe last expresson is just % . Now note that the
function, -. ,x$ 1+ (1$ x) isincreasng (for, ! 1) and this impliesthe secor inequality
in (i).

(i) UseLemma 6 to conclude

Db, bp, .. ) " BT
The secor inequality of (ii) is a simple consequence of the fact that there existsa 1" j " %
such that j ! 437, b/%5 and Lemma 2(i). !

Now consider the coalescen (" L. (t))t#0 such that its initial conbguration " !, (0) hasn blocks
at eadh site of G. Let
To:=inf{t>0:#" nu(t)" 29%. (16)

Lemma 8 If condition (4) holds then sup, E[T,] " ngz g

(b

Proof. The argument is an adaptation of the argument by Schweinsberg [26], Lemma 6, to our
situation. In fact we will even use similar notation. For n # N debne Rp := 0 and stopping
times (with respect to the Pltration gererated by " |.,) given by

Ri = I o Rign>2m INH{E> R 0#" g (1) < #° ng(Riv 1)}
o o Rie 2pRimy 1L

In words, R; is the time of the ith coalescerme as long as the number of blocks before this
coalescere exceeds 2% otherwise R; is set equal to the previous coalescere time. Since there
are no more than 2%blocks left after (n $ 2)%coalescere everts, note that

Tn = R(n 2)#-

Of course, it isalsopossblethat T, = R; fori < (n$ 2)% but the above idertity holds almost
surely asRy- 24 = Rj in this case. Let

Li= Ri$Ri"1, Ji=#" n#(Ri» 1) $ #' ne(Ri),

and note that there exists somebnite random number (; such that Rj» 1 = Th< Ti < T4 < ... <
T5}i < Rj, where T}, T}, ... are the successie timesof migration jumps of various blocks from site
tositein betweenthei$ 1th and ith coalesceretime. Let B;(t) be the number of blocks located
at site g; # G at time t. Sincethe total number of blocks doesnot change at the jump timesTji
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forj = 1,...,(i we have due to Lemma 7 (ii) that ! (Bx(T/),...,Bx(T/)) ! !.P Ly Bo(T/)+ =

I.P | Be(Ri# )+ Thisimplies(by coupling of exponertials in a straightforward way) that

1
EILI" (R 01" —p . (17)
"% am Be(Rig1)# +

Alsonote that for all i with " ns(Ri» 1) > 2%

#(Ba(T)),...,Bx(T)))
BT, Ba(T)) 5D

(
EQil" n#(Ri1)] = E Z " (Riv 1)

| cy# o1 Be(Rin1)/#-

P(Lig<g [" n#(Riv 1))

%+&' P Be(Ris 1) +
1#P L Be(R. VI -
- g1, P. - = (18)

Be(Rl# 1)/# +

where the brst equality is a direct conseqience of deitions (2) and (3), and the fact that J; is
the decreasein the number of blocks at the ith coalkescemre time R;. The middle inequality is

dueto Lemma 7 (i) and (ii). From (17) and (18) and the fact that L; = 0 if J; = O we get the
important relation

E[Lil" n#(Ri» 1)] " oy % E[3i]" ns(Riv 1)] (19)
Be(Rl#l)/#
fori! 1. Now
#(n" 2) #(n" 2)
E[Ta]l = E[ > Lil= ) E[ELl"mRi 1)l
i=1 i=1

#(n" 2) 0/§<
[# P I

e
Be(Rl#l)/#
#(n 2) 0/§¢ #(n" 2)Ji" 1
E

i=1 . e=1 Be(Rig1)/#- L

306+1

. o lz ] Z |
b 2

where we have used Lemma 9 below. !

E [Jil" n#(Rj- 1)]]

Lemma 9 For a bxed % let m, n be positive integers such that m # [n%(n + 1)%. For any
k! 1andji,...,jk! 1suchthat Y1, i < m$ 2%and K, ji # [m$ 2%m $ 1] one has

k - o Lo o
T S D (20)

T T #n >
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Proof. Statemert (20) can be proved for ead bxed %by induction in n. The basecasesn = 2
with m > 2%and Z!‘zl ji = m$ 1 explain the extra summands 29#,. Here one also usesthe
fact that (#b)ﬁ,:2 is an increashg seqience (cf. Lemma 2 (ii)). !

Let us now recal the construction in Theorem 1, and dene
T2 := T, from demnition (16),

and
T = T® = supTP = inf{t> 0:#"(t)" 2%,
n

and furthermore delne

T = inf{t> 0:#" ne(t) " k%, TH = supT, k1 3. (21)
n

Note that by monotone corvergerce Trgk) 6 T((k) we have

ET®]= nl)i(m E[T], k1 2.

Corollary 10 If condition (4) holds then for each k ! 2, sup, E[T{1" S3(, % + k’?ikl <
& , and in particular

lim supE[T{¥]= 0.

k)( n

Proof. The upper bound on E[Trﬁk>] can be shown as in the proof of Lemma 8. The seconl
claim above now follows by relation (10) and the obsewation following it. !

We can now establish the following analoguesto Proposition 23 of Pitman [23] and Proposition
5 of Schweinsberg [26] in the spatial setting.

Propositio n 11 Assume that ! hasno atom at 1. Then the spatial ! -coalescent either comes
down from inPnity or it stays inPnite. Furthermore, it stays inbnite if and only if E[T( ] = & .

Proof. Deme T = inf{t! 0: #'( t) < & . The brst statemert coud be shown following
Pitman [23] Proposition 23 by obsewning that P[0< T < & ] > 0 leads to a contradiction. We
choosea di#erent approad, basedon Corollary 10 and coupling with non-spatial coalescens.

Supposethat (4) holds. ThenE[T( ] < &, by Lemma 8, implying T < & almost surely. Also
note that the ! -coalescen comesdown from inbnity due to Corollary 10, since for any t > 0,
and any k! 2,
(k)
E[T
PIT> 1" PIM > g EOCT . L
This veribesthat P[T # {0,&} ]= P[T = 0] = 1, again by Corollary 10.

If (4) doesnot hold, we will show next by a coupling argument that, provided # "(0) = &,
we have P[T # {0,&} ] = P[T = &] = 1. This implies of coursethat P[T( = &] =1
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and E[T( ] = & . So assume that #'(0) = &, i.e. that there exists at least one site g in G
such that " '(0) cortains inPnitely many blocks with label g. Then the spatial coalescen "' is
stochastically bounded below by a coalescing system *', in which any block that attempts to
migrate is assgned to a Ocemetry siteO instead More precisel, the ewlution of the process
*! at ead site is independent of the ewolution at any other site, and its transition medanism
is speciped by:

(i) blocks coalesceaccording to a !-coal escem,

(ii® ead block vanishes(movesto ') at rate 1.

By adapting the construction of "' in Theorem 1, one can easly construct a coupling
(" '(t),"' ()0 on the same probability space, so that at ead time t, and for eat site g
of G, the number of blocks in " '(t) located at g is larger than (or equal to) the number of
blocks in *'(t) located at g. We will show that in any given time interval [0,t], at ead site
of G that initially contained inPnitely many blocks, there are inpnitely many blocks remaining
in ="' (even though there are inbnitely many blocks that do vanishto' by timet). Therefore,
& = #" t)" #'( t) sothat "' staysinbnite.

To show that P[#"{ t) = &] = 1 for each t > O, it will be convenient to construct a coupling
of *'(t) with a new random object " 1(t). Since there is no interaction among the sites of G
in % it su%cesto consider the nonspatial casewhere |G| = 1. Introduce an auxiliary family
(Xj)j#1 of independert exponertial random variables with parameter 1. Take a (non-spatial)
I-coal escen (" 1(5))5%[0,t] such that " (0) = *{0), and in addition augmert the state spacefor
" 1 to accommalate a mark for ead block. Initially all blocks start with an empty mark. At
any s" t, any block A # " 1(s) is marked by ' if {Xmina " S}. In this way, if an already
marked block A coalesceswith a family A1, Ao, ... of blocks, such that min A " min;j (min Aj),
the newblock A * *; A; automatically inherits the mark ' . Note aswell that if a marked block
A coalesceswith at leastone unmarked block containing a smaller elemernt than min A, the new
block will be unmarked.

The number # Y" 1(t) of all unmarked blocks in " (t) is stochastically smaler than the number
# " t). To seethis, note the di#erence between{ t) and " 1(t): a marked block in " %(s) is
not removed from the population immedately (unlike in *j soit may coalesce(and OgaherQ
additional blocks with higher indexed elemerts during [s,t] resdting in a smaler number of
unmarked partition elemertsin " 1(0) than in ' t).

Another random object " 2(t), equal in distribution to " (t), can be constructed as follows: run
a (non-spatial) ! -coalescen (" 2(s))SO/c[O,t], and attach to ead block A # " 2(t) a mark ' with
probability €' t. Let # " 2(t) be the number of all unmarked blocksin " 2(t). Since(4) doesnot
hold, due to the corresponding resut in [26], P[#" %(t) = & ] = 1. Since" (t) and " ?(t) have
the samedistribution, then # Y" 1(t) and # " ?(t) have the samedistribution and by the above
construction we conclude immediately that

1=P#Y2(t)=&]= P (t) = &1.

Recaling that # 1" 1(t) is stochastically bounded above by "{ t) for all t ! 0 completes the
proof. !
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Remark. It isintuitively clearthat in the casein which the !-coal escen " * stays inbnite, there
are inbnitely many blocksin " ' at all positive timesat all sites,a proof of this fact is left to an
interested reacer. 0

Remark. Note that the upper bounds in Lemma 8 and Corollary 10 neither depend on the
structure of G nor on the underlying migration mechanism, aslong asthere is enough indepen-
dence betweenthe migration and coalescerme. Of courseit is easyto construct exampleswhere
the migration OanicipatesCcoakes@nt everts and where the particles shift from sites where a
coalescen event happens in the very near future to siteswithout a coalescem event in the near
future, and where for this reasonthe size of the system stays large for a very long time. In view
of this, it seemsdi%cult to cortrol the behavior of the system when the migration is gereral.
Howewer, after a careful look at the proof the reader will seethat in fact similar estimateswould
hold with any migration medanism for which one has (seethe calculation leadng to (18))

#BUT). ... B4(T)))
L (B1(T)), . Bx(T))’

EQilB1(T}),....B&(T), (i = j," na(Ri» 1)) !

where E(Zj c} Lg=j1!" n#(Ri» 1)) > c for somedeterministic ¢ > 0. 0

4 Uniform asymptotics

The resut of this secion is essenially based on the lower bound in Lemma 7 (i) and the
obsewvation that given X an exponertial (rate ! ) random variable, and another non-negatve
independent random variable T, one has

P(X <T)= %E(X 77).

Hence, one could quickly gereralize the argument comprising (22)-(23) to more complicated
migration medanismsthat are independert of the future of the coalescem medanism.

To make the proof more transparent, we will assume the setting of Theorem 1, where eat block
changesits label (i.e. migrates) at rate 1, independently of the coalescemn mecanism. Recal
the setting of Lemma 8 and Corollary 10, and in particular the brst time T for the spatial
I-coal escem to have k%or fewer blocks when started with n blocks at ead site.

Theorem 12 If (4) holds, then for k! 2

supE[T{®]" (Z:l LS
n b= K #y Hx

Proof. We usethe samenotation as in the proof of Lemma 8, but this time the calculations
are bner. First, bx ani ! 1 (notethe subscriptsi are omitted in a number of placesbelow for
notational corvenience). Recal that (; := max{k : Tli < R;} isthe number of migration everts
in betweenthe (i $ 1)st and ith coalescere time and that Tji are the jump timesand dee

4 #
a:= ) Be(Rir1) = ) Be(Tj) forallj " (.
e=1

e=1
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Alsoset!! = 1; = 1(By(T/),...,Bx(T/)) forall j " (i. We extend the deknition of T/ and ! |

toallj # N by corlsldenng a coupled process" L, which agreeswith " 4 on [Ri» 1, R;) but for
which no coalescerte takesplace. As before, TJI isthe time of the j th migration event and ! ; is
the coalescere rate assaiated with the conbguration at time Tji forall j # N.

Using the brst line of (18) and Lemma 7 (i) aswell asfurther conditioning on (! |)je4y, We obtain

(
EQil" ne(Ri1)] | % a.E [Z', Mig=jy | " ne(Rie 1)]

j=0
[«
= %2 E [ D PG =G Do, " e (Riv 1)]|" n#(Ri"l)]
=
[« RN "l
= %:E _;o!j (glwa)!ﬁa o (Riv 1) | (22)

For the next computation defne an auxiliary i.i.d. sequence (Xj)j#o of exponertial random
variables with parameter a, as well as a seqience (Yj)j#o of independent random variables
where eadh Y; hasan exponertial (rate! j) distribution. Notethat W; := X; 7Y; are exponertial
random variableswith rate a+ ! that are independert of Zj = 1y 5y ;.

Obsewe that conditioned on ((! j)jemn,. " n#(Riv 1)) the X correspond to the Waiting time until

the next migration and theYJ to the waiting time until coalescere aslong asz 1z/=0 %0
theewent {Zo= &a= Z;»1= 0} = {(;! j} isindependert of W;. Th|S|mpI|esthat

|
m
m

[ [ s
E[Lil" ne(Riv1)] = > Wi L oo, " e (R 1)} " i (Rie 1)}

Lj=0

(
= E|E Zle{ss#j} ("o, " n#(Rin 1)] " i (Rir 1)]
=0

(
= E ZE [Wil (" Diong, " ne(Riv 1)]
[1=0

& [Ls#jy| (Do, " nt(Riv 1)] ' " (Riv 1)

( "1
E {Z! (1} hi a) " e (Riv 1)} . (23)

Comparing now the termsin (22) and (23) we bnd that

ELLil" e (Ri- )1 5o —ELJil" ne (Riv )], (24)

where we gained a factor of %1 in the denominator with respect to the analogous relation (19)
in the proof of Lemma 8. The rest of the proof proceed now as the proof of Lemma 8 and
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Corollary 10 and hence we obtain

n

1.k
E[T{ >+
ok o

!
D ePnitio n. We will say that the spatial !-coal escem comes down from inPnity uniformly if

lim supeT = 0.
k)( HPETn

0

In particular, by Proposttion 11 and Theorem 12 any coalescen with independert Markovian
migration medanism that comesdown from inbnity also comesdown from inbnity uniformly.

Example. Let - # (0,2). TheBeta(2$ -, - )-coalescen, where! d Beta(2$ - ,- ) hasdensity
xT') (1% x)) "1/ &2%$ - )&(-) isof special interestin [10]. As already notedin [26], for - # (0, 1]
this (non-spatial) coalescem stays inbnite, and for - # (1, 2) it comesdown from inPnity. By
the previous theorem the spatial Beta(2$ - , - )-coalescen comesdown from inbnity uniformly.
An interesting consequence follows by the resuts of the next secion. 0

5 Asymptotics on large tori

In this secfon we further restrict the setting in the following way:

¥ the graph G is a d-dimensional torus TN = [$N,N]%/ z9 for someN # N, whered! 3
is bxed,

¥ the migration corresponds to a random walk on the torus, meanng that the kernel
p(x,y),x,y # Gisgivenasp(x,y) 8 > ;. y) mod n=0} B(Z $ X), where p is purely d-
dimensional distribution such that ) IX|9*2p(x) < &, and all particles move indepen-
dently of eat other and of the coalescere,

¥ the !-coal escem comesdown from inbPnity (uniformly), i.e., condition (4) holds.

We are concemed here with corvergerce of the I-coal escem partition structure on TN, if time
is rescaéd by the volume (2N + 1)4 of TN, to that of a time-changed non-spatial Kingman
coalesceh asN . & . The main resuts are presetied in Theorem 13 and Theorem 19 The
orem 13 states corvergerce of the partition structure in a functional serse for arbitrary bnite
initial conbgurations. Theorem 19 states corvergernce of the number of partition elemertsin a
functional serseif the initial number of partition elemerts is inpnite.

Remark. There are strong reasors to believe that the behavior of the above system in recurent
dimensions d = 1 and d = 2 is mutually di#erent and di#erent from the behavior in transient
dimensionsd! 3.

Cox [12] veribesthat coaleschng random walks (which formally correspond to spatial coalescelts
with inbnite collapse rate on all k-tuples, i.e. instantaneous collapse of all the individuals on
the samesite) satisfy an analogue of Proposition 18, under appropriate scaing. Howewer, the
limit corresponding to the one in Proposition 18 is di#erent, and can be interpreted in terms of
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Arratia [2] coaleschng Brownian motions on the unit circle.

In the same paper [12] Theorem 6, Cox proves that for coalescng random walks on two-
dimensional tori, under appropriate scaing, the analogue of Proposition 14 holds for sparse
particles. We therefore believe it would not be di%cult to extend Propostion 14 to d = 2,
however a non-trivial analogue of Theorem 13 seemsmuch more di%cult since " 2°(&) is
the trivial partition with ewverything coalescedinto one block, due to recurence. Work in
progress[18] isin part dewoted to the asymptotic analysis of the spatial Kingman coalescen on
two-dimensional tori. 0

We write PN if we want to emphasize that the partitions are labeled by TN . Let

nw NI u NI

and
denote the ! -coalescen started from a partition $ # PN, and the ! -coalescert started from
any partition that contains inPnitely many equivalence classedabeled by (located at) ead site
of TN, respectively. In order to determine the large space-ime asymptotics for " N+, at time
scakson the order of the volume (2N + 1)4 of TN, we imitate a OtotstrappingOargumert from
[16].

Remark. Obsewvethat in [16], only thesingular! = "¢ casewasstudiedin thiscontext. However,
the structure of the argument conceming large space-time asymptotics carries over due to the
cascadng property for gereral (spatial) !-coal escels, in particular due to the fact that any two
partition elemerts $1,$, # " N+'(0) coalesceat rate

22=Y[0,1]) (25)

while they are at the samesite, and that they do not coalesceothemwise. 0

We will needthe following notation: for a marked partition $ # P;, (or $ # P'), and two real
numbersa< b# R, write
$ # [[a, b,

if "i,j withi = j, such that (Aj,&),(Aj,&) # $wehave |&$ &| # [a,b]. In words, $ # [[a, 0]
if and only if all the mutual distancesfor pairs of di#erert partition elemerts of $ are contained
in [a,b].

The following theorem states that, viewed on the right timescae t(2N + 1)9, and after some
initial collapseof a bnite starting conbguration, the partitions of the! -coalescem onthetori TN

with N large behave like thoseof a (non-spatial) time-cdhanged Kingman coalescen. To make
this statemert more precise, we introduce the following notation.

Let G = Zﬁzo Bk (0) where px denotesthe k-step transition probability of a p random walk.

Note that this random walk is transiert on Z9, sothat G < & . Let " 2°! pe the -coal escen
on G = Z9 with migration given by the random walk kemel g, started from partition $ # P'
with #$ < & . The transience of p also impliesexistence of non-trivial limit partitions

n Zd —_— 1 n Zd
(&)= lim " &(),
(&)= lim " &
in the sersethat if #$! 2 then#" ?d(&) I 2 with positive probability.

382



We delne K+ asthe non-spatial Kingman coalescen started in the partition $# P or $ # P,.
This mears that K- isthe ! ¢ -coalescen for ! ¢« = "g and |G| = 1 with initial conbguration
K-(0) = $.

Denote by D(R+,E) the cadlag paths on R, with valuesin somemetric space E, and equip
the spaceD (R, E) with the usual Skorokhod topology. Alsolet O9 Oindicate convergercein

distribution. Set 5

T eva 20

Recal that " N'' starts from a conbguration cortaining inPnitely many blocks, namely the par-
tition "(0) = {j} :j # N}. The theorem below concems the behavior of only bnitely many
blocks. Recal that " N (0)|, istherestriction of the labeled partition " N-'(0) to [n]. In the the-

orem below we usethe abbreviation " \* := " :\'g,!,#(o)h. Again, " N is the processof partitions
corresponding to " .
Theorem 13 Assume that for each bxed n ! 1 and all large N we hawe " N'(0)], =

" N+1.5(0)|,. Then for each n, we ohtain as N . &, the following convergence of the (un-
labeled) partition processes:

"R RN+ DD)wo9 (K, Ho(t)wo,

where convergence is with respect to the Skorokhad topology on D(R +,Pp), and both " N

" 2% are started from the same initial conbguration ™ N ()], # P..

and

Remark. The statemert is a gereralization of Proposttion 7.2 in [16], which deals with the case
of spatial Kingman coalescelts, rather than ! -coalescems and only states convergerce of the
marginals. Nevertheless,the brst part of the argumert is analogous, and we will changeit only
slightly in preparation for Proposition 18 and Theorem 19. 0
As the brst step we will state a resut for the casein which the initial conbguration is sparse
on thetorus, sothat no coalescerme involving more than two particlesmay be seenin the limit.
The gereral case,stated in Theorem 13, will then follow easly.

Propositio n 14 Letay . & besuchthatay/N . 0. Fixn# N, andlet $N* # PN pe such
that # $N' = n1 2, $N! # [[ay, dN]], and such that its corresponding (unlabeled) partition
$N equals a congtant partition $o # P for all N. Then asN . &, we hawe the following
convergence in distribution of the (unlakeled) partition processes.

¢ NA@N + D))o 9 (Kot ) eo,

where the convergence is in the space D(R+, P).

Proof. To simplify the notation we refer to the ith block of $9 as{i}, fori = 1,...,n. In order
to show the cornvergerce on the space D(R+,P) we will prove that the joint distribution of
inter-coalescerte timesconverges,when appropriately rescaéd, to thejoint distribution of inter-
coalesceretimesof K (. 4, and that, at eat coalescemre time, any pair of remaining blocks is
equally likely to coalescenext, seealso[17] for a similar argumert.
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We set /) = 0. Since there are at most n $ 1 coalescere times in gereral, we then defne
recusively stopping timesfork = 1,...,n$ 1,

IR =inf{er AN e Ny = NN D),

aslong as#" N, ,(/N ) > 1. Alsodeme inter-coalescere timesOf := /N $ /X, k" n$ 1.
Let us brst obsewe that for n = 2

PlOY/(2N + 1)% < t]= P[/N/@2N + 1)4<t]. e ™ (27)

uniformly in t # [0,T] forany T < &, by Lemma 7.3 in [16]. Indeed as remarked at the
beginning of this sectfion, the spatial !-coal escen restricted to two-particlesis idertical in law
to the spatial ! 2 »"o(8-coalescen from [16)].

Let Uk be independert exponertial random variableswith parameters. (" & V) fork < n$ 1.
We wish to show the corvergercein distribution of the random vector
©ON/@N + 1)9,...,0N /2N + 1)%) 9 (Ug,...,Upn 1) (28)

asN . & . Thestatemen isclear by (27) if n = 2. In order to show (28) forn ! 2, the brst
step isto seethat, we may exclude the possbility of coalescemre of more than two particles at
any giventime with probability tendingtol1asN . &.

Let /N (i, j) be the time of the coalescere which mergesthe block Al cortaining i and the
block AU) cortaining j, and for eah i denote by &V the label ass@iated with the block A().
Then, we havefor any 0< T < &, and any distinct i, j,k # [n],

T@N+1)d )
/ P [/{“ = /NG ) # du 18D $ &9 ay . o, (29)
0

uniformly over all partitions$N"! # [[ay, dN]J,asN . & . Thestatemert (29) isanalogousto
(3.7) in Cox [12], and follows with exactly the samecalculation. Likewise,a statemert analogous
to (3.8) in [12] holds, saying that uniformly over all $N* # [[an, dN]]

T(2N+1)9
/ P [/{“ = /NG, j) # du, |80 $ &D| aN} .0, (30)
0

asN . & fori,j,k,| # [n] distinct.
Now bPx T < &, 1> 0, and let n > 2. Relation (29) impliesthat for N large enough,

P [#" N(Ny=n$ 1,/ < TN + 1)d] <1 (31)
and together with (30) it impliesthat
ARGy #llan, GNTL/N < TN + <1
A simple induction (using the strong Markov property and uniformity of (29) and (30) int #

[0, T]) yields the following statemert: for eadh k < n$ 1, and any bxed 2 > O, if N is large
enough then

P [#" NNy = n$ kN < TERN + 1)"} <1
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and
P N0 #liaw, ANJL/Y < T(2N + <1,

fork" n$ 2. From this we get that, for any bxed 2> 0, if N islarge enough,
P [#" No.(/N)=n$ k for eath k with /N < T(2N + 1)d} >1$ 2, (32)

and .
P [ Ne+(/N) # [lan,  dNT] for ead k with /N < T(2N + 1)d} > 1% 1. (33)

Moreover, on the evernt
{R < TEN+ %7 {# Na()=ns k1 {"Na()# [[aN,: dNT]}
we have asin (3.1) of [12] that
PO/ @N + 1) > ulF w18 e (2 < 2, (34)

where 2y dependson N only, and where2y . 0,asN . &.

In order to arrive at (28), we show that O is asymptotically mdependert of 0k T ,0} for
alk=2,...,n$ 1 Soconsider for any bxed 0" t4,...,tx, where Zizl ti < T, theevent

AN = K <t OR" 1 <ty oy <ty
kK m YN+ D8 MEN+d KT 2N + 1)d

In particular, on this event we have that /iN < T(2N + 1)d issatisbedfori = 1,...,k. Weobtain

PIAL]

A

[ e e i
+1$ e '"#‘k“’)*“)P[ 1]

Now use(32), (33), and (34) to get

n#(|2<# 1))

Jim P A} N =15 € ( ) lim P AN ]

N )(

By iterating the argument we obtain asymptotic independence. This in turn implies that
# Ny ,(@N + 1)%)09 # K-, (.t ))wo in the Skorokhod topology, sinceby (32), asN . &,

n" 1
Pl# Na®)=n8$ Y Ly, foralt< @N+1)T|. 1,
k=1

sothat the convergerce of the jump times/li\I inn$ 22;11 1{+kN <t} implies corvergerce in the
Skorokhod topology, seefor example Proposition 6.5 in Chapter 3 of [14].
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Finally, (2.8) in [12] statesthat

lim  sup  sup(@N + 1)9p(0,x)$ 2N + 1)" 9| = 0.

N)C  t# (logN)N 2 x%T N
where g(0,x) = P(X (t) = x|X (0) = 0) and X is a random walk on TN. Thisimpliesthat the
posttions of partition elemertsin " ', (/N + (logN )N 2) (notethat (/N + (logN )N 2)/ (2N + 1)4 ;
INT(2N + 1)? are approximately uniformly and independertly distributed on the torus. Dueto
(28), with probability tendingto1asN . &, we also have

# NN + (logN)N2) = #" N N).

Therefore, at time /)., , ea pair of partition elemerts of #" N ,(/N) is approximately equally
likely to coalesce,asisthe casein the Kingman coalescem. This completesthe proof of conver-
gerceon the spaceD (R, P). !

Proof of Theorem 13. Fix n # N. Wewill brst show that, asN . & ," N(N%¥2) = " 2°(&) (note
thisis only a statemert about the partition structure, not the locations), and that " N (N32) #
[[N¥4/ logN, dN]], with probability arbitrarily closeto 1. The statemert of the theorem will
then follow by Proposition 14 if we cortinue running the processfrom time N ¥ 2 onwards, and
usethe strong Markov property, noting that N¥2 = o((2N + 1)9).

Let |[x[|( = maxj=1,.qX;i for x # Z9 denote the maximum norm on Z9. Dene the stopping
time

IN = inf{t> 0:max{|| &l (A &#"N' ()} N}.
Before time /N none of the blocks has readed the boundary of [$N,N]9, sowe may couple
» N and " 2% in a natural way such that " N (t) = * 2 (t) fort " /N,
Note that by the functional CLT, any random walk X on Z9 with random walk kemel g started
at X (0) " % satiskes

im P
N )(

sup [IX (Il < N] =1
0t N32

Sincefor N largeenough, max{&: (A, & # " N (0)[,} " N7 and sincethe coalescem hasat most
n blocks independently performing random walks, we immediately obtain

lim P [/N > N3/2} =1
N)(
In particular, we have

Jim P NN = BN = (35)

To seethat the blocks remaining at time N ¥ 2 are at a mutual distanceof N ¥4/ logN with high
probability, more precisely that

Jm [N (N2 # IN¥4 1ogN, dN]]]= 1 (36)
if su%cesto obsewe that again by the functional CLT,

Jim P [|x1(N3’2)$ X2(N¥2)| < N#/logN | = 0,
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where X1 and X 2 are two independent p-random walks on Z9 started at X 1(0) = X 2(0) = 0.
Due to (36), and the fact that P[X }(t) = X ?(t) for somet ! 0[X}$ XZ=x]. Oas|x|. &
we have,
; wZ9l 32y = v Z9)! -
Jim P [ E N = @) = 1 (37)

Now (35) and (37) imply

Jim PN NI = 2 )] = 1 (38)
!

We will also show a uniform convergerceto the Kingman coalescem, on the sametime scak, in
the serse of the number of blocks, cf. Theorem 19 below. One starts with a bound on the mean
number of partition elemerts left in the coalescert " N at a bxed time, say 1. The following
useful monotonicity property carries over from the spatial Kingman coalesceim setting to the
spatial !-coal escem setting:

Supposethat the blocks of " N*(0) are initially divided into classes’ N-+'(0), " N2!(0),... (in
any prescibed deterministic way) and let (*;" N (t))# o denote the united !-coal escen where
only blocks of the sameclassare allowed to coalesce.

Lemma 15 For eacht > 0,

Ep NI Y _ER V(D)
i

Proof. We can couple" N+ and *;" N applying a modibcation of the Poissonpoint processes
(from the construction of " N') to all the ! -coalescens corresponding to di#erent classes.By
induction it su%cesto construct jointly the coalesceme and migration transition medanisms
for both processes N and *;" NJ+' sothat if the number of blocks of " N is bounded by the
number of blocks of * ; " Nt strictly beforeany (coupled) migration or coalescermetime, the same
will remain true after the transition takesplace. To construct this coupling let " §* = *;* !
and assume a resewroir of independent Poissonpoint processeN;, i # [%4 on R+ %[0, 1] with
intensity measue dt x 21( dx).

Initially link eah block in " §"' with its copy in *;" {1, Let the label processesf blocks in
" Q'! ewlve as stated in Theorem 1. In betweenthe coalescerte transition times, for any block
AS# ;" N which is linked to a block A # " §*', match the ewolution of the label processof

A%with the ewolution of the label processof A.

Given (t, x), a point in the PoissonprocessN;, gererate a sequence of i.i.d. Bernoulli(x) random
variables. To the kth linked pair (according to someprescibed and arbitrary ordering) of blocks
with label i at time t$ assgn the kth Bernoulli variable. Recal that if two blocks are linked,
their label processesare equal so saying that a linked pair has label i makesserse. Note that
there may be unlinked blocks in *;" {\'-.”’! (but not in " {\'.-’!), and to ead such block assgn a

di#erert and unique Bernoulli variable above. To form " "' coalesceall blocks of " ™' with

label i and Bernoulli outcome1, and to form * ;" 1", for each j, coalesceall blocks of * ;" fu1*
in classj with label i and Bernoulli outcome 1.
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Note that if at this transition two blocks A; and A, of " {\" coalesce,then the corresponding

blocks A% and A of *;" {\'.."'! linked to A; and A,, respectively, coalesceonly if they consist
of elemerts of the sameclass. In casethere exist two or more blocks A%, A3, ... in *;" NJ.!|
belonging to di#erent classesand linkedto A1, Ao, ... that have just coalescedinto a new block
A within " N'! at time't, then at timet instantaneously relink Af to A and unlink A%, .... It is
easyto cortinue the ewlution of labels of unlinked blocks of * ;" NJ.' using extra randomness
sothat eah process" N is distributed asthe !-sp atial coalescen.

Since in the above construction, at all times, ea block of " N islinked to a block of * ;" N4t
located at the samesite, cleady #' N (t) " Zj #' Ni(t), and in particular the bound in expec-
tation holds. !
The following lemmais taken from [16] and is similar to Theorem 1 in [4] and the propostion
in Section 4 of [12].

Lemma 16 There is a Pnite constant ¢y such that uniformly in N # N, and in the sequences
(" NO)now satisfying#* N(0) ! (2N + 1)1,

E[# Nt))" cdmax{l,#":(o)}.

Proof. All we needto do is translate the notation and explain the smal di#erencesin the
argumert.

Our !5 is# in [16]. The migration walk p is from the sameclassasin [16]. There are only
two statements in the argument of [16], Lemmas7.4 and 7.5 that depend on the structure of the
underlying coalescem. One is relation (7.50) at the beginning of the argument of Lemma 7.4.
Take Ag # " N (0) and note that, similar to (7.44) in [16],

#* N (" #" N 0)s% Z 1{A0/ LN (A}
I N(0). A&Ag

sothat

Sl MO B NO)S T PRe) g A
I N(0). A&Ag

leadng to (7.46) of Lemma 7.4 in [16], and therefore to relation (7.50) since the remaining
calculations concem the behavior of two partition elemerts (not the joint behavior of seweral
partition elemens).

The other statemert concems (7.58) in the proof of Lemma 7.5: here, the torusis cut up into
boxesand (7.58) statesthat the expected number of blocks is bounded by the expected number
of blocks in a coalescat in which only blocks that start in the sameinitial box may coalesce.
This holds in our setting due to Lemma 15.

Given (7.50) and (7.58), the remaining argumerts are the sameasthosein the proof of Lemmas
7.4 and 7.5 of [16]. !

The next lemma says that the number of the partition elemerts at time 22N + 1)¢ is tight in
N.
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Lemma 17 Fix 0< 1,2¥< 1. Then there exists a constant M? = M °(2,2% such that, for all
M! MO,

lim supP[#" N(12N + 1)) > M]" 2

N )(

Proof. Assume 1< M Dueto Theorem 12, for K # N,

supP[#" N (1) > k(2N + 1)9] supP [T > 1]
N N

NL(K)7 1k
SupsupE[T, "] ey + il
N n b= k b k

Dueto (4) (more precisely observation (10)), the right hand side corvergesto zero ask . &.

Therefore, we may chooseMg ! 1 large enough so that ZE):MO & + Mol#wm, < 2% 2 and also
that Mg > 24, Thenforall M ! My,

P# N(@)> M(@2N + 1)9]" f (39)

Now take M ! Mg and defne the evert AN = {#' N(1) " M(@2N + 1)%}. We then have by
Lemma 16 that

M (2N + 1)d

Ep V(1N + DYIAR]" camax(L gon= ey

2M
}" camax{1, T}'

Note that on A,\N,I we may have #" N(1) I (2N + 1)% and we can apply Lemma 16 directly,
otherwise couple the coalescen (" N(t),t ! 1) with another coalescen N (t),t ! 1) such that
N almost surely dominates" N (t) at all times, at all sites,and such that #' N (0) = (2N + 1),
and apply Lemma 16 to *N. It follows that

P#" N(@2N + 1)%) > M2JAN]" Micd max{ 1, %}.

By conditioning on whether A,\N,I or its complement occurs, using (39)
$

1 2 1
P# N(1@2N + 1)%) > M2 Mcdmax{l,l}+ 145

Since 2% < - we arrive at
supP[# N(1@2N + D)% > M3 28
N

for M | My, which givesthe statemert of the lemmawith M° = (Mg)?2. !

As a consegience, we obtain the following asymptotics for the number of partitionsin " N, a
spatial !-coal escen started from a partition having inbnitely many equivalence classedabeled
by (located at) ead site of TN .
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Propositio n 18 Let (K (t))0 be the (non-spatial) Kingman coalescent started from the parti-
tion K(0) = {{i},i # N}, and let . be debPnal in (26). Then, for each bxed t > 0, we hawe

# NN + 1)% 9 #K (1),
asN . &, whee the alove convergence is in distribution.

Proof. We start with a lower bound on_the asymptotic distribution of #* N(t(2N + 1)9). Let
ay = N¥2sothat ay . & and also” ay/N . 0. For any bxed M one can bnd Ng large
enough sothat for all N ! No, " N*(0) cortains at leastM blocks (say Ai,,...,Aj, ), having
mutual distanceslargerthan  ay. Let N bethe" N+ coalescen restrictedto {Ai,,...,Ai, }-
Then cleary

# NieN + 1)1 #<N@EE@N + 1)9). (40)

As a consequence of (the proof of) Theorem 13, foranyt> 0, asN . &,
P#“N(@@N + 1) = k]. PHKu(t)=k], k=1,...,M,

where Ky (3 is the Kingman coalescen started from partition {{ 1},...,{M}} . By (40), for
k=1,...,M,

Im(ian[#" Nt@N + )% 1 k] ! |i’\|l-r;(infp[# “N(t@2N + 1)% 1 K]
= PH#Knm(t)! Kl

TakingM . & onboth sidesand using the well-known coming down (or entrance law) property
for K (3, we getforeadh k! 1,and eaht > 0O,

im inf P [ N(t@N + 1% 1 k]! PIK(t)! K] (41)

To get the upper bound corresponding to (41), we useLemma 17. Namely, bx 2,2%# (0,17 t/ 2),
and bnd the corresponding M © = M 9(2/2,29. Running the conbguration " N' (22N + 1)d/2)
for an additional N2 << 2(2N + 1)9/ 2 units of time will resut in " N'(2(2N + 1)¢/2+ N¥2),
On the evert {#" N (22N + 1)4/2) " M9, that has probability greater than 1$ 2% we have
{#" N(22N + 1)4/2+ N¥2)" MO}, and moreover due to (36), for N su%ciertly large, all the
(fewer than M ©) partition elemerts of " N' (2(2N + 1)9/ 2+ N ¥2) are at mutual distanceslarger
than N ¥4/ logN with probability closeto 1. More precisel, if we let Cy -wm o betheevent that

" N’!(2(2N + l)d/2+ N3/2) # [[N 3/4/ IOgN,. aN]] and
# N(@2@2N + 1)%2+ N¥2) " MO

then, for all su%ciertly largeN,
P[Cn.-mol! 1$ 22° (42)

Again by the proof of Theorem 13, on Cy .y o Wwe havefork = 1,...,M 0. almost surely

IP# N(t@N + 1)7) ! KIF (2N +1)0/ 2+ N3/ 2]
1 n
$ PI# Ky wienenygzensn( (88 2) 1K™ 2,
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further implying,

P N(E@N+ DY ! K Cy moISEPH Ky v onsryazenez(t$2/2) 1 Klle o]l 2u,
(43)
where2y . 0asN . & . Now use
P[# K#! N(-(2N+l)d/2+N3/2)('t) I k]lcN,fB,Mo " P[# KMo(.t $ 2/2)' k]lcN,$,M°

"OPHK(t$2/2)! Klic

N.$MO

together with the fact that Cg MO happens with probability smaler than 22*to obtain from
(43) that

lim supP[#" N(t@2N + 1)) 1 k1" 428+ P#K(t $ 2/2)! K]

N)(

The last statemert is true for any 2% 2> 0, and this combined with (41) gives

Jim P Nt@2N + )91 k)= P(K(t)! k), k! 1 (44)

Remark. Before corntinuing, note an interesting consequience of (41):
If tn = o((2N + 1)9) then

' w N k]! lim lim i w N A1 k)= !
Jim PR Ntn) UK limliminf PR N E@N + D)1 K= 1k L (45)
or equivalertly, #' N(ty). & in probability asN . &. 0

An even stronger form of corvergerceis true. It holds in any setting where Propostion 18 and
Theorem 13 hold, in particular in the setting of [16], although there it doesnot appear explicitly.
Its analogue is important for the di#usive clustering analysis in the two-dimensional setting of

[18].
Theorem 19 Let (K (t))tz0 be asin Propostion 18. Then for each bxed a > 0, we hawe
@ NN+ DNwad #K())wa,
asN . &, whee the convergence is with respect to the Skorokhod topology on cadlag processes.
Proof. As a consequence of (42) we have for any bxeda > 0,
NIi)En P[* N'(a@2N + 1)) # [[N¥ 4 IogN,: dN]l = L (46)

Together with the convergerce of marginals in Proposition 18, and Theorem 13, this yields the
current statemern. !
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