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Abstract

We prove unique continuation of solutions of the wave equation along and across
lower dimensional planes containing the ¢ axis. This is a sharpening and a general-
ization of a result of Cheng, Ding and Yamamoto as well as a simplification of the
proof.
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1 Introduction

Unique continuation of solutions of hyperbolic PDEs in domains in R*!, with coefficients
independent of ¢, across [ dimensional surfaces have been studied by John, Romanov, Hor-
mander, Robbiano, Tataru, Zuily and others - see [5], [7], [9], [13], [11]. Unique continuation
along or across lower dimensional analytic manifolds for operators with analytic coefficients
has been studied in [1] and [2] and the results may be summarized loosely as saying that there
is unique continuation along and across all lower dimensional non-characteristic manifolds.
In the non-analytic category, Lebeau in [10] showed that if u(z,t) is a solution of
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in a neighborhood of {p} x [0,7] with (a;;) positive definite and dependent only on z, and
w and all its z, ¢ derivatives vanishing on {p} x [0, 7] then wu is zero in a neighborhood of
{p} x[0,T]. The proof required the symmetry of the differential operator and there seems no
obvious extension of the proof to the asymmetric (first order perturbation) case. In [3] and
[4], Cheng et al showed that unique continuation holds, for solutions of the wave equation,
in (along) two dimensional planes containing the ¢ axis.

We prove unique continuation results along and across lower dimensional subspaces for
special operators. These follow from some simple observations and an application of unique
continuation results across hypersurfaces.

Suppose [, m,n are non-negative integers with [ = m +mn and n > 0. Points z € R! will
also be written as x = (y, z) with y € R™ and z € R". Define the operator

i ayﬁy]—FZb ()0, + c(y)

where (a;;(y)) is uniformly positive definite on compact subsets. Define a distance d between
points in R™" associated with the Riemannian metric associated with the elliptic operator
P + A.. Since the coefficients of P are independent of z one can show that the shortest
curve joining (y, z) to (y/,2’) has components consisting of the shortest curves joining y to
y' and z to z’. For any positive integer k, By (r) will denote the origin centered open ball of
radius r in R*, S(r) will denote its boundary, and |p| will denote the distance of p from the
origin - all this corresponding to a distance function made clear from the context. We also
define By(r) to consist of just a point.

We prove the following results - the first is a unique continuation result along a subspace
and the second a unique continuation result across a subspace.

Theorem 1 Suppose I,m,n are positive integers with | = m + n, p,T and €(small) are
positive numbers, a;;(y),b;(y), c(y) are C* and u(y, z,t) is a C* solution of

uy — Pu—A,u=0, (y,2,t) € Bi(p) x (=T1,T) (1)
so that u(y,0,t) =0 on By,(e) x (=T,T). Then u(y,0,t) is zero on

{(y,t) e R" x R : ly|+|t| < T, |yl < p}.

One cannot expect unique continuation across z = 0 in Theorem 1 because we have assumed
only u = 0 on z = 0 and not assumed anything about the value of z derivatives of u on



z = 0. This lack of unique continuation across z = 0 in Theorem 1 may be clearly seen in
solutions of the wave equation which are odd in z. If we also assume that the z derivatives
of u are zero on z = 0 then we obtain unique continuation across z = 0 as shown in Theorem
2. Note that if u is a solution of (1), then knowing u and the first order z derivatives of u
on z = 0 is not enough to determine the higher order z derivatives of u on z =0 if n > 1.

Theorem 2 Suppose [, m,n are non-negative integers withn >0 and l = m +n, p, T and
e(small) are positive numbers, a;;(y),b;(y), c(y) are C* and u(y, z,t) is a C* solution of

Ut — Pu — Azu = 07 (yv Zat) € Bl(p) X (_T7 T) (2)

so that (0%u)(y,0,t) =0 on By, (€) x (=T,T) for all multi-indices cv. Then u(y, z,t) is zero
on
{(y,2,t) e R"™ x R+ |(y, )| +|t] < T, |(y,2)] < p}-

Theorem 1 is a generalization and a sharpening of the results in [3], [4] with a simplifi-
cation of the proof. If the operator P is symmetric then the hypothesis can be weakened -
instead of requiring that u(y,0,t) be zero on B,,(¢) x (=T,T), one needs only that all the
y derivatives of u are zero on {0} x [0, 7] (see the proof of Theorem 1). We conjecture that
Theorem 1 generalizes to the case when A, is replaced by a second order elliptic operator in
z with coefficients depending only on z. If P is symmetric then Theorem 2 is just a special
case of the much stronger result of Lebeau in [10]. However, Lebeau’s result does not cover
the case when P is not symmetric so Theorem 2 is a new result, but we conjecture that
Lebeau’s result generalizes to the asymmetric case.

Theorem 1 is valid if u(y, z,t) is continuous, instead of being C'*, as shown below.
Suppose x(t) is a smooth function supported in a neighborhood of the origin. Define
u'(x,t) = (x * u)(x,t); then u' also satisfies the hypothesis of Theorem 1 except with a
slightly smaller 7. Now W F'(u') is contained in 72 = |¢|* and on the region |7|/2 < |¢] < 27,
w'(€,7) = (1) u(€, ), decays faster than any polynomial in &, 7 (localization in (z,t) is also
needed); so v’ is C*°. If the theorem is valid for smooth solutions then v’ is zero on the
appropriate set, which implies u is zero on the appropriate set because y was arbitrary.

2 Proof of Theorem 1

Since we can add a single real variable to z with u independent of this real variable, there is
no loss of generality in assuming that n is an odd integer (to shorten the proof).
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For any real number r with (y,r) € B,,41(p), define the mean value function

1
U(yﬂ“, t) = W u(y,r&,t) dea

| Js.1)

v(y,r,t) is a smooth function which is even in r. Then from the fact that the mean values
satisfy Darboux’s equation (see [5]), we have that v(y,r,t) satisfies

-1
vy — Pv — v, — nr v, = 0, (y,7) € Bua1(p), |t| < T
and v(y,0,t) = 0 on B,,(e) x (=T,T). Also, since v is even in r, we have v,(y,0,t) = 0 on
Bn(p) x (=T,T). Theorem 1 will follow from the following proposition because v(y,0,t) =
u(y,0,1).

Proposition 1 Suppose m,n are non-negative integers, n > 0 and odd, p,T and €(small)
are positive numbers, a(y) and b(y) are smooth and v(y,r,t) is a smooth, even in r, solution

of

n—1

Vg — Pv — vpp — v, =0, (y,7,t) € Bia1(p) x (=T,7T) (3)

so that v(y,0,t) is zero on By,(e) x (=T,T). Then v(y,r,t) is zero on

Qpr ={(y,r,t) € R™ x R+ |(y,r)| + [t| < T, |(y,r)| < p}.

The proposition is true for even n too but requires a transform slightly different from the
one used for the odd n case.

Proof of Proposition 1

When n = 1 the proposition follows quickly from the unique continuation results for the
wave operator in [13], as is shown below. When n > 1 the proposition would also follow
from [13] except for the singularity (n — 1)/r in the coefficient of 9,. However, there is a
well known transform, in the the study of spherical mean values of functions, for reducing
the n > 1 equation to the n =1 case.

(n =1 case)

This case is handled by a well known, but rarely written, short and simple argument which
we have included for the reader’s convenience. This also follows from a more general result in
8] - see Theorem 3.16 there. (We have not addressed the possible lack of smoothness of the
function |z| - see [8] for how this is handled). If m = 0 then (3) is the one dimensional wave
equation and the result is standard. So assume m > 0. The proposition will follow from a
unique continuation result in [13] which asserts the following : suppose v is an H' solution
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of a homogeneous hyperbolic pde of second order with coefficients which are independent of
t, the second order coefficients are C'' and the lower order coefficients are bounded; then v
has unique continuation across every non-characteristic surface. If p < 7T then noting that

Qp,T = UTG(—T-i-p,T—p){(y?Ta t) € Rm+1 X R |(y77ﬂ)| + |t - T| < p}

and that Proposition 1 is valid under a translation in ¢, there is no loss of generality in
assuming that p > T in which case ), r is independent of p and and p plays no role.

In the region B,,.1(€) x (=T, T), v satisfies (3), we are given v(y,0,t) = 0 and v,(y,0,t) =
0 because v(y,r,t) is even in r. Hence we can redefine v to be zero on the region r < 0 in
Bpi1(€) x (=T,T) and v will still be a solution of (3) in B,41(€) x (=7,T). Then using
the non-characteristic surface |y|?> + |r + €/3]*> = €2/9 in (r,y,t) space, from the unique
continuation result there is neighborhood of the ¢ axis in which v is zero. This can be done
on both sides of r = 0 so v = 0 in a neighborhood of the ¢ axis (with |[t| < T") for the original
v and not just the redefined v.

For any 0 > 0 define the region
Gsr = {(y,r,t) € R"™ x R = |(y,7)] V246 < T

and we have to show that v = 0 on Gyr. Note that the set Gsr increases in size as ¢
decreases and G p is the union of the G5 as d varies over positive reals. Also, for 6 > 0, the
boundary of Gsr is non-characteristic; the boundary is singular at (y,r) = 0 but that will
not be a problem since v = 0 is zero in a neighborhood of the ¢ axis. Let dy be the infimum
of all the §'s > 0 for which v = 0 on Gj7; the existence of a dy < T is assured because
v = 0 in a neighborhood of the ¢ axis. If §g > 0 then v = 0 on G, r; since the boundary of
Gs, 1 is non-characteristic, from unique continuation, we have v = 0 in a neighborhood of
the closure of G, 7. Since this closure is compact, there is a 0 < §; < dy such that v =0 in
Gy, which contradicts the definition of 6. Hence dy = 0.

(n > 1 case)
We show how this may be reduced to the n = 1 case. We have shown that it is enough to
assume n odd; see pages 700-704 of [5] for the appropriate modifications for the even n case.

For even functions ¢(r) and for any integer k, define the operators D, I, Lj by

(Do)(r) = =22

r k—
=5 (Ip)(r) = 2/0 sé(s) ds, Ly¢ = ¢y + Tlﬁbr

Note that D, I, L;, preserve even functions, and we have Dol = identity, and LD = DL _s.
Further, using induction and a reversal of the order of integration, we can show that for any



positive integer p,

(IP)(r) = ’ MAZQ%ﬁﬂpw@my: : T%Aoﬂ—awﬂammm.(g

(p—1 (p—1)!
If n > 1 then n = 2p + 1 for some positive integer p. Define
w(y,r,t) = (I"v)(y, . t)
and note that v = DPw. Further, since n — 2p = 1, we have
0= vy — Ayv — Lyv + a(y) - Vyv + b(y)v

= 0?DPw — A,DPw — L, D*w + a(y) - V,D"w + b(y) DPw

= DPwy — DPAyw — DPLyw + DP(a(y) - V,w) + DP(b(y)w)

= DP(wy — Ayw — wyr + a(y) - Vyw + b(y)w).
Since w is even in r and D corresponds to differentiation with respect to r2, we have

p—1
(Wit — Ayw—wpet+a-Vyw+bw)(y, r,t) = Y iy, t)r*, (y,7) € Binia(p) x (=T, T). (5)
=0

Let W = 0% w; differentiating (5) respect to r to order 2p and noting that a, b are independent
of r, we have

Wy — AW =W, +a-V,W + bW =0, (y,7) € By1(p) x (=T, T). (6)
Now W is even in r and from (4) we have
W(y,0,t) = (afplpv)rzo = cv(y,0,1)
for some constant ¢, implying W (y,0,t) = 0 on B,,(¢) x (=T, T'). Hence from the proposition

in the n = 1 case we conclude that W(y,r,t) is zero on Q, 7.

Since w = I?v, from (4) we have (9'w)(y,0,t) = 0on B,,(p)x (=T, T) fori =1,--- ,2p—1;
further 02w (y,r,t) = W(y,r,t) = 0 on Q,r. Hence w(y,r,t) = 0 on Qr. Since w(y,r,t) =
(IPv)(y,r,t) and from (4) the kernel of I? is non-negative, we may conclude that v(y,r,t) =0
on ngﬂ.

3 Proof of Theorem 2

Again we have assumed that n is odd. There is an orthonormal basis of L?(S,,(1)) consisting
of homogeneous harmonic polynomials - see [12]. Let ¢(6) be one element of this basis with
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k being the degree of homogeneity of ¢; define v(y,r,t) = r=*f(y,r,t) where
fly,r,t) :/ ()u(y,r@,t) o(0) do.
(1

Since ¢(0) is orthogonal to all polynomials of degree less than k, one may observe that
f(y,r,t) and all its r derivatives of order less than k are zero at r = 0. Hence v(y,r,t) is
smooth and even in r. Further, for (y,t) € B,,(¢) x (=T,T), we have

0,0 = O Obeo = gy [ (090 0(w.0.060)a0 =0

because of the hypothesis of Theorem 2; hence v satisfies one part of the hypothesis of
Proposition 1.

If Ag is the Laplace-Beltrami operator on S, (1) then

A=+

and because ¢(.) is harmonic and homogeneous of degree k, one may show that Ag¢ =
—k(n+k—2)¢ on S,(1). Hence (see page 1235 of [6])

Tk(vrr + #k_lvr) = (rkv)TT + n— 1(7”k7))r . W(r v)
n—1 k(n+k—2)
I
—1 k(k -2
(1) r r n(1)
_ / (e + 1u,,)(y, 0.000)d0+ — [ uly,r6,1) Aso(6) df

- / () 8,000 8+ 5 [ (u)yr,8) 6(6) o
Sp(1) T Js,(1)

Hence, from (2), v(y,r,t) satisfies (3) in Proposition 1, except with n replaced by n + 2k.

So from Proposition 1, we have v(y,r,t) = 0 on Q,, that is

/ u(y,rd,t) p(0)dd =0
Sn(1)

for all (y,r,t) € Q,r for all basis elements ¢(.). This implies u(y, z,t) is zero on
{(y,2,0) € R™™ x R [(y, 2)[ + [t < T, |(y,2)| < p}.
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