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1 I ntro duction

The ! -coalescent, sometimes also called the coalescent with mult iple collisions, is a Markov
process" whosestate space is the set of part it ions of the posit ive integers. The standard ! -
coalescent " starts at the part it ion of the posit ive integers into singletons, and its restriction to
[n] := { 1, . . . , n} , denoted by " n , is the ! -coalescent start ing with n init ial part it ion elements.
The measure ! , which is a Þnite measure on [0, 1], dictates the rate of coalescence events, as
well as how many of the (exchangeable) part it ion elements, which we will also refer to as blocks,
may coalesceinto one at any such event . More precisely, if we deÞne for 2 " k " b, k, b # N
integers,

! b,k :=
∫

[0,1]
xk" 2(1 $ x)b" kd!( x), (1)

then the parameter ! b,k ! 0 is the rate at which any collection of k blocks coalescesinto one
new block when the current conÞguration has b blocks.

The !-coal escent was int roduced by Pitman [23], and also studied by Schweinsberg [26]. It was
obtained as a limit of genealogical t reesin Cannings models by Sagitov [25]. The well-known
Kingman coalescent [20] corresponds to the !-coal escent with ! (dx) = "0(dx), the unit atomic
measure at 0. For this coalescent , each pair of current part it ion elements coalescesat unit rate,
independent ly of other pairs. Papers [1] and [15] are devoted to stochastic coalescents where
again only pairs of part it ions are allowed to coalesce,but the coalescencerate is not uniform over
all pairs. The survey [1] givesmany pointers to the literature. The ! -coalescent generalizesthe
Kingman coalescent in the sensethat now any number of part it ion elements may merge into one
at a coalescence event , but the rate of coalescence for any k-tuple of part it ion elements depends
still only on k. The Þrst example of such a ! -coalescent (other than the Kingman coalescent)
was studied by Bolthausen and Sznitman [11], who were interested in the special casewhere
!( dx) is Lebesgue measure on [0, 1] in connection with spin glasses. Bertoin and Le Gall [7]
observed a correspondence of this part icular coalescent to the genealogy of cont inuous state
branching processes(CSBP). More recent ly, Birkner et al. [10] extended this correspondence to
stable CSBPÕs to ! -coalescents, where ! is given by a Beta-distribut ion. Berestycki et al. [6]
usethis correspondence to study Þne small t ime propert iesof the corresponding coalescents.

A further generalization of the !-coal escents, known as the coalescents with simultaneous mul-
ti ple collisions, was originally studied by M¬ohle and Sagitov [21] and Schweinsberg [27]. Fur-
ther connections to bridge processesand generalized Fleming-Viot processeswere discovered by
Bertoin and Le Gall [8], and to asymptotics of genealogies during selective sweeps, by Durrett
and Schweinsberg [13].

Our Þrst goal, in Sect ion 2, is to extend the notion of the ! -coalescent to the spatial sett ing.
Here, part it ion elements migrate in a geographical space and may only coalescewhile sharing
the same location. Earlier works on variants of spatial coalescents, sometimes also referred
to as structured coalescents, have all assumed Kingman coalescent-like behavior, and include
Notohara (1990) [22], Herbots (1997) [19], and more recent ly Barton et al. [3] in the caseof
Þnite init ial conÞgurations, and Greven et al. [16] with inÞnite init ial states. A related model
has been studied by Z¬ahle et al. [28] on two-dimensional tori. Finally, spatial coalescents are
related to coalescing random walks, the di#erencebeing that for coalescing random walks blocks
coalesceinstantaneously when they enter the same site. Coalescing random walks have been
studied extensively, in part icular as dual processesto the voter model, seefor example [12].

364



In most of this paper we assume that ! is a Þnite measure on [0, 1] without an atom at 0 or at
1, such that ! ([0, 1]) > 0. At the end of Section 2 we comment on how atoms at 0 or 1 would
change the behavior of the coalescent . We extend the deÞnit ion made in (1) by sett ing ! b,k = 0
for b = 1 or b = 0, k # N . DeÞne in addit ion

! b :=
b∑

k=2

(
b
k

)
! b,k, (2)

and

#b :=
b∑

k=2

(
b
k

)
(k $ 1)! b,k. (3)

Note that ! b is the total rate of coalescence when the conÞguration has b blocks, and that #b is
the total rate of decreasein the number of blocks when the conÞguration hasb blocks. From the
above deÞnit ions, one may already observe (seealso proof of Theorem 1) that the ! -coalescent
can be derived from a Poissonpoint processon R + %[0, 1] (R + := [0, & )) with intensity measure
dtx" 2d!( x) provided that ! hasno atom at 0 : If (t, x) is an atom of this Poissonpoint process,
then at t ime t, we mark each block independent ly with probability x, and subsequent ly merge
all marked blocks into one.

Now consider a Þnite graph G, and denote by |G| the number of its vert ices. Call the vert icesof
G sites. Consider a processstarted from a Þnite conÞguration of n blocks on sites in G where
we allow only two typesof t ransit ions, referred to as coalescence and migration respectively:

(i) at each site blocks coalesceaccording to the !-coal escent ,

(ii) the location processof each block is an independent cont inuous Markov chain on G with
jump rate 1 and transit ion probabilit iesp(gi , gj ), gi , gj # G.

The original !-coal escent of [23] and [26] corresponds to the sett ing where |G| = 1, somigrations
are impossible. The spatial !-coal escent started from a Þnite conÞguration { (1, i 1), . . . , (n, i n )}
is a well-deÞned strong Markov process(chain) with state space being the set of all part it ions
of [n] = { 1, . . . , n} labeled by their location in G. This will be stated precisely in Theorem 1 of
Section 2 which is devoted to the construction of spatial !-coal escents " ! with general (possibly
inÞnite) init ial states.

Af ter constructing the general spatial !-coal escent , we turn to characterizing thosethat come
down from inÞnity in Section 3. Schweinsberg [26] shows that if

∑

b# 2

1
#b

< & (4)

holds, then the (non-spatial) !-coal escent started with inÞnitely many blocks at t ime 0 imme-
diately comesdown from inÞnity, that is, the number of its blocks at all t imes t > 0 is Þnite
with probability 1; otherwise, the ! -coalescent stays inÞnite forever, meaning that it contains
inÞnitely many blocks at all t imest > 0 with probability 1. Interestingly, Bertoin and LeGall [9]
have recent ly found that (4) is equivalent to the almost sure ext inction of the associated CSBP.

The goal of Section 3 is to show that the spatial ! -coalescent inherits this property of either
coming down from inÞnity or staying inÞnite, from its nonspatial counterpart . More precisely,
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let (" ! (t)) t# 0 be the ! -coalescent constructed in Theorem 1, and denote by #"( t) its size at
t ime t, i.e. the total number of blocks in " ! (t), with any label. In Lemma 8 and Proposit ion 11
we show that condit ion (4) implies P[#"( t) < & , ' t > 0] = 1, even if the init ial conÞguration
"(0) contains inÞnitely many blocks. In this casewe say that the spatial ! -coalescent comes
down from inÞnity. In Proposit ion 11 we also show via a coupling to the non-spatial coalescent
that if (4) doesnot hold, provided #"(0) = & and ! hasno atom at 1, then P[#"( t) = & , ' t >
0] = 1. In this casewe say that the spatial !-coal escent stays inÞnite. Theseresults extend
to the spatial coalescent for which the migration mechanism may be more general, for example
non-exponent ial or depending on the past and in a restricted sense even on the future of the
coalescence mechanism. We include a comment at the end of Section 3.

In Section 4 we cont inue to study the t ime Tn in more detail, which is the t ime unt il there are on
averagetwo blocks per site if there are init ially n blocks per site. In part icular, in Theorem 12
we obtain an upper bound on its expectation that is not only uniform in n but also, somewhat
surprisingly, in thestructure (size)of G. In this case,wesay that thecoalescent comes down from
inÞnity uniformly. The argument of Theorem 12 relieson the independence of the coalescence
and migration mechanisms. Given Theorem 12, the approximation method of [16] section 7
applies verbatim and enables construction of the spatial !-coal escent on the whole latt ice Zd

so that even if started with inÞnitely many part it ion elements at each site of Zd, at all posit ive
t imesthe conÞguration is locally Þnite, almost surely.

Our Þnal goal, in Section 5, is to study space-time asymptotic propert iesof ! -coalescents that
comedown from inÞnity uniformly on largeÞnite tori at t ime scaleson the order of the volume.
In [16], this asymptotic behavior was studied for the spatial K ingman coalescent where ! = #"0

for some # > 0. It is interesting that on appropriate space-time scales, the scaling limit is
again (as in [16]) the Kingman coalescent , with only its start ing conÞguration depending on the
speciÞc propert ies of the underlying !-coal escent . We obtain functional limit theorems for the
part it ion structure and for the number of part it ions, in Theorems13 and 19 respectively.

2 Construction of the coalescent

The construction of the spatial coalescent on an appropriate state spacefollows quite standard
steps. The construction below is inspired by thosein Evans and Pitman [15], Pitman [23], and
Berestycki [5].

Let P bethesetof part it ionson N , which canbeident iÞedwith thesetof equivalencerelationson
N . Any $ # P can be represented uniquely by $ = (A1, A2, A3, . . . ) where Aj ( N for j ! 1 are
called the the blocks of $, indexed according to the increasing ordering of the set { min Aj : j ! 1}
that contains the smallest element of each block. So in part icular min An" 1 < min An, for any
n ! 2. Likewise,we deÞne for any n # N , Pn as the set of part it ions of [n], and for $ # Pn we
have $ = (A1, A2, . . . , An) in an analogous way. We will write A # $ if A ( N is a block of $,
and

Ai ) " Aj

if Ai , Aj ( N and Ai * Aj ( A for some(unique) A # $. If the number of blocks of $, denoted
by # $, is Þnite, then set Aj = + for all i > # $.

For concretenessin the rest of the paper, let |G| = %for %a posit ive integerand let the vert ices
of G be { g1, . . . , g#} . The spatial coalescent takesvaluesin the set P! of part it ions on N , indexed
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as described above, and labelled by G, so

P! := { (Aj , &j ) : Aj # $, &j # G, $ # P, j ! 1} .

Similarly, the coalescent started from n blocks takes values in P!
n := { (Aj , &j ) : Aj # $, &j #

G, $ # Pn, 1 " j " n} . Here, the &j # G is the label (or location) of Aj # $, j ! 1. Set &j = ' ,#G
if Aj = +. For any element $ # P! or $ # P!

n with n ! m deÞne $|m # P!
m as the labeled

part it ion induced by $ on P!
m . We equip P! with the metric

d($, $$) = sup
m%N

2" m 1{ " |m &= " "|m } ; $, $$ # P! , (5)

and likewiseP!
n with the metric

dn($, $$) = sup
m' n

2" m 1{ " |m &= " "|m } ; $, $$ # P!
n .

Since|G| is Þnite, it is easyto seethat d($, $$) = supn dn($|n , $$|n ), and that (P !
n , dn) and (P! , d)

are both compact metric spaces.

Note that P ! can be interpreted as a subspace of the inÞnite product space P!Q :=

(P!
1, P !

2, P !
3, . . . ) endowed with the metric d($, $$) = supn dn($n , $$

n) for $ = ($1, $2, . . . ),
$$ = ($$

1, $$
2, . . . ) # P!Q , by ident ifying $ # P! with ($|1, $|2, $|3, . . . ). Note that this met-

ric induces the product topology on P!Q and that an element ($1, $2, . . . ) of P !Q is also an

element of P ! if and only if it fulÞlls the following consistency relationship,

$n+1 |n = $n for all n # N . (6)

In the rest of the paper, whenever " ! is a spatial coalescent process,we denote by " the part it ion
(without the labels of the blocks) of " ! , and by

(#"( t)) t# 0

the corresponding total number of blocks process.Thus #"( t) is the number (Þnite or inÞnite)
of blocks in "( t), or equivalent ly, in " ! (t).

With the above notation we are Þnally able to construct the spatial ! -coalescent started from
potent ially inÞnitely many blocks, as stated in the following theorem. Recall the migration
mechanism stated in the int roduction: each block performs an independent cont inuous Markov
chain on G with jump rate 1 and transit ion kernel p(á, á).

T heor em 1 Assume that ! has no atom at 0. Let G be a Þnite graph with vertex set
{ g1, g2, . . . , g#} . Then, for each $ # P! , there exists a càdlàg Feller and strong Markov pro-
cess " ! on P! , called the spatial ! -coalescent, such that " ! (0) = $ and

(i) blocks with the same label coalesce according to a (non-spatial) ! -coalescent,

(i i) independently, each block of label gi # G changes its label to gj # G at rate p(gi , gj ) as
menti oned in introducti on.

This process also satisÞes

367



(i i i) (" ! (t)|n )t# 0 is a spatial ! -coalescent started from " ! (0)|n ,

and its law is characterized by (i i i) and the initi al conÞguration $.

Proof. In order to deÞne a càdlàg Markov process" ! with values in P!Q such that " !
n := " ! |n

is a spatial coalescent start ing at " ! (0)|n # P!
n for any " ! (0) # P! , we will make useof suitably

chosenPoissonpoint processes.

For each i # [%] let Ni be an independent Poissonpoint processon R + %[0, 1] %{ 0, 1} N with
intensity measure dt x" 2!( dx)Px(d( ), where ( = ((1, (2, . . . ) is a random vector whoseentries( j

are i.i.d. Bernoulli(x) under Px , deÞned on someprobability space($ , F , F t , P).

Let "n denote the Kronecker delta measure with unit atom at n. Let M be another independent
Poissonpoint processon the sameprobability space$ with valuesin R + %N %G# and intensity
measure given by dt

∑(
k=1 "k(dm)P#(ds1, . . . , ds#), where P# is the joint law of independent

G-valued random variablesS1, . . . , S#, such that P(Sgi = gj ) = p(gi , gj ), gi , gj # G.

Using the above random objects deÞne a spatial ! -coalescent with n init ial blocks, " !
n , on $

for each n ! 1 as follows: At any atom (t, x, ( ) of Ni , all blocks Aj (t$ ) with &j (t$ ) = gi

and ( j = 1 coalescetogether into a new labeled block (
⋃

j ,$j =1 ,%j (t " )= i Aj (t$ ), gi ); at any atom
(t, m, (s1, . . . , s#)) of M we set &m (t) = s%m (t" ) provided m " #" n(t$ ), otherwise nothing
changes. For all other t ! 0 we set " !

n (t) = " !
n (t$ ). Note that coalescence causes immedi-

ate reindexing (or reordering) of blocks that have neither part icipated in coalescence nor in
migration, and that this reindexing operation decreaseseach index by a non-negative amount .

Since the sum of the above deÞned jump ratesof " !
n is Þnite it follows immediately that " !

n is
a well deÞned càdlàg Markov processon $ for each n ! 1 therefore inducing a càdlàg Markov
process" ! on P!Q . It is important to note that each " !

n so constructed is a ! -coalescent

started from " ! (0)|n . Since " !
n+1 (0)|n = " !

n (0) and sinceclearly the consistency condit ion (6) is
preserved under each transit ion of " !

n+1 in the construction (this is not always a transit ion for
" !

n ), we have " !
n+1 (t)|n = " !

n (t) for all t ! 0. Therefore, (" ! (t)) t# 0 constructed by " ! (t)|n :=
" !

n (t), n ! 1, t ! 0 is well-deÞned. It follows that " ! is a càdlàg Markov processwith values in
P! , which clearly satisÞespropert ies(i)-(iii), and uniquenessin distribut ion follows similarly.

In order to verify that the semigroup Tt ) ($) := E [) (" ! (t)) |" ! (0) = $] is a Feller-Dynkin
semigroup it now su%cesto check the following two propert ies (see[24] I I I (6.5)-(6.7)): (i) For
any cont inuous (bounded) real valued function ) on P! and all $ # P! we have

lim
t) 0+

Tt ) ($) = ) ($),

and (ii) for any cont inuous (bounded) real valued function ) on P! and all t > 0, $ -. Tt ) ($)
is cont inuous (and bounded).

Note that (i) is an immediate consequence of the right -cont inuity of the paths and cont inuity
with respect to (5). One can easily argue for (ii): if " !,k is the spatial coalescent started from $k

and " ! is the spatial coalescent started from $ such that limk)( $k = $ # P! , then, due to the
deÞnit ion of the metric (5) on P! , there exists for all k # N an m = m(k) such that $k |m = $|m ,
with the property m(k) . & as k . & . This implies that one can construct a coupling of
" !,k and " ! (using the samePoissonpoint processesfor all) such that " !,k (t)|m = " ! (t)|m for
all t ! 0. Hence d(" !,k (t), " ! (t)) " 2" (m(k)+ 1) for all t ! 0 and, since m(k) . & , the second
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property follows due to the cont inuity of ) . Given that Tt is a Feller-Dynkin semigroup the
strong Markov property holds. !

Remark. A variation of the above construction could be repeated for the caseswhere ! has an
atom at 0, i.e. where ! (á) = a"0(á) + ! + (á), for somea > 0 and ! + which doesnot have an atom
at 0. This would correspond to superimposing Kingman coalescent type t ransit ions and the
Poissonprocess(! + driven) induced coalescent events. The spatial !-coal escent corresponding
to the atomic part a"0 is a t ime-change of the spatial K ingman coalescent and it comesdown
from inÞnity uniformly due to Proposit ion 3.4 in [16]. Superposit ion of coalescencedriven by ! +

can only decreasethe number of part icles, so any such ! -coalescent comesdown from inÞnity
uniformly. Al so note that an atom of ! at 1 impliescomplete collapsein Þnite t ime, even if the
coalescent corresponding to the measure !( á/ [0, 1)) stays inÞnite. See[23] for further discussion
of atoms. 0

Remark. We stated Theorem 1 for |G| < & . The samePoissonpoint processconstruction, even
in the caseswhere the underlying graph G is an inÞnite and bounded degree(or a locally Þnite)
graph, and where the start ing conÞguration $ # P!

n is Þnite, clearly works. This fact will be
useful in Section 5 where we consider G = Zd. To extend the construct ion to inÞnite graphs and
inÞnite init ial conÞgurations requiresa lit t le more work. As ment ioned in the int roduction, given
Theorem 12, one can convenient ly approximate the whole latt ice Zd by large tori to construct a
locally Þnite (at all posit ive t imes)version of the coalescent , even if started with inÞnitely many
part it ion elements at each site of the latt ice. 0

3 Coming down from inÞnit y

In this section, we Þrst obtain estimates on the coalescence rates and the rates of decreasein
the number of blocks, both in the non-spatial and the spatial sett ing. Several of theseestimates
will be applied to showing that the spatial ! -coalescent comesdown from inÞnity if and only if
(4) holds.

It is easyto see,using deÞnit ions (1)-(3), that

! b =
∫

[0,1]

1 $ (1 $ x)b $ bx(1 $ x)b" 1

x2 d!( x) , #b =
∫

[0,1]

bx $ 1 + (1 $ x)b

x2 d!( x). (7)

The following lemmais listing somefacts, which are basedon (7) and somesimple computations.

Lemma 2 We have the following estimates:

(i) ! b+1 $ ! b =
∫

[0,1] b(1 $ x)b" 1d!( x) for b ! 2, in parti cular ! b " ! b+1 " 3! b,

(i i) #b+1 $ #b =
∫

[0,1](1 $ (1 $ x)b)x" 1d!( x) ! 0.

Proof. (i) Note that $ (1$ x)b+1 $ (b+ 1)x(1$ x)b+ (1$ x)b+ bx(1$ x)b" 1 = (1$ x)b" 1($ (1$ x)2$
(b+ 1)x(1 $ x) + (1 $ x) + bx), and that the term in the parenthesesequals bx2. Combined with
(7), this gives the init ial statement of the lemma. The Þrst inequality ! b+1 ! ! b is immediate.
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The second inequality follows again from (7), by integrating the following inequality with respect
to !

b(1 $ x)b" 1 " b(b$ 1)x" 2(1 $ x)b" 2 " 2x" 2
(

1 $ (1 $ x)b $ bx(1 $ x)b" 1
)

, x # [0, 1],

which is easyto check, for example, via the Binomial Theorem.

(ii) The stated property of the sequence # was already noted and usedby Schweinsberg, cf. [26]
Lemma 3. For completenesswe include a brief argument : From (7)

#b+1 $ #b =
∫

[0,1]
(x + (1 $ x)b+1 $ (1 $ x)b)x" 2d!( x)

=
∫

[0,1]
(1 $ (1 $ x)b)x" 1d!( x) ! 0.

!

The following two lemmasand a corollary are auxiliary results, often implicit ly observed in [23]
or [26], and are of interest to anyone studying Þne propert ies of !-coal escents. Fix a # (0, 1).
Let ! a be the restriction of ! to [0, a], namely

! a([0, x]) = !([0 , a] / [0, x]), x # [0, 1].

Let ! a
b, #a

b be deÞned in (1)-(3) using ! a as the underlying measure instead of !.

Lemma 3 (i) For each Þxed a, such that ! a((0, 1)) > 0, there exists a constant C1 = C1(! , a) #
(0, & ) such that for all large b,

! a
b " ! b " C1! a

b.

(i i) There exists an a < 1 and C2 = C2(! , a) # (0, & ) such that for all large b,

#a
b " #b " C2#a

b .

(i i i) I f
∫

[0,1]
1
x d!( x) = & , in parti cular if (4) holds, then for each Þxed a, the inequaliti es in (i i)

hold with a constant C3 = C3(! , a) # (0, & ).

Remark. For any Þxed ! let

*b :=
b∑

k=2

(
b
k

)
k ! b,k.

Then it is easyto seethat #b/* b . 1 as b . & , so statements (ii) and (iii) above extend to the
corresponding *b and * a

b. 0

Proof. For each a # (0, 1), the Þrst inequalit ies in both (i) and (ii) are t rivial consequencesof
! a being the restriction of ! , the ident it ies in (7), and the fact that 1 $ (1 $ x)b $ bx(1 $ x)b" 1

and bx $ 1 + (1 $ x)b are both non-negative on [0, 1].

The second inequality in (i) is easyas well, since 1 $ (1 $ x)b $ bx(1 $ x)b" 1 is bounded by 1,
which implies

! b " ! a
b +

1
a2 !([ a, 1]). (8)

370



Then either ! b . & , in which case(8) implies ! a
b . & as b . & , so that for all large b,

1
a2 !([ a, 1]) " ! a

b, or ! b stays Þnite, in which casethe upper bound is t rivial.

The proof of the second inequality in (ii) is similar. First note that bx $ 1 + (1 $ x)b " bx so
that

#b " #a
b +

b
a

!([ a, 1]). (9)

Now it is easy to seeby Lemma 2(ii) that #b+1 $ #b is non-decreasing in b so that #b ! (#3 $
#2)(b$ 2) for each b. For a chosensu%cient ly closeto 1, 1

a !([ a, 1]) < (#3 $ #2)/ 3 (recall ! is a
Þnite measure). Hence, (9) implies #a

b ! (#3 $ #2)b/2 for all b large enough and (9) then also
implies the upper bound in (ii) since b

a !([ a, 1]) < (#3 $ #2) b
3 < #a

b .

Part (iii) follows immediately from the argument for (ii), and the following fact (already noticed
by Pitman [23], Lemma 25), ∫

[0,1]

1
x

d!( x) = lim
b)(

#b

b
. (10)

In part icular, (4) must imply that the left hand side in (10) is inÞnite. !

Let the symbol 1 stand for Òasymptotically equivalent behaviorÓin the sensethat am 1 bm (as
m . & ) if there exist two Þnite posit ive constants c,C such that

cam " bm " C am , m ! 1.

Lemma 4 We have

(i)

! b 1 b2![0 , 1/b] +
∫

[1/b, 1]

1
x2 d!( x) $ b

∫

[1/b, log(2b/ (1" e# 1)) /b ]

(1 $ x)(b" 1)

x
d!( x),

(i i)

#b 1 b2![0 , 1/b] + b
∫

[1/b, 1]

1
x

d!( x).

Proof. (i) To show the Þrst claim, useexpression (7) to get for b ! 2,

! b =
∫

[0,1/b ]

1 $ (1 $ x)b $ bx(1 $ x)b" 1

x2 d!( x)

+
∫

[1/b, 1]

1 $ (1 $ x)b $ bx(1 $ x)b" 1

x2 d!( x).

Then note that ∫
[0,1/b ]

1" (1" x)b" bx(1" x)b# 1

x2 d!( x)

b(b$ 1)!([0 , 1/b])/ 2
. 1, as b . & ,

and also that

(1 $ e" 1)
∫

[1/b, 1]

1
x2 d!( x) "

∫

[1/b, 1]

1 $ (1 $ x)b

x2 d!( x) "
∫

[1/b, 1]

1
x2 d!( x).
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A calculus fact, 1 $ x " e" x , x # [0, 1] implies that if x ! log(2b/(1 $ e" 1)) /b, then (1 $ x)b "
(1" e# 1)

2b . This in turn implies that
∫

[log(2b/ (1" e# 1)) /b, 1]

b(1 $ x)b" 1

x
d!( x)

"
∫

[log(2b/ (1" e# 1)) /b, 1]

b(1 $ e" 1)
2(b$ 1)x

d!( x)

"
b(1 $ e" 1)
2(b$ 1)

∫

[log(2b/ (1" e# 1)) /b, 1]

1
x2 d!( x)

"
b

2(b$ 1)

∫

[1/b, 1]

1 $ (1 $ x)b

x2 d!( x),

sothat $
∫

[log(2b/ (1" e# 1)) /b, 1]
b(1" x)b# 1

x d!( x) canbe ignored in theasymptotics,and theremaining
term ∫

[1/b, log(2b/ (1" e# 1)) /b ]

b(1 $ x)b" 1

x
d!( x),

appears in the asymptotic expression for ! b. (ii) Since #b 1 *b, seethe above remark, it su%ces
to show the second statement for *b instead. As in (7),

*b = b
∫

[0,1/b ]

1 $ (1 $ x)b" 1

x
d!( x) + b

∫

[1/b, 1]

1 $ (1 $ x)b" 1

x
d!( x),

and since it is easyto seethat
∫

[0,1/b ]
1" (1" x)b# 1

x d!( x)

b!([0 , 1/b])
. 1, as b . & ,

while ∫

[1/b, 1]

1 $ (1 $ x)b" 1

x
d!( x) 1

∫

[1/b, 1]

1
x

d!( x),

the claim on the asymptotics of #b (i.e., *b) follows. !

Cor ollar y 5 (i) I f ! b . & , as b . & then limb)( ! b+1 /! b = 1,

(i i) Since #b . & , as b . & we obtain that limb)( #b+1 /# b = 1.

Proof. (i) By the Binomial Formula, for x # [0, 1],

b$ 1
2

bx2(1 $ x)b" 1 " 1 $ (1 $ x)b $ bx(1 $ x)b" 1,

so that
∫

[0,log(2(b" 1)) / (b" 1)]
b(1 $ x)b" 1 d!( x) (11)

"
2

b$ 1

∫

[0,log(2(b" 1)) / (b" 1)]

1 $ (1 $ x)b $ bx(1 $ x)b" 1

x2 d!( x).
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Since
∫

[log(2(b" 1)) / (b" 1),1] b(1 $ x)b" 1 d!( x) " b
2(b" 1) !([0 , 1]), the conclusion follows by Lemma

2(i), (7), (11) and the fact that ! b . & .
(ii) Perhaps the easiest way to seethat #b . & whenever ! ([0, 1]) > 0 is by using the ident ity
(10). The statement then follows immediately from Lemma 2(ii), Lemma 4(ii), and the fact that

∫

[0,1]

1 $ (1 $ x)b

x
d!( x) " b!([0 , 1/b]) +

∫

[1/b, 1]

1
x

d!( x).

!

Lemma 6 There exists a Þnite number + ! 1 such that for any ! , and all b ! 3, m ! 2 such
that b/m ! 2 we have

! b " m&! *b/m +

Proof. In this lemma we consider the ident it ies(7) for all real b ! 1. It su%cesto show that for
somec # (0, & )

! b " c! b/ 2 (12)

for all b ! b0 where b0 > 2 is someÞnite integer. Indeed, if m # (2k, 2k+1 ] for somek then (note
clog2 m = mlog2 c

! b " ck+1 ! b/ 2k +1 " cmlog2 c! *b/m +,

and now one can take + > c + log2 c to get the statement of the lemma. DeÞne the function

g(, , x) := 1 $ (1 $ x)' $ , x(1 $ x)' " 1.

Due to representation (7) for ! b it then su%cesto study

f b(x) :=
1 $ (1 $ x)b $ bx(1 $ x)b" 1

1 $ (1 $ x)b/ 2 $ b
2x(1 $ x)

b
2 " 1

=
g(b,x)

g(b/2, x)
,

and show
sup

x%[0,1]
f b(x) " c,

uniformly in all b ! b0. Note that f b(0+) = b(b" 1)
b/ 2(b/ 2" 1) = 4b" 1

b" 2 " 8 if b ! 3 and that f b(1) = 1.
The derivative f $

b(x) can be writ ten asa ratio f nb(x)/f db(x) where f db(x) ! 0 and where f nb(x)
equals

x(1 $ x)b/ 2" 2[b(b$ 1)(1 $ x)b/ 2 $ (b/2 $ 1)
b
2

$
b
2

(
3b
2

$ 1)(1 $ x)b $ b(
b
2

)2x(1 $ x)b" 1].

Therefore f nb(x) < 0 whenever b(b $ 1)(1 $ x)b/ 2 < ( b
2 $ 1) b

2 and in part icular whenever
x > 2

b log8 for all b ! 4. So it su%cesto show that

sup
x%[0, 2

b log 8]
f b(x) " c.
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For this note that g(b/2, x) ! b/ 2(b/ 2" 1)
2 x2(1 $ x)

b
2 " 2 for any x # [0, 1], and that (by expanding

the binomial terms and noting x/ (1 $ x) " 4
b log8 whenever x < 2

b log8 and b ! 10)

g(b,x)
(b

2

)
x2(1 $ x)b" 2

=
b∑

l=2

2(b$ 2)!
l !(b$ l)!

(
x

1 $ x

)l " 2

" 2 á
b∑

l=2

[
(l $ 2)!(b$ 2)!
l !(b$ l)!bl" 2

]
(log 84)l" 2

(l $ 2)!
" 2 á84,

since the term in square brackets is bounded by 1. !

Now we turn to the spatial sett ing. Recall that the vertex set of G is { g1, . . . , g#} . Denote by
! (b1, b2, . . . , b#) the total rate of coalescence for the conÞguration with bi blocks at site gi ,

! (b1, b2, . . . , b#) :=
#∑

i =1

bi∑

k=2

(
bi

k

)
! bi ,k =

#∑

i =1

! bi .

Similarly, let

#(b1, b2, . . . , b#) :=
#∑

i =1

#bi .

Denote by 2x3 the integerpart of the real number x and let 4x5 := $2$ x3.

The following two lemmas will be useful for the proof of the characterization result given in
Proposit ion 11.

Lemma 7 For all %! 1, bi ! 0, i = 1, . . . , %integers with
∑#

i =1 bi > %,

(i) #P !
i =1 bi

! #(b1, b2, . . . , b#) ! %#,
P !

i =1 bi /# - ,

(i i) %1+ &! *
P !

i =1 bi /# + ! ! (b1, b2, . . . , b#) ! ! *
P !

i =1 bi /# +.

Proof. (i) In order to verify the Þrst inequality we observe that for x # [0, 1],

%$ 1 ! (
#∑

i =1

(1 $ x)bi ) $ (1 $ x)
P !

i =1 bi (13)

since one can simply check that equality holds for x = 0 and that x -. (
∑#

i =1 (1 $ x)bi ) $ (1 $
x)

P !
i =1 bi is a decreasing function on [0, 1]. Inequality (13) implies that

(
#∑

i =1

bi )x $ 1 + (1 $ x)
P !

i =1 bi !
#∑

i =1

(bi x $ 1 + (1 $ x)bi )

for all x # [0, 1]. The Þrst inequality in (i) now follows from this and from (7), since

#(b1, b2, . . . , b#) =
#∑

i =1

#bi =
∫

[0,1]
x" 2

#∑

i =1

(bi x $ 1 + (1 $ x)bi )d!( x), (14)
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for bi ! 0 (if weset00 = 1). Thesecond inequality of (i) is immediate if
∑#

i =1 bi < 2%. Otherwise,
we note that

#∑

i =1

(1 $ x)bi ! %(1 $ x)
P !

i =1 bi /# (15)

by JensenÕs Inequality since the function y -. ay is convex for every a > 0. Therefore, (14) is
bounded below by

%
∫

[0,1]
x" 2

(
, x $ 1 + (1 $ x)'

)
d!( x),

where , =
∑#

i =1 bi /%. If , is an integer then the last expression is just %#' . Now note that the
function , -. , x $ 1 + (1 $ x)' is increasing (for , ! 1) and this implies the second inequality
in (i).

(ii) Use Lemma 6 to conclude

! (b1, b2, . . . , b#) " %1+ &! *
P !

i =1 bi /# +.

The second inequality of (ii) is a simple consequence of the fact that there exists a 1 " j " %
such that bj ! 4

∑#
i =1 bi /%5 and Lemma 2(i). !

Now consider the coalescent (" !
n# (t)) t# 0 such that its init ial conÞguration " !

n# (0) has n blocks
at each site of G. Let

Tn := inf { t > 0 : # " n# (t) " 2%} . (16)

Lemma 8 If conditi on (4) holds then supn E [Tn] "
∑(

b=2
3#" +1

( b
< & .

Proof. The argument is an adaptation of the argument by Schweinsberg [26], Lemma 6, to our
situation. In fact we will even use similar notation. For n # N deÞne R0 := 0 and stopping
t imes(with respect to the Þlt ration generated by " !

n# ) given by

Ri := 1{ #! n! (Ri # 1)> 2#} inf { t > Ri " 1 : #" n# (t) < #" n# (Ri " 1)}

+1 { #! n! (Ri # 1)' 2#} Ri " 1, i ! 1.

In words, Ri is the t ime of the i th coalescence as long as the number of blocks before this
coalescence exceeds 2%, otherwise Ri is set equal to the previous coalescence t ime. Since there
are no more than 2%blocks left after (n $ 2)%coalescence events, note that

Tn = R(n" 2)#.

Of course, it is also possible that Tn = Ri for i < (n $ 2)%, but the above ident ity holds almost
surely as R(n" 2)# = Ri in this case.Let

L i = Ri $ Ri " 1, Ji = #" n# (Ri " 1) $ #" n# (Ri ),

and note that there exists someÞnite random number ( i such that Ri " 1 = T i
0 < T i

1 < T i
2 < . . . <

T i
$i

< Ri , where T i
1, T i

2, . . . are the successive t imesof migration jumps of various blocks from site
to site in betweenthe i $ 1th and i th coalescencet ime. Let Bi (t) be the number of blocks located
at site gi # G at t ime t. Since the total number of blocks doesnot change at the jump t imesT i

j
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for j = 1, . . . , ( i we have due to Lemma 7 (ii) that ! (B1(T i
j ), . . . , B#(T i

j )) ! ! *
P !

e=1 B e(T i
j )/# + =

! *
P !

e=1 B e(Ri # 1)/# +. This implies(by coupling of exponent ials in a straight forward way) that

E [L i |" n# (Ri " 1)] "
1

! *
P !

e=1 B e(Ri # 1)/# +
. (17)

Al so note that for all i with " n# (Ri " 1) > 2%,

E [Ji |" n# (Ri " 1)] = E




(∑

j =0

#(B1(T i
j ), . . . , B#(T i

j ))

! (B1(T i
j ), . . . , B#(T i

j ))
1{ $i = j }

∣∣∣∣∣∣
" n# (Ri " 1)





!
%#,

P !
e=1 B e(Ri # 1)/# -

%1+ &! *
P !

e=1 B e(Ri # 1)/# +
P(1{ $i < (} |" n# (Ri " 1))

=
1
%&

#,
P !

e=1 B e(Ri # 1)/# -

! *
P !

e=1 B e(Ri # 1)/# +
, (18)

where the Þrst equality is a direct consequence of deÞnit ions (2) and (3), and the fact that Ji is
the decreasein the number of blocks at the i th coalescence t ime Ri . The middle inequality is
due to Lemma 7 (i) and (ii). From (17) and (18) and the fact that L i = 0 if Ji = 0 we get the
important relation

E [L i |" n# (Ri " 1)] "
%&

#,
P !

e=1 B e(Ri # 1)/# -
E [Ji |" n# (Ri " 1)] (19)

for i ! 1. Now

E[Tn] = E [
#(n" 2)∑

i =1

L i ] =
#(n" 2)∑

i =1

E [E [L i |" n# (Ri " 1)]]

"
#(n" 2)∑

i =1

E

[
%&

#,
P !

e=1 B e(Ri # 1)/# -
E [Ji |" n# (Ri " 1)]

]

= E




#(n" 2)∑

i =1

%&

#,
P !

e=1 B e(Ri # 1)/# -
Ji



 = E




#(n" 2)∑

i =1

Ji " 1∑

j =0

%&

#,
P !

e=1 B e(Ri # 1)/# -





" %&E

[
n∑

b=2

%
#b

+
2%
#2

]
"

n∑

b=2

3%&+1

#b
,

where we have usedLemma 9 below. !

Lemma 9 For a Þxed %, let m, n be positi ve integers such that m # [n%, (n + 1)%). For any
k ! 1 and j 1, . . . , j k ! 1 such that

∑k" 1
i =1 j i < m $ 2%and

∑k
i =1 j i # [m $ 2%, m $ 1] one has

k∑

i =1

j i

#, (m"
P i # 1

#=1 j #)/# -
"

m $ n%
#n

+
n" 1∑

b=2

%
#b

+
2%
#2

. (20)
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Proof. Statement (20) can be proved for each Þxed %by induction in n. The basecasesn = 2
with m > 2%and

∑k
i =1 j i = m $ 1 explain the ext ra summands 2%/# 2. Here one also usesthe

fact that (#b)(
b=2 is an increasing sequence (cf. Lemma 2 (ii)). !

Let us now recall the construction in Theorem 1, and deÞne

T(2)
n := Tn from deÞnit ion (16),

and
T( = T(2)

( = sup
n

T(2)
n = inf { t > 0 : # "( t) " 2%} ,

and furthermore deÞne

T(k)
n := inf { t > 0 : # " n# (t) " k%} , T (k)

( := sup
n

T(k)
n , k ! 3. (21)

Note that by monotone convergence T(k)
n 6 T(k)

( we have

E[T(k)
( ] = lim

n)(
E [T (k)

n ], k ! 2.

Cor ollar y 10 I f conditi on (4) holds then for each k ! 2, supn E [T(k)
n ] "

∑(
b= k

#" +1

( b
+ k#" +1

( k
<

& , and in parti cular
lim

k)(
sup

n
E [T(k)

n ] = 0.

Proof. The upper bound on E[T(k)
n ] can be shown as in the proof of Lemma 8. The second

claim above now follows by relation (10) and the observation following it . !

We can now establish the following analoguesto Proposit ion 23 of Pitman [23] and Proposit ion
5 of Schweinsberg [26] in the spatial sett ing.

Pr opositio n 11 Assume that ! has no atom at 1. Then the spatial ! -coalescent either comes
down from inÞnity or it stays inÞnite. Furthermore, it stays inÞnite if and only if E [T( ] = & .

Proof. DeÞne T := inf{ t ! 0 : #"( t) < &} . The Þrst statement could be shown following
Pitman [23] Proposit ion 23 by observing that P[0 < T < & ] > 0 leads to a contradiction. We
choosea di#erent approach, basedon Corollary 10 and coupling with non-spatial coalescents.

Supposethat (4) holds. Then E[T( ] < & , by Lemma 8, implying T( < & almost surely. Al so
note that the ! -coalescent comesdown from inÞnity due to Corollary 10, since for any t > 0,
and any k ! 2,

P[T > t] " P[T (k)
( > t] "

E [T (k)
( ]
t

.

Th is veriÞesthat P[T # { 0, &} ] = P[T = 0] = 1, again by Corollary 10.

If (4) does not hold, we will show next by a coupling argument that, provided # "(0) = & ,
we have P[T # { 0, &} ] = P[T = & ] = 1. This implies of course that P[T( = & ] = 1
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and E[T( ] = & . So assume that #"(0) = & , i.e. that there exists at least one site g in G
such that " ! (0) contains inÞnitely many blocks with label g. Then the spatial coalescent " ! is
stochastically bounded below by a coalescing system ÷" ! , in which any block that attempts to
migrate is assigned to a Òcemetery siteÓ' instead. More precisely, the evolut ion of the process
÷" ! at each site is independent of the evolut ion at any other site, and its t ransit ion mechanism
is speciÞed by:

(i) blocks coalesceaccording to a !-coal escent ,

(iiÕ) each block vanishes(movesto ' ) at rate 1.

By adapt ing the construction of " ! in Theorem 1, one can easily const ruct a coupling
(" ! (t), ÷" ! (t)) t# 0 on the same probability space, so that at each t ime t, and for each site g
of G, the number of blocks in " ! (t) located at g is larger than (or equal to) the number of
blocks in ÷" ! (t) located at g. We will show that in any given t ime interval [0, t], at each site
of G that init ially contained inÞnitely many blocks, there are inÞnitely many blocks remaining
in ÷" ! (even though there are inÞnitely many blocks that do vanish to ' by t ime t). Therefore,
& = # ÷"( t) " #"( t) so that " ! stays inÞnite.

To show that P[# ÷"( t) = & ] = 1 for each t > 0, it will be convenient to construct a coupling
of ÷" ! (t) with a new random object " 1(t). Since there is no interaction among the sites of G
in ÷", it su%cesto consider the nonspatial casewhere |G| = 1. Int roduce an auxiliary family
(X j )j # 1 of independent exponent ial random variables with parameter 1. Take a (non-spatial)
!-coal escent (" 1(s)) s%[0,t ] such that " 1(0) = ÷"(0), and in addit ion augment the state spacefor
" 1 to accommodate a mark for each block. Init ially all blocks start with an empty mark. At
any s " t, any block A # " 1(s) is marked by ' if { X min A " s} . In this way, if an already
marked block A coalesceswith a family A1, A2, . . . of blocks, such that min A " minj (min Aj ),
the new block A * * j Aj automatically inherits the mark ' . Note as well that if a marked block
A coalesceswith at leastone unmarked block containing a smaller element than min A, the new
block will be unmarked.

The number # u" 1(t) of all unmarked blocks in " 1(t) is stochastically smaller than the number
# ÷"( t). To seethis, note the di#erence between ÷"( t) and " 1(t): a marked block in " 1(s) is
not removed from the population immediately (unlike in ÷") so it may coalesce(and ÒgatherÓ)
addit ional blocks with higher indexed elements during [s, t] result ing in a smaller number of
unmarked part it ion elements in " 1(0) than in ÷"( t).

Another random object " 2(t), equal in distribut ion to " 1(t), can be constructed as follows: run
a (non-spatial) ! -coalescent (" 2(s)) s%[0,t ], and attach to each block A # " 2(t) a mark ' with
probability e" t . Let # u" 2(t) be the number of all unmarked blocks in " 2(t). Since (4) doesnot
hold, due to the corresponding result in [26], P[#" 2(t) = & ] = 1. Since " 1(t) and " 2(t) have
the samedistribut ion, then # u" 1(t) and # u" 2(t) have the samedistribut ion and by the above
construction we conclude immediately that

1 = P[# u" 2(t) = & ] = P[# u" 1(t) = & ].

Recalling that # u" 1(t) is stochastically bounded above by ÷"( t) for all t ! 0 completes the
proof. !
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Remark. It is intuit ively clear that in the casein which the !-coal escent " ! stays inÞnite, there
are inÞnitely many blocks in " ! at all posit ive t imesat all sites,a proof of this fact is left to an
interested reader. 0

Remark. Note that the upper bounds in Lemma 8 and Corollary 10 neither depend on the
structure of G nor on the underlying migration mechanism, as long as there is enough indepen-
dence betweenthe migration and coalescence. Of course it is easyto construct exampleswhere
the migration Òant icipatesÓcoalescent events and where the part icles shift from sites where a
coalescent event happens in the very near future to siteswithout a coalescent event in the near
future, and where for this reasonthe size of the system stays large for a very long t ime. In view
of this, it seemsdi%cult to control the behavior of the system when the migration is general.
However, after a careful look at the proof the reader will seethat in fact similar estimateswould
hold with any migration mechanism for which one has (seethe calculation leading to (18))

E (Ji |B1(T i
j ), . . . , B#(T i

j ), ( i = j , " n# (Ri " 1)) ! ci
j

#(B1(T i
j ), . . . , B#(T i

j ))

! (B1(T i
j ), . . . , B#(T i

j ))
,

where E(
∑

j ci
j 1{ $i = j } |" n# (Ri " 1)) > c for somedeterministic c > 0. 0

4 U nif orm asymptotics

The result of this section is essent ially based on the lower bound in Lemma 7 (i) and the
observation that given X an exponent ial (rate ! ) random variable, and another non-negative
independent random variable T, one has

P(X < T) =
1
!

E(X 7 T).

Hence, one could quickly generalize the argument comprising (22)-(23) to more complicated
migration mechanismsthat are independent of the future of the coalescent mechanism.

To make the proof more t ransparent , we will assume the sett ing of Theorem 1, where each block
changes its label (i.e. migrates) at rate 1, independent ly of the coalescent mechanism. Recall
the sett ing of Lemma 8 and Corollary 10, and in part icular the Þrst t ime T(k)

n for the spatial
!-coal escent to have k%or fewer blocks when started with n blocks at each site.

T heor em 12 I f (4) holds, then for k ! 2

sup
n

E [T(k)
n ] "

(∑

b= k

1
#b

+
k
#k

.

Proof. We use the samenotation as in the proof of Lemma 8, but this t ime the calculations
are Þner. First, Þx an i ! 1 (note the subscripts i are omit ted in a number of placesbelow for
notational convenience). Recall that ( i := max{ k : T i

k < Ri } is the number of migration events
in betweenthe (i $ 1)st and i th coalescence t ime and that T i

j are the jump t imesand deÞne

a :=
#∑

e=1

Be(Ri " 1) =
#∑

e=1

Be(T i
j ) for all j " ( i .
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Also set ! i
j = ! j = ! (B1(T i

j ), . . . , B#(T i
j )) for all j " ( i . We extend the deÞnit ion of T i

j and ! i
j

to all j # N by considering a coupled process" i
n# which agreeswith " n# on [Ri " 1, Ri ) but for

which no coalescence takesplace. As before, T i
j is the t ime of the j th migration event and ! j is

the coalescence rate associated with the conÞguration at t ime T i
j for all j # N .

Using the Þrst line of (18) and Lemma 7 (i) aswell as further condit ioning on (! l )l%N 0 we obtain

E [Ji |" n# (Ri " 1)] ! %#, a
! - E




(∑

j =0

! " 1
j 1{ $i = j }

∣∣∣∣∣∣
" n# (Ri " 1)





= %#, a
! - E




(∑

j =0

! " 1
j P [( i = j |(! l )l%N 0 , " n# (Ri " 1)]

∣∣∣∣∣∣
" n# (Ri " 1)





= %#, a
! - E




(∑

j =0

! " 1
j

(j " 1∏

l=0

a
! l + a

)
! j

! j + a

∣∣∣∣∣∣
" n# (Ri " 1)



 . (22)

For the next computation deÞne an auxiliary i.i.d. sequence (X j )j # 0 of exponent ial random
variables with parameter a, as well as a sequence (Yj )j # 0 of independent random variables
where each Yj hasan exponent ial (rate ! j ) distribut ion. Note that Wj := X j 7 Yj are exponent ial
random variableswith rate a + ! j that are independent of Zj = 1{ X j >Y j } .

Observe that condit ioned on (( ! j )j %N 0 , " n# (Ri " 1)) the X j correspond to the wait ing t ime unt il
the next migration and the Yj to the wait ing t ime unt il coalescence as long as

∑j " 1
l=1 Zl = 0. So

the event { Z0 = ááá= Zj " 1 = 0} = { ( i ! j } is independent of Wj . This implies that

E [L i |" n# (Ri " 1)] = E



E




$i∑

j =0

Wj

∣∣∣∣∣∣
(! l )l%N 0 , " n# (Ri " 1)





∣∣∣∣∣∣
" n# (Ri " 1)





= E



E




(∑

j =0

Wj 1{ $i # j }

∣∣∣∣∣∣
(! l )l%N 0 , " n# (Ri " 1)





∣∣∣∣∣∣
" n# (Ri " 1)





= E




(∑

j =0

E [Wj | (! l )l%N 0 , " n# (Ri " 1)]

áE
[
1{ $i # j }

∣∣ (! l )l%N 0 , " n# (Ri " 1)
] ∣∣∣∣ " n# (Ri " 1)

]

= E




(∑

j =0

1
! j + a

(j " 1∏

l=0

a
! l + a

)∣∣∣∣∣∣
" n# (Ri " 1)



 . (23)

Comparing now the terms in (22) and (23) we Þnd that

E [L i |" n# (Ri " 1)] "
1

%#, a
! -

E [Ji |" n# (Ri " 1)], (24)

where we gained a factor of %&+1 in the denominator with respect to the analogous relation (19)
in the proof of Lemma 8. The rest of the proof proceeds now as the proof of Lemma 8 and
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Corollary 10 and hence we obtain

E [T(k)
n ] "

n∑

b= k

1
#b

+
k
#k

.

!
D eÞnitio n. We will say that the spatial !-coal escent comes down from inÞnity uniformly if

lim
k)(

sup
n

ET(k)
n = 0.

0

In part icular, by Proposit ion 11 and Theorem 12 any coalescent with independent Markovian
migration mechanism that comesdown from inÞnity also comesdown from inÞnity uniformly.

Examp le. Let - # (0, 2). The Beta(2$ - , - )-coalescent , where ! d= Beta(2$ - , - ) hasdensity
x1" ) (1 $ x)) " 1/ &(2$ - )&(- ) is of special interest in [10]. As already noted in [26], for - # (0, 1]
this (non-spatial) coalescent stays inÞnite, and for - # (1, 2) it comesdown from inÞnity. By
the previous theorem the spatial Beta(2 $ - , - )-coalescent comesdown from inÞnity uniformly.
An interesting consequence follows by the results of the next section. 0

5 A symptotics on large tori

In this section we further restrict the sett ing in the following way:

¥ the graph G is a d-dimensional torus TN = [$ N , N ]d / Zd for someN # N , where d ! 3
is Þxed,

¥ the migration corresponds to a random walk on the torus, meaning that the kernel
p(x, y), x, y # G is given as p(x, y) 8

∑
{ z:(z" y) mod N =0 } ÷p(z $ x), where ÷p is purely d-

dimensional distribut ion such that
∑

x |x|d+2 ÷p(x) < & , and all part icles move indepen-
dent ly of each other and of the coalescence,

¥ the !-coal escent comesdown from inÞnity (uniformly), i.e., condit ion (4) holds.

We are concerned here with convergence of the !-coal escent part it ion structure on TN , if t ime
is rescaled by the volume (2N + 1)d of TN , to that of a t ime-changed non-spatial K ingman
coalescent as N . & . The main results are presented in Theorem 13 and Theorem 19: The-
orem 13 states convergence of the part it ion structure in a functional sense for arbit rary Þnite
init ial conÞgurations. Theorem 19 states convergence of the number of part it ion elements in a
functional sense if the init ial number of part it ion elements is inÞnite.

Remark. There are strong reasons to believe that the behavior of the above system in recurrent
dimensions d = 1 and d = 2 is mutually di#erent and di#erent from the behavior in t ransient
dimensions d ! 3.
Cox [12] veriÞesthat coalescing random walks (which formally correspond to spatial coalescents
with inÞnite collapse rate on all k-tuples, i.e. instantaneous collapse of all the individuals on
the samesite) satisfy an analogue of Proposit ion 18, under appropriate scaling. However, the
limit corresponding to the one in Proposit ion 18 is di#erent , and can be interpreted in terms of

381



Ar ratia [2] coalescing Brownian motions on the unit circle.
In the same paper [12] Theorem 6, Cox proves that for coalescing random walks on two-
dimensional tori, under appropriate scaling, the analogue of Proposit ion 14 holds for sparse
part icles. We therefore believe it would not be di%cult to extend Proposit ion 14 to d = 2,
however a non-t rivial analogue of Theorem 13 seemsmuch more di%cult since " Z 2

(& ) is
the t rivial part it ion with everything coalesced into one block, due to recurrence. Work in
progress[18] is in part devoted to the asymptotic analysis of the spatial K ingman coalescent on
two-dimensional tori. 0

We write PN ,! if we want to emphasize that the part it ions are labeled by TN . Let

" N ,!
" and " N ,!

denote the ! -coalescent started from a part it ion $ # PN ,! , and the ! -coalescent started from
any part it ion that contains inÞnitely many equivalence classeslabeled by (located at) each site
of TN , respectively. In order to determine the large space-time asymptotics for " N ,! , at t ime
scaleson the order of the volume (2N + 1)d of TN , we imitate aÒbootstrappingÓargument from
[16].

Remark. Observe that in [16], only thesingular ! = "0 casewasstudied in thiscontext . However,
the structure of the argument concerning large space-time asymptotics carries over due to the
cascading property for general (spatial) !-coal escents, in part icular due to the fact that any two
part it ion elements $1, $2 # " N ,! (0) coalesceat rate

! 2,2 = !([0 , 1]) (25)

while they are at the samesite, and that they do not coalesceotherwise. 0

We will need the following notation: for a marked part it ion $ # P!
n (or $ # P! ), and two real

numbers a < b # R , write
$ # [[a, b]],

if ' i, j with i ,= j , such that (Ai , &i ), (Aj , &j ) # $ we have |&i $ &j | # [a, b]. In words, $ # [[a, b]]
if and only if all the mutual distancesfor pairs of di#erent part it ion elements of $ are contained
in [a,b].

The following theorem states that, viewed on the right t imescale t(2N + 1)d, and after some
init ial collapseof a Þnite start ing conÞguration, the part it ions of the ! -coalescent on the tori TN

with N large behave like thoseof a (non-spatial) t ime-changed Kingman coalescent . To make
this statement more precise,we int roduce the following notation.

Let G =
∑(

k=0 ÷pk(0) where ÷pk denotes the k-step t ransit ion probability of a ÷p random walk.

Note that this random walk is t ransient on Zd, so that G < & . Let " Z d ,!
" be the !-coal escent

on G = Zd with migration given by the random walk kernel ÷p, started from part it ion $ # P!

with # $ < & . The transience of ÷p also impliesexistence of non-t rivial limit part it ions

" Z d

" (& ) = lim
t)(

" Z d

" (t),

in the sensethat if # $ ! 2 then #" Z d

" (& ) ! 2 with posit ive probability.
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We deÞne K " as the non-spatial K ingman coalescent started in the part it ion $ # P or $ # Pn.
This means that K " is the ! K -coalescent for ! K = "0 and |G| = 1 with init ial conÞguration
K " (0) = $.

Denote by D(R + , E) the càdlàg paths on R + with values in somemetric space E, and equip
the spaceD(R + , E) with the usual Skorokhod topology. Al so let Ó9 Óindicate convergence in
distribut ion. Set

. =
2

G + 2/! 2,2
. (26)

Recall that " N ,! starts from a conÞguration containing inÞnitely many blocks, namely the par-
t it ion "(0) = {{ j } : j # N } . The theorem below concerns the behavior of only Þnitely many
blocks. Recall that " N ,! (0)|n is the restriction of the labeled part it ion " N ,! (0) to [n]. In the the-
orem below we use the abbreviation " N ,!

n := " N ,!
! N ,# (0) |n . Again, " N

n is the processof part it ions

corresponding to " N ,!
n .

T heor em 13 Assume that for each Þxed n ! 1 and all large N we have " N ,! (0)|n =
" N +1 ,! (0)|n . Then for each n, we obtain as N . & , the following convergence of the (un-
labeled) parti ti on processes:

(" N
n (t(2N + 1)d)) t# 0 9 (K ! Z d

n (( ) (.t )) t# 0,

where convergence is with respect to the Skorokhod topology on D(R + , Pn), and both " N ,!
n and

" Z d ,!
n are started from the same initi al conÞguration " N ,! (0)|n # P!

n .

Remark. The statement is a generalization of Proposit ion 7.2 in [16], which deals with the case
of spatial K ingman coalescents, rather than ! -coalescents and only states convergence of the
marginals. Nevertheless,the Þrst part of the argument is analogous, and we will change it only
slight ly in preparation for Proposit ion 18 and Theorem 19. 0
As the Þrst step we will state a result for the casein which the init ial conÞguration is sparse
on the torus, so that no coalescence involving more than two part iclesmay be seenin the limit .
The general case,stated in Theorem 13, will then follow easily.

Pr opositio n 14 Let aN . & be such that aN / N . 0. Fix n # N , and let $N ,! # PN ,! be such
that # $N ,! = n ! 2, $N ,! # [[aN ,

:
dN ]], and such that its corresponding (unlabeled) parti ti on

$N equals a constant parti ti on $0 # P for all N . Then as N . & , we have the following
convergence in distr ibuti on of the (unlabeled) parti ti on processes:

(" N
" N ,# (t(2N + 1)d)) t# 0 9 (K " 0 (.t )) t# 0,

where the convergence is in the space D(R + , P).

Proof. To simplify the notation we refer to the i th block of $0 as { i } , for i = 1, . . . , n. In order
to show the convergence on the space D(R + , P) we will prove that the joint distribut ion of
inter-coalescencet imesconverges,when appropriately rescaled, to the joint distribut ion of inter-
coalescence t imesof K (. á), and that, at each coalescence t ime, any pair of remaining blocks is
equally likely to coalescenext , seealso [17] for a similar argument .
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We set / N
0 = 0. Since there are at most n $ 1 coalescence t imes in general, we then deÞne

recursively stopping t imesfor k = 1, . . . , n $ 1,

/ N
k := inf { t ! / N

k" 1 : #" N
" N ,# (t) ,= #" N

" N ,# (/ N
k" 1)} ,

as long as # " N
" N ,# (/ N

k" 1) > 1. Al so deÞne inter-coalescence t imes 0N
k := / N

k $ / N
k" 1, k " n $ 1.

Let us Þrst observe that for n = 2

P[0N
1 / (2N + 1)d < t] = P[/ N

1 / (2N + 1)d < t] . e" *t (27)

uniformly in t # [0, T] for any T < & , by Lemma 7.3 in [16]. Indeed, as remarked at the
beginning of this section, the spatial !-coal escent restricted to two-part icles is ident ical in law
to the spatial ! 2,2"0(á)-coalescent from [16].

Let Uk be independent exponent ial random variableswith parameters .
(n" (k" 1)

2

)
for k < n $ 1.

We wish to show the convergence in distribut ion of the random vector

(0N
1 / (2N + 1)d, . . . , 0N

n" 1/ (2N + 1)d) 9 (U1, . . . , Un" 1) (28)

as N . & . The statement is clear by (27) if n = 2. In order to show (28) for n ! 2, the Þrst
step is to seethat, we may exclude the possibility of coalescence of more than two part iclesat
any given t ime with probability tending to 1 as N . & .

Let / N (i, j ) be the t ime of the coalescence which merges the block A(i ) containing i and the
block A(j ) containing j , and for each i denote by &(i ) the label associated with the block A(i ) .
Then, we have for any 0 < T < & , and any distinct i, j , k # [n],

∫ T (2N +1 )d

0
P

[
/ N

1 = / N (i, j ) # du, |&(i ) $ &(k) | " aN

]
. 0, (29)

uniformly over all part it ions $N ,! # [[aN ,
:

dN ]], asN . & . The statement (29) is analogous to
(3.7) in Cox [12], and follows with exactly the samecalculation. Likewise,a statement analogous
to (3.8) in [12] holds, saying that uniformly over all $N ,! # [[aN ,

:
dN ]]

∫ T (2N +1 )d

0
P

[
/ N

1 = / N (i, j ) # du, |&(k) $ &(l) | " aN

]
. 0, (30)

as N . & for i, j , k, l # [n] distinct.

Now Þx T < & , 1> 0, and let n > 2. Relation (29) implies that for N large enough,

P
[
#" N

" N ,# (/ N
1 ) ,= n $ 1, / N

1 < T(2N + 1)d
]

< 1, (31)

and together with (30) it implies that

P
[
" N ,!

" N ,# (/ N
1 ) ,# [[aN ,

:
dN ]], / N

1 < T(2N + 1)d
]

< 1.

A simple induction (using the strong Markov property and uniformity of (29) and (30) in t #
[0, T]) yields the following statement : for each k < n $ 1, and any Þxed 2 > 0, if N is large
enough then

P
[
#" N

" N ,# (/ N
k ) ,= n $ k, / N

k < T(2N + 1)d
]

< 1,
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and
P

[
" N ,!

" N ,# (/ N
k ) ,# [[aN ,

:
dN ]], / N

k < T(2N + 1)d
]

< 1,

for k " n $ 2. From this we get that, for any Þxed 2 > 0, if N is large enough,

P
[
#" N

" N ,# (/ N
k ) = n $ k for each k with / N

k < T(2N + 1)d
]

> 1 $ 2, (32)

and
P

[
" N

" N ,# (/ N
k ) # [[aN ,

:
dN ]] for each k with / N

k < T(2N + 1)d
]

> 1 $ 1. (33)

Moreover, on the event

{ / N
k < T(2N + 1)d} / { #" N

" N ,# (/ N
k ) = n $ k} / { " N

" N ,# (/ N
k ) # [[aN ,

:
dN ]]}

we have as in (3.1) of [12] that

|P[0N
k+1 / (2N + 1)d > u|F +N

k
] $ e" * (n # k

2 )u| < 2N , (34)

where 2N depends on N only, and where 2N . 0, as N . & .

In order to arrive at (28), we show that 0N
k is asymptotically independent of 0N

k" 1, . . . , 0N
1 for

all k = 2, . . . , n $ 1. So consider for any Þxed 0 " t1, . . . , tk , where
∑k

i =1 t i < T, the event

AN
k :=

{
0N

k

(2N + 1)d < tk ,
0N

k" 1

(2N + 1)d < tk" 1, . . . ,
0N

1

(2N + 1)d < t1

}
.

In part icular, on this event we have that / N
i < T(2N + 1)d is satisÞed for i = 1, . . . , k. We obtain

P
[
AN

k

]

= E
[
P

[
0N

k

(2N + 1)d < tk

∣∣∣∣ F+N
k # 1

]
1A N

k # 1

]

= E
[(

P
[

0N
k

(2N + 1)d < tk

∣∣∣∣ F+N
k # 1

]
$

(
1 $ e" (n # ( k # 1)

2 )*t k

))
1A N

k # 1

]

+(1 $ e" (n # ( k # 1)
2 )*t k )P

[
AN

k" 1

]
.

Now use(32), (33), and (34) to get

lim
N )(

P
[
AN

k

]
= (1 $ e" (n # ( k # 1)

2 )*t k ) lim
N )(

P
[
AN

k" 1

]
.

By iterating the argument we obtain asymptotic independence. This in turn implies that
(#" N

" N ,# (t(2N + 1)d)t# 0 9 (# K " 0 (.t )) t# 0 in the Skorokhod topology, sinceby (32), as N . & ,

P

[
#" N

" N ,# (t) = n $
n" 1∑

k=1

1{ +N
k <t } for all t < (2N + 1)dT

]
. 1,

so that the convergence of the jump t imes / N
k in n $

∑n" 1
k=1 1{ +N

k <t } implies convergence in the
Skorokhod topology, seefor example Proposit ion 6.5 in Chapter 3 of [14].
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Finally, (2.8) in [12] states that

lim
N )(

sup
t# (log N )N 2

sup
x%T N

(2N + 1)d|÷pt (0, x) $ (2N + 1)" d| = 0.

where ÷pt (0, x) = P(X (t) = x|X (0) = 0) and X is a random walk on TN . This implies that the
posit ionsof part it ion elements in " N ,!

" N ,# (/ N
k + (logN )N 2) (note that (/ N

k + (logN )N 2)/ (2N + 1)d ;
/ N

k / (2N + 1)d are approximately uniformly and independent ly distributed on the torus. Due to
(28), with probability tending to 1 as N . & , we also have

#" N
" N ,# (/ N

k + (log N )N 2) = # " N
" N ,# (/ N

k ).

Therefore, at t ime / N
k+1 , each pair of part it ion elements of #" N

" N ,# (/ N
k ) is approximately equally

likely to coalesce,as is the casein the Kingman coalescent . This completesthe proof of conver-
gence on the spaceD(R + , P). !

Proof of Theorem 13. Fix n # N . Wewill Þrst show that, asN . & , " N
n (N 3/ 2) = " Z d

n (& ) (note
this is only a statement about the part it ion structure, not the locations), and that " N ,!

n (N 3/ 2) #
[[N 3/ 4/ logN ,

:
dN ]], with probability arbit rarily closeto 1. The statement of the theorem will

then follow by Proposit ion 14 if we cont inue running the processfrom t ime N 3/ 2 onwards, and
usethe strong Markov property, noting that N 3/ 2 = o((2N + 1)d).

Let ||x||( = maxi =1 ,...,d xi for x # Zd denote the maximum norm on Zd. DeÞne the stopping
t ime

/ N := inf { t > 0 : max{|| &||( : (A, &) # " N ,!
n (t)} ! N } .

Before t ime / N none of the blocks has reached the boundary of [$ N , N ]d, so we may couple

" N ,!
n and " Z d ,!

n in a natural way such that " N ,!
n (t) = " Z d ,!

n (t) for t " / N .

Note that by the functional CLT, any random walk X on Zd with random walk kernel ÷p started
at X (0) " N

2 satisÞes

lim
N )(

P

[
sup

0' t ' N 3/ 2
||X (t)||( < N

]
= 1.

Since for N largeenough, max{ &: (A, &) # " N ,! (0)|n } " N
2 and since the coalescent hasat most

n blocks independent ly performing random walks, we immediately obtain

lim
N )(

P
[
/ N > N 3/ 2

]
= 1.

In part icular, we have
lim

N )(
P

[
" N ,!

n (N 3/ 2) = " Z d ,!
n (N 3/ 2)

]
= 1. (35)

To seethat the blocks remaining at t ime N 3/ 2 are at a mutual distanceof N 3/ 4/ logN with high
probability, more precisely that

lim
N )(

P[" N ,!
n (N 3/ 2) # [[N 3/ 4/ logN ,

:
dN ]] ] = 1, (36)

if su%cesto observe that again by the functional CLT,

lim
N )(

P
[
|X 1(N 3/ 2) $ X 2(N 3/ 2)| < N

3
4 / logN

]
= 0,
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where X 1 and X 2 are two independent ÷p-random walks on Zd started at X 1(0) = X 2(0) = 0.
Due to (36), and the fact that P[X 1(t) = X 2(t) for somet ! 0|X 1

0 $ X 2
0 = x] . 0 as |x| . &

we have,
lim

N )(
P

[
" Z d ,!

n (N 3/ 2) = " Z d ,!
n (& )

]
= 1. (37)

Now (35) and (37) imply

lim
N )(

P
[
" N ,!

n (N 3/ 2) = " Z d ,!
n (& )

]
= 1. (38)

!

We will also show a uniform convergence to the Kingman coalescent , on the samet ime scale, in
the senseof the number of blocks, cf. Theorem 19 below. One starts with a bound on the mean
number of part it ion elements left in the coalescent " N at a Þxed t ime, say 1. The following
useful monotonicity property carries over from the spatial K ingman coalescent sett ing to the
spatial !-coal escent sett ing:

Supposethat the blocks of " N ,! (0) are init ially divided into classes" N ,1,! (0), " N ,2,! (0), . . . (in
any prescribed deterministic way) and let (* j " N ,j ,! (t)) t# 0 denote the united !-coal escent where
only blocks of the sameclassare allowed to coalesce.

Lemma 15 For each t > 0,

E [#" N (t)] "
∑

j

E [#" N ,j (t)].

Proof. We can couple " N ,! and * j " N ,j ,! , applying a modiÞcation of the Poissonpoint processes
(from the construction of " N ,! ) to all the ! -coalescents corresponding to di#erent classes.By
induction it su%cesto construct joint ly the coalescence and migration t ransit ion mechanisms
for both processes" N ,! and * j " N ,j ,! so that if the number of blocks of " N ,! is bounded by the
number of blocksof * j " N ,j ,! strictly beforeany (coupled) migration or coalescencet ime, thesame
will remain t rue after the t ransit ion takesplace. To construct this coupling let " N ,!

0 = * j " N ,j ,!
0

and assume a reservoir of independent Poissonpoint processesNi , i # [%] on R + % [0, 1] with
intensity measure dt x" 2!( dx).

Init ially link each block in " N ,!
0 with its copy in * j " N ,j ,!

0 . Let the label processesof blocks in
" N ,!

0 evolve as stated in Theorem 1. In betweenthe coalescence transit ion t imes, for any block
A$ # * j " N ,j ,!

0 which is linked to a block A # " N ,!
0 , match the evolut ion of the label processof

A$ with the evolut ion of the label processof A.

Given (t, x), a point in the PoissonprocessNi , generate a sequenceof i.i.d. Bernoulli(x) random
variables. To the kth linked pair (according to someprescribed and arbit rary ordering) of blocks
with label i at t ime t$ assign the kth Bernoulli variable. Recall that if two blocks are linked,
their label processesare equal so saying that a linked pair has label i makes sense. Note that
there may be unlinked blocks in * j " N ,j ,!

t " (but not in " N ,!
t " ), and to each such block assign a

di#erent and unique Bernoulli variable above. To form " N ,!
t coalesceall blocks of " N ,!

t " with
label i and Bernoulli outcome1, and to form * j " N ,j ,!

t , for each j , coalesceall blocks of * j " N ,j ,!
t "

in classj with label i and Bernoulli outcome1.
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Note that if at this t ransit ion two blocks A1 and A2 of " N ,!
t " coalesce,then the corresponding

blocks A$
1 and A$

2 of * j " N ,j ,!
t " linked to A1 and A2, respectively, coalesceonly if they consist

of elements of the same class. In casethere exist two or more blocks A$
1, A$

2, . . . in * j " N ,j ,! ,
belonging to di#erent classes,and linked to A1, A2, . . . that have just coalescedinto a new block
A within " N ,! at t ime t, then at t ime t instantaneously relink A$

1 to A and unlink A$
2, . . .. It is

easy to cont inue the evolut ion of labels of unlinked blocks of * j " N ,j ,! using ext ra randomness
so that each process" N ,j ,! is distributed as the !-sp atial coalescent .

Since in the above construction, at all t imes,each block of " N ,! is linked to a block of * j " N ,j ,!

located at the samesite, clearly #" N (t) "
∑

j #" N ,j (t), and in part icular the bound in expec-
tation holds. !
The following lemma is taken from [16] and is similar to Theorem 1 in [4] and the proposit ion
in Section 4 of [12].

Lemma 16 There is a Þnite constant cd such that uniformly in N # N , and in the sequences
(" N (0))N %N satisfying #" N (0) ! (2N + 1)d,

E
[
#" N (t)

]
" cd max

{
1,

#" N (0)
t

}
.

Proof. Al l we need to do is t ranslate the notation and explain the small di#erences in the
argument .

Our ! 2,2 is # in [16]. The migration walk ÷p is from the sameclassas in [16]. There are only
two statements in the argument of [16], Lemmas7.4 and 7.5 that depend on the structure of the
underlying coalescent . One is relation (7.50) at the beginning of the argument of Lemma 7.4.
Take A0 # " N (0) and note that, similar to (7.44) in [16],

#" N (t) " #" N (0) $
∑

! N (0) . A&= A 0

1{ A 0/ ! N ( t ) A } ,

so that
E

[
#" N (t)

]
" E

[
#" N (0)

]
$

∑

! N (0) . A&= A 0

P[A0 ) ! N (t ) A],

leading to (7.46) of Lemma 7.4 in [16], and therefore to relation (7.50) since the remaining
calculations concern the behavior of two part it ion elements (not the joint behavior of several
part it ion elements).

The other statement concerns (7.58) in the proof of Lemma 7.5: here, the torus is cut up into
boxesand (7.58) statesthat the expected number of blocks is bounded by the expected number
of blocks in a coalescent in which only blocks that start in the sameinit ial box may coalesce.
This holds in our sett ing due to Lemma 15.

Given (7.50) and (7.58), the remaining arguments are the sameas thosein the proof of Lemmas
7.4 and 7.5 of [16]. !

The next lemma says that the number of the part it ion elements at t ime 2(2N + 1)d is t ight in
N .
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Lemma 17 Fix 0 < 1,1$ < 1. Then there exists a constant M 0 = M 0(2,2$) such that, for all
M ! M 0,

lim sup
N )(

P[#" N (1(2N + 1)d) > M ] " 1$.

Proof. Assume 1 < , (2N +1 )d

2 . Due to Theorem 12, for k # N ,

sup
N

P[#" N (1) > k(2N + 1)d] = sup
N

P[TN ,(k)
( > 1]

= sup
N

sup
n

E [TN ,(k)
n ] "

(
(∑

b= k

1
#b

+
k
#k

)
.

Due to (4) (more precisely observation (10)), the right hand side convergesto zero as k . & .
Therefore, we may chooseM 0 ! 1 large enough so that

∑(
b= M 0

1
( b

+ M 0/# M 0 < 2$/ 2 and also

that M 0 > 4cd
,, " . Then for all M ! M 0,

P[#" N (1) > M (2N + 1)d] "
1$

2
. (39)

Now take M ! M 0 and deÞne the event AN
M := { #" N (1) " M (2N + 1)d} . We then have by

Lemma 16 that

E [#" N (1(2N + 1)d)|AN
M ] " cd max{ 1,

M (2N + 1)d

1(2N + 1)d $ 1
} " cd max{ 1,

2M
1

} .

Note that on AN
M we may have # " N (1) ! (2N + 1)d and we can apply Lemma 16 directly,

otherwise couple the coalescent (" N (t), t ! 1) with another coalescent ÷" N (t), t ! 1) such that
÷" N almost surely dominates" N (t) at all t imes,at all sites,and such that #" N (0) = (2N + 1)d,
and apply Lemma 16 to ÷" N . It follows that

P[#" N (1(2N + 1)d) > M 2|AN
M ] "

1
M

cd max{ 1,
2
1

} .

By condit ioning on whether AN
M or its complement occurs, using (39)

P[#" N (1(2N + 1)d) > M 2] "
1

M
cd max

{
1,

2
1

}
+ 1 á

1$

2
.

Since 2cd
M , < , "

2 we arrive at

sup
N

P[#" N (1(2N + 1)d) > M 2] " 1$,

for M ! M 0, which givesthe statement of the lemma with M 0 = (M 0)2. !

As a consequence, we obtain the following asymptotics for the number of part it ions in " N , a
spatial !-coal escent started from a part it ion having inÞnitely many equivalence classeslabeled
by (located at) each site of TN .
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Pr opositio n 18 Let (K (t)) t# 0 be the (non-spatial) Kingman coalescent started from the parti -
ti on K (0) = {{ i } , i # N } , and let . be deÞned in (26). Then, for each Þxed t > 0, we have

#" N (t(2N + 1)d) 9 # K (.t ),

as N . & , where the above convergence is in distr ibuti on.

Proof. We start with a lower bound on the asymptotic distribut ion of #" N (t(2N + 1)d). Let
aN = N 3/ 2 so that aN . & and also

:
aN / N . 0. For any Þxed M one can Þnd N0 large

enough so that for all N ! N0, " N ,! (0) contains at least M blocks (say Ai 1 , . . . , Ai M ), having
mutual distanceslarger than

:
aN . Let ÷" N ,! be the " N ,! coalescent restricted to { Ai 1 , . . . , Ai M } .

Then clearly
#" N (t(2N + 1)d) ! # ÷" N (t(2N + 1)d). (40)

As a consequence of (the proof of) Theorem 13, for any t > 0 , as N . & ,

P[# ÷" N (t(2N + 1)d) = k] . P[# K M (.t ) = k], k = 1, . . . , M ,

where K M (á) is the Kingman coalescent started from part it ion {{ 1} , . . . , { M }} . By (40), for
k = 1, . . . , M ,

lim inf
N )(

P [#" N (t(2N + 1)d) ! k] ! lim inf
N )(

P [# ÷" N (t(2N + 1)d) ! k]

= P[# K M (.t ) ! k].

Taking M . & on both sidesand using the well-known coming down (or ent rancelaw) property
for K (á), we get for each k ! 1, and each t > 0,

lim inf
N )(

P [#" N (t(2N + 1)d) ! k] ! P[K (.t ) ! k]. (41)

To get the upper bound corresponding to (41), we useLemma 17. Namely, Þx 2,2$ # (0, 17 t/ 2),
and Þnd the corresponding M 0 = M 0(2/2, 2$). Running the conÞguration " N ,! (2(2N + 1)d/ 2)
for an addit ional N 3/ 2 << 2(2N + 1)d/ 2 units of t ime will result in " N ,! (2(2N + 1)d/ 2+ N 3/ 2).
On the event { #" N (2(2N + 1)d/ 2) " M 0} , that has probability greater than 1 $ 2$, we have
{ #" N (2(2N + 1)d/ 2 + N 3/ 2) " M 0} , and moreover due to (36), for N su%cient ly large, all the
(fewer than M 0) part it ion elements of " N ,! (2(2N + 1)d/ 2+ N 3/ 2) are at mutual distanceslarger
than N 3/ 4/ logN with probability closeto 1. More precisely, if we let CN ,-,M 0 be the event that

" N ,! (2(2N + 1)d/ 2 + N 3/ 2) # [[N 3/ 4/ logN ,
:

dN ]] and

#" N (2(2N + 1)d/ 2 + N 3/ 2) " M 0

then, for all su%cient ly large N ,
P[CN ,-,M 0 ] ! 1 $ 22$. (42)

Again by the proof of Theorem 13, on CN ,-,M 0 we have for k = 1, . . . , M 0, almost surely

|P[#" N (t(2N + 1)d) ! k|F - (2N +1 )d / 2+ N 3/ 2 ]

$ P[# K #! N (- (2N +1 )d / 2+ N 3/ 2) (. (t $
1
2

)) ! k]| " 2N ,

390



further implying,

|P[#" N (t(2N + 1)d) ! k, CN ,-,M 0 ]$ E [P[# K #! N (- (2N +1 )d / 2+ N 3/ 2) (.t $ 2/2) ! k]1CN ,$ ,M 0 ]| " 2N ,
(43)

where 2N . 0 as N . & . Now use

P[# K #! N (- (2N +1 )d / 2+ N 3/ 2) (.t ) ! k]1CN ,$ ,M 0 " P[# K M 0 (.t $ 2/2) ! k]1CN ,$ ,M 0

" P[# K (.t $ 2/2) ! k]1CN ,$ ,M 0

together with the fact that Cc
N ,-,M 0 happens with probability smaller than 22$ to obtain from

(43) that
lim sup

N )(
P[#" N (t(2N + 1)d) ! k] " 42$+ P[# K (.t $ 2/2) ! k].

The last statement is t rue for any 2$, 2 > 0, and this combined with (41) gives

lim
N )(

P(#" N (t(2N + 1)d) ! k) = P(K (.t ) ! k), k ! 1. (44)

!

Remark. Before cont inuing, note an interesting consequence of (41):
If tN = o((2N + 1)d) then

lim
N )(

P[#" N (tN ) ! k] ! lim
t0 0

lim inf
N )(

P [#" N (t(2N + 1)d) ! k] = 1, k ! 1, (45)

or equivalent ly, #" N (tN ) . & in probability as N . & . 0

An even stronger form of convergence is t rue. It holds in any sett ing where Proposit ion 18 and
Theorem 13 hold, in part icular in the sett ing of [16], although there it doesnot appear explicit ly.
It s analogue is important for the di#usive clustering analysis in the two-dimensional sett ing of
[18].

T heor em 19 Let (K (t)) t# 0 be as in Propositi on 18. Then for each Þxed a > 0, we have

(#" N (t(2N + 1)d)) t# a 9 (# K (.t )) t# a,

as N . & , where the convergence is with respect to the Skorokhod topology on càdlàg processes.

Proof. As a consequence of (42) we have for any Þxed a > 0,

lim
N )(

P[" N ,! (a(2N + 1)d) # [[N 3/ 4/ logN ,
:

dN ]]] = 1. (46)

Together with the convergence of marginals in Proposit ion 18, and Theorem 13, this yields the
current statement . !
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