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1 Introduction

Suppose 2 is a bounded open set in R™, n > 2, with smooth boundary. Let D
be a strictly convex open subset of 2, with smooth boundary, with d(0€2, D) >
0. Define the impedance

1 z€e R*"\D
n(a:):{k mel;

with k # 1, k > 0. Consider the transmission problem

nug — V- MVeu) = 0 on R" x (—o0,T] (1)
u(z,t) = (t—ax,)2 for t<<0 (2)
Here )
o ) 87 >0
()% = { 0 s<0

Let u’ be the function u restricted to (the interior) D x (—oo,T], and u®
be the function u restricted to (the exterior) (R"\ D) x (—oo,T]. Then, in



fact u satisfies (see [9])

uy —Ngut =0 on D x(—o00,T] (3)
uy — DNgut =0 on (R"\ D) x (—o0,T] (4)
u'=0, u'=({t—wz,)5 for t<<0 (5)
and u¢, u’ are coupled via
.., o0ut ouf
u' = uf, k@l/— 5, " 0D x (—o0,T]| (6)

Here v is the outward pointing unit normal to D.

Using standard techniques for initial boundary value problems for hy-
perbolic systems with zero boundary conditions, one can show that u €
H} _(R™ x (—o00,T]). However, their is a jump in the normal derivative of u,
across OD. Further u' € H*(D x (—o0,T]) and u¢ € H? ( (R"\ D) x (—o0, T]).

We have included an outline of the proof for the reader’s convenience - see
Lemma 4.

Our aim is to study the inverse problem i.e. to recover D given du/dv on
02 x (—o0,T]. We prove the following

Theorem Suppose ) is a bounded open subset of R", with smooth bound-
ary, n > 2. Let D be a strictly convex, open, subset of €1, with smooth bound-

ary, with d(0Q2, D) > 0. If

T — inf z,, > 6 diam(€)
rzeD

then D is uniquely determined from a knowledge of du/0v on 02 X (—oo, T].

The theorem asserts that if the medium is probed by a plane wave, and
the response is measured on a surface surrounding D, for a long enough time,
then D is uniquely determined.

Majda and Taylor in [12] studied an inverse velocity transmission problem
for the wave equation. They recovered convex domains D from high frequency
scattering data. However, their result does not cover the situation in our
theorem. Loosely speaking, they need data of the form w(k,0,w) for large
frequencies k, and (0,w) € V, where V is a subset of S"~1 x S"~1  so that the
map

h:V — gt
w—~0
w0

(,w) —




is surjective. Here 6 represents the direction of the incoming wave and w the
direction in which the response is measured. In particular they can deal with
the backscatter case where

v={00-0):0es"}
However, the situation dealt with in our theorem corresponds to
V={(en0): 05"}

where e, = (0,---,0,1), and one observes that h(V) # S" L.

Hansen in [6] studies a more general inverse velocity transmission problem
in a bounded region. The velocity is assumed to be smooth except for a jump
across a hypersurface. The medium is probed by point sources generated at all
points on the boundary and the response is measured over the whole boundary.
He shows that one may recover the location of the jump and the size of the
jump across this discontinuity.

Isakov in [8] studies domain recovery problems for the wave equation, where
the domain in question occurs as the support of the source term on the right
hand side of the equation.

We attempt to recover D from the response of the medium to only one
experiment. The unknown D may be described by a function of n—1 variables,
where as the data Ou/Jv depends on n parameters - so the problem is a
little overdetermined. If one has the response of the medium to plane waves
coming from all possible directions i.e. the Dirichlet to Neumann map, then
the problem is highly overdetermined and uniqueness may be proved as in [14].

Schiffer considered an inverse obstacle problem for the constant speed wave
equation, where the obstacle is impenetrable i.e. u is zero on dD. In this case
uniqueness follows fairly quickly from unique continuation for the constant
speed wave equation (see Lemma 1), though he considered the case T' = oo
and appealed to unique continuation results for elliptic equations - see [10] for
details.

Friedman and Isakov in [5] considered an inverse transmission problem for
an elliptic equation where they proved uniqueness provided D was polygonal
and was far enough from 0. They used unique continuation for Laplace’s
equation and special properties of solutions of Laplace’s equation in a wedge
shaped domain. Note that the elliptic problem is harder, because one attempts



to recover an object depending on n — 1 parameters with data also depend-
ing only on n — 1 parameters - though Isakov and Friedman’s result is only
for polygonal domains, which are determined if the vertices of the polygon
are known. However, they allow their input disturbance to be any non-zero
function, unlike the specialised nature of the incoming wave for our theorem.

We close the introduction with a few remarks on some unsolved transmis-
sion problems for the wave equation. Firstly, it would be interesting to study
the uniqueness question when 7 is not piecewise constant but some function
smooth everywhere except for a jump across D. Further, instead of assuming
an impulsive wave as the incoming disturbance, is uniqueness valid for any
non-zero incoming wave? Finally, the inverse velocity transmission problem
has not been resolved, even for the impulsive incoming wave case. Most of the
ideas from this article carry over but we were unable to complete the proof.

2 LEMMAS

In this section we present lemmas, on the following four topics, needed in the
proof of the Theorem.

e A unique continuation result for the constant speed wave equation.

An analysis of the wave front set of u.

The regularity of u.

Green’s theorem for domains which may not have a smooth boundary.

2.1

We prove a unique continuation result for the constant speed wave equation.
Here y € R*!, z,t € R.

Lemma 1 Suppose p,l,T are fized positive real numbers, and u(y, z,t) is a
distribution on R satisfying

Uy — Dyt — Uy, =0
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on
{(,2,t) Jyl<p, 0<z2<, t|<T}

If uw and u, are zero on
{ (5,0,8) lyl<p, [t <T}
then u is zero on

{(y,2,t) : |yl <p, 0<z<l, 22+ |t|<T}

This lemma asserts that if u satisfies the wave equation in a cylindrical
neighbourhood of the line

{(0,2,0) : 0<z<1l}

and u and u, are zero on one end of this cylindrical neighbourhood then w is
zero on a tapered cylindrical neighbourhood of the above line, the tapering
occurring in the ¢ direction. Further, since the laplacian is rotation and trans-
lation invariant, the above result is valid for any line segment in (y, z) space
not just for a segment of the z axis.

The proof of Lemma 1 follows fairly quickly from the unique continuation
theorem for the timelike cauchy problem for the constant coefficient wave
equation in [1]. Let us state this result for completeness. Here y € R"~! and
z,t € R.

Lemma 2 (John) Suppose € and H are positive real numbers, and u(y, z,t)
is a smooth function satisfying

Uy — Dyt — U, =0

on
{(y,z,t) : 2>0, |[(y—a,2)|+|t| < H, |a| <€}

If uw and u, are zero on

{(y,0,t) |yl <e |t| < H}

then u is zero on

{(W2t) - 220, [(y,2)[+|t| <H }



Note that wave equation is translation invariant so that this result is valid
over translations of the above region.

Proof of Lemma 1 First we prove the lemma when u is smooth.

Choose a small positive §. Choose a point b € R ! and a ty € R with
|b| < p—d and |tg| < T — 6. Then using Lemma 2 with ¢ playing the role of
H we have u is zero on

{(2t) » 220, [(y =b,2)[+ |t —to] <}

for all b and ¢, with |b| < p —§ and |tg| < T —§. Taking y = b in the above
region we have u is zero on

{(y,2,t) : lyl<p—0, 2+ t| <T, 0<2<6}

Choose a z, in [0,6). Then u and u, are zero on

{(waOat) : |y|<p_67 |t|<T_Z07 }

Choose b and tg with |b] < p — 6 and |ty| < T — 29 — . Then from Lemma 2
we have u is zero on

{(y.20) 2220, [(y = b2 —20)| + |t —to] <6, }

for all zg, b, to with 0 < zg < 4§, |b] < p— 4, and |tg| < T — 29 — 6. Taking
z = 29 and t =ty in this region we have u and u, are zero on

{ (y,20,t0) : [y—bl <4}
Hence u is zero on
{(y,z,t) : 0<z2<0, |yl <p, 24+ t|<T -0, }
This is true for all sufficiently small 6 so we may conclude that u is zero on

{(y,2,t) : 0<z2<4, |yl <p 22+|t| <T}

So we have progressed a distance ¢ in the z direction. If we repeat this
procedure several times the lemma follows for the smooth u case.

To prove the lemma in the non-smooth u case we extend the region of
definition of u to include z < 0 by taking u to be zero for z < 0. Since v and
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u, are zero on z = 0, u will satisfy the wave equation even for z < 0. Now if
we choose a smooth function ¢(y, z,t) with supp ¢ C B.(0, —¢,0) then u * ¢
is a smooth function satisfying the hypothesis of the lemma with p, [, and T
replaced by p — €, I — ¢, and T — €. So from the result for the smooth case,
u * ¢ is zero on the appropriate region. Noting that this is valid for all ¢ and
all small € we have wu is zero on the required region.

QED

2.2

We now give a description of the wave front set of the solutions u’, u® of (3)
- (6). Ome can perhaps intuitively see that the wave front set will consist of
incident, transmitted, and reflected bicharacteristics - we shall not need the
behavior near grazing points. We attempt to state it precisely in Lemma 3.

Since D is strictly convex and smooth, there exist exactly two points where
the tangent plane to 9D is parallel to z,, = 0. Let p = (p/,pn), (p € R*™1, p, €
R) be the point which has the smaller nth coordinate. Then in (3) - (6), p
is the first point on 0D to feel the influence of the incident wave, and the
wave reaches p at time p,. We shall need the wave front set of u’, u® only
near (x = p,t = p,). The direction of propagation of the incident wave is
transversal to D near p - hence we can gladly avoid considering grazing rays.

Let N be a small neighbourhood of p in R", and ¢ > 0, so that no line
parallel to the x,, axis is tangential to DN N, and the incoming wave does not
reach any point of 9D \ N before t = p,, +¢€. Let v(a) be the outward pointing
unit normal to 9D NN at a. We define the reflected vector r(a) at a to be the
unit vector in R", in the plane determined by v(a) and e, = (0,---,0,1), so
that

—e, - v(a) =v(a) - r(a)

i.e. r(a) and —e, make equal angles with v(a). See Figure 1.

We use the notation z = (2, z,,), where x € R", 2’ € R"~'. A point in the
cotangent bundle of R" x R will be written as [z,¢;&, 7| with z, £ € R™, and
t, 7 € R. Define the projection

r: TYR'XR}) — R'xR]
[z,t;¢, 7] — (2,t)
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We define the set of incident and transmitted bicharacteristics
I7T ={[z,2,;(0,0),0] : xz€R", c€R}
and the set of reflected bicharacteristics near N X (py, pp + €)
R={[a+ (t—ay)r(a),t;or(a),c] : a€ NNID, a, <t <a,+e¢€ c€R}

Then we have

Lemma 3

WF(u Nx(—oopnte) = (TTUR)NT (N x (—00,p, +¢€))
WF( UZ’NX(,OO7pn+E)) = I7 N 7T_1(N X (—oo,pn + 6))

Remark: Note the equality in the statement of the Lemma (assuming k # 1).
From results for hyperbolic systems of initial boundary value problems (e.g. in
[15]), one can quickly see that the LHS is contained in the RHS. In the Lemma
we make the stronger claim that equality holds i.e u* and u® are indeed singular
in the directions prescribed in the Lemma. A more general result is proved in
[7] using considerable microlocal machinery but we have included the proof of
our specialised result because of its elementary nature.

Proof of Lemma 3

We prove the Lemma by constructing the most singular part of ¢ and
u’. We construct this by writing u® and ' as a progressing wave as done in
[4]. We shall do this construction only for n = 2, the higher dimensional case
proceeds along the same lines - the notation gets a little cumbersome.

To avoid too many subscripts, just for this Lemma, we shall use x = (y, 2),
y,z € R. The incoming wave will be (¢ — z)2. There is no loss of generality
in assuming that the first point on 0D to feel the incoming wave is the origin,
and near the origin 0D is given by z = p(y) with p(0) = 0 and p(y) is strictly
convex near y = 0. Throughout this proof, the constructions are valid only
for t € (—oo,¢).
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We first construct the reflected front. See Figure 2. Let 7(s) be the unit
reflected vector at (s, p(s)). Then

7(s) = sin 20j — cos 26k

where tan 6 = p(s). Therefore at time ¢ > 0 the reflected front has parametric
equations

y=s+(t—p(s))sin26, z=p(s)— (t— p(s))cos20 (7)

with s varying over a neighborhood of 0.

Let us write the equation of the reflected front, at time t, in the form
t=o0(y,z). Then
o(y,z) = ply) on 0D (8)
Further, ¢t — o(y, z) satisfies the eikonal equation corresponding to the wave
equation i.e.
1= 05 + o2

We now express u¢ and u’ as progressing waves. We will only be concerned
with the most singular term, so the following equations will be correct up to
a smoother term.

We seek the most singular part of u¢ and u* in the form

(s t) = (L= 22 +aly, % 0 - o(y,2))} (9)
Wiy t) = byt -2 (10)

where a and b must satisfy the transport equations
ar + oyay + 0.0, + (04 +02)a=0 (11)

bi+b, =0 (12)

if v’ and u® are to satisfy the wave equation (3), (4) with C! error. Further,
o(y, z) is bounded for (y,z) € N, so u’ and u® also satisfy the initial condition
(5). It remains for u' and u® to satisfy the transmission condition (6).

(11) may be thought of as an ode along the reflected bicharacteristics, and
(12) may be thought of as an ode along a transmitted bicharacteristic. The
initial values for a and b will be determined by the values of a(y, z,t) and
by, z,t) for (y,z) € OD.
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We shall use (6) to show that a,b are non-zero for all (y, z) on D near
(0,0), for ¢ > z. From this it follows that a is non-zero for all (y, z,t) near
(0,0,0), for t > o(y, z), because a obey the homogeneous transport equation.
Further, b(y, z,t) will be non-zero for ¢t > z, for all (y, z) near (0,0). Hence
the Lemma will follow from an analysis of the wave front set of (9), (10).

So it remains to prove that a,b are non-zero on 0D, near the origin, for
t > 2. Using (6), we have u® = v’ and u¢ = ku’ on dD. Hence, matching the
most singular part, on D, we have

(t - Z)?i- + a(ya <y t)(t - U(Q? z))i = b(y7 Z, t)(t - Z)?&-
“2(t = 2)4 — 2a(y, 5, )t — 0 (y,2)) 105 (9, 2) = —kbly, 2, 1)(t — 2)+

Noting that 0D is given by z = p(y), and o(y, z) = p(y) on 9D, we have

L+aly,zt) = by, z1)

-2 —2a(y,z,t)o.(y,z) = —2kb(y,z,t)
on 0D, when t > z. Hence, on 0D, for t > z
1—k 1—o0.(y,2)
t)y=————, b )= —"""= 13
a(y, z,1) F o) (y,2,1) F—o.(y.2) (13)

Now ¢t = o(y, z) is obtained by solving (7) for s,¢ in terms of y,z. Using
implicit differentiation, one can show that ¢,(0,0) = —1. Therefore, noting
that k£ # 1, (13) implies that a, b are non-zero at (0,0,0). Therefore continuity
implies a and b are non-zero on 9D, near (0,0,0), for ¢ > z. This proves the
Lemma.

QED

2.3

Here we show that u has the regularity which was claimed in the introduction.

Lemma 4 The system (3) - (6) has a unique solution with u' € H*(D X
(—00,T]) and u¢ € HE ( (R"\ D) x (—o0,T]).

If we identify a neighbourhood of 9D in R™\ D with a neighbourhood of
D in D, then the above system may be thought of as a system of 2nd order
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hyperbolic pde with homogeneous boundary condition. So we can imitate the
proofs of results for such systems to prove our Lemma. The ideas used in
proving the existence and uniqueness may be found in [11]. The ideas used
in proving the regularity are in [13]. For our and the reader’s convenience we
have included an outline of the proof.

Qutline of Proof of Lemma 4

Using finiteness of speed of propagation, it is clear that in the period
(—o0,T] only a compact subset of R™ will feel the effect of the reflection.
Therefore if v = u — (t — x,)%, then there is no loss of generality if we study
the following problem

vig — Nt = on D x|[0,T] (14)
vy — Nt = f¢  on (R"\ D) x[0,T)] (15)
v'(.,0) =0, v/(,00=0 on D (16)
v°(.,,0) =0, v{(.,00=0 on R"\D (17)
and v¢, v® are coupled via
;. ot e
vt = ¢, kay—ay on 0D x [0,T] (18)

Here f is a function in L*(R"™ x [0, T)).

Define the class 7 of test functions as those ¢(x,t) with

o 6 c C(R" % [0,T])
e ¢ smooth on D x [0,7] and (R"\ D) x [0, T]
o ¢ =0if |z] is large

o 6(.,0) = ¢y(.,0) =0 on R"

o 0¢° /0y =k d¢ /v on 9D x [0,T]

and define the operator P

B - kj(”tt — Aa)”) in D x [Oa T]
Pv=nuy = Vi (Vo) = { vy —Ov in (R*\D) x [0,T)
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Then using standard techniques one can prove an energy estimate for the
transmission problem. It takes the form

o]l < Cl[Pollo VoeT

The proof of existence of a unique solution of (14)-(18), in H*(R" x [0, T),
follows exactly along the lines of the proof of Theorem 3.2 in [11] - one shows
P(T) is dense in L*(R"™ x [0,T]) because of the energy estimate satisfied by
functions in 7 etc.

be(R" % [0,T]). To prove that
u® and u' are actually in H7,_., one notes that u is in H7, for ¢ << 0, and
imitates the proof of Theorem 3.1 in [13].

Hence we have existence of a unique v in H}

QED

24

We state a version of Green’s Theorem valid for special open sets in R™ - the
boundary need not be smooth. We have included the relevant definitions and
the statement of the Theorem for the reader’s convenience. Further details
may be found in [2] or [3].

We first give a definition of the exterior normal for any subset of R".
Suppose A is a subset of R" and = a point in R"™. A unit vector p is defined
to be an exterior normal to A at z if

lim oty sy —al <r, (y—2)-p<0, ygA} =0
m r " p{y:ly—z/<r, (y—2)-p>0, ye A} = 0

r—0+t
Here 41 is the Lebesgue measure on R™. It is shown in [3] that if such a unit
vector exists (for a given A and x) then it is unique. We denote this unit
vector by v(A,z). If no such unit vector exists then we set v(A,z) = 0. One
may verify that if A is a subset of R", then v(A, z) is zero if x is in the interior
of A or R"\ A. Further, if z is on the boundary of A, and for some disk U
around z,

UNA={ (W y) €U : Y €ER" " yu €R, y. < f(¥) }
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for some smooth function f from R"~! to R i.e. near x, A is the region on one
side of a graph, then v(A, x) is the usual outward pointing normal. So v(A, z)
extends the notion of an outward pointing normal to arbitrary subsets of R™.

Next we give a definition of the n — 1 dimensional Hausdorff measure on
R". For a subset S of R™ define

7(S) = wvol(n — 1) 2"~ (diam S)"!

where vol(n — 1) is the volume of the n — 1 dimensional unit ball. For any
positive 4, define

05(5) = inf Y H(U)

where F is a countable open cover of S, with each set in F having diameter
less than 0. Now ¢5(S) is an increasing function of § so we may define
O(S) = i S
() = lim ¢5(5)
It is shown in [2] that ® is a measure on the o algebra of all Borel subsets of
R™. Further, if a surface S is the graph of a smooth function from an open
subset of R"™! to R, then ®(S) equals the usual surface area of S (Section
3.3.4 in [2]). So the Hausdorff measure generalises the notion of surface area

to Borel subsets of R". Now we may state the Gauss-Green theorem for open
sets as in [3].

Lemma 5 (Federer) Let M be a bounded open subset of R" with boundary
S, ®(S) < oo, and f € CY(M). Then

Lo [ sy v0raae =12

M Oz;

Here vj(M, x) is the jth component of v(M, x).

3 PROOF OF THE THEOREM

Suppose Dj, j = 1,2 are two smooth, strictly convex, open subsets of {2 with
d(02, D;) > 0. Let u;, j = 1,2 be the corresponding solutions of (1) - (2). We
are to show that if

up =uy on 0N x (—o0,T] (19)
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uj = ANgub =0 on Djx(—o0,T]
uS,, — Dgu§5 =0 on (R"\ Dj)x (—o0,T]

ub=0, ut=(t—=z,)% for t<<0

and uf, u} are coupled via

ul = us, ka—yj = a—yj on 0D;j x (—o0,T]| (20)
So u{ and u§ have the same initial condition, satisfy the wave equation on
(R"\ Q) x (—00,T], and from (19) u§ = u§ on 9 x (—oo,T]. Hence, from
uniqueness for the initial boundary value problem, we have uf = u§ on (R" \

Q) x (=00, T].

Using the convexity of D; and Dy we can show that through every point
in R"\ Dy U D, there is a half line contained in R™\ D; U Dy. Now u§, u§
satisfy the same wave equation in (R™ \ Dy U Ds) x (—o0, T, and u§ = u§ on
(R"\ Q) x (=00, T]. So using Lemma 1 we conclude that

u§ =u§ on (R"\ DyUDs) x (—o0,T!] (21)

Here T} =T — 2diam(9Q2).

Let pj be the unique point on D; with the smallest x, coordinate. We
may assume without loss of generality that pl, < p2,. If pl # p2, then for
t > pl,, t close to pl,, WF (u$) will contain a reflected bicharacteristic starting
at (r = pl,t = pl,), while WF(u§) will not have a reflected bicharacteristic
near (z = pl,t = pl,) (from Lemma 3) - in fact u§ will be smooth near
(x = pl,t = pl,). But uf and u§ agree outside D; U Dy, hence their wave
front sets must agree outside that region. So we must have pl = p2 - let us
call it p. So p lies on D1 NOD5, and is the first point where reflection occurs.

From (21), u§ and u§ must agree on

{(z,t) : Tp <pn, pp<t<Ti}

In particular their wave front sets must agree there. But from Lemma 3, one
can recover the shape of the reflector D;, near p, from WF (uj) - just trace
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backwards the reflected bicharacteristics. So dD; and 0Ds match up near p
i.e. there is ball B in R", around p, so that

BﬂaD1:BﬂaDQES

We have
ui —us5 =0 on (R"\ (D1 UDy)) x (—o0,Ti]
and from (6)
;. oul Oul
uy = U, 8;/1 = 8; on S x(—00,T]

So uy — ug is H? across S x (—oo,T;) and zero on one side of it. Further
u; — ug obeys the wave equation in (D; N Dy) x (—oo,T}]. Hence, using the
connectedness of D1N Dy (because they are convex), from Lemma 1, v —ub = 0
is zero on (D N Dy) x (—o0, Ty], where Ty =T — 4 diam(52).

If Dy # D, then let us consider the region D, \E - we may assume
this is non-empty. It is an open set and its boundary may not be a smooth
submanifold of R". This forces us to analyse the boundary of D; \ Dy more
carefully.

Let x be on the boundary of D; \ D, then z € 9D, U dD,. If such an x is
not in 9D NADs, then either x € Dy N (D)€ or & € Dy N Dy. We call such
points reqular boundary points. Note that near a regular boundary point, the
boundary of D, \E consists of either a patch from dD; or from 0D, but not
from both; hence the boundary of D; \ D; is smooth near such a point. On
the other hand, if z is on the boundary of D; \ Dy and x € 9Dy N D5, then
using the terminology of the previous section,

(i) if v(Dq,x) = —v(Dsg, ), then Dy, Dy are on opposite sides of the tangent
plane to Dy at z, implying D; N Dy = (). This contradicts what has been said
earlier. So no such z exists.

(i) if v(Dy, ) # —v(Dq, x) then one may show that v(D; \ Dy, x) = 0. Such
points will be called singular boundary points.

Further note that 9(D; \ Dy) C 0Dy U 8Dy, and dD; and 9D, have finite
surface area, so the boundary of D, \E has finite Hausdorff measure. Hence
Green’s theorem is valid in D; \ Dy from Lemma 5.

Let x be a regular boundary point of (D; \ Ds). (v is outward normal to
Dy \ Dy). Then either x € Dy N Dy, and there

i i _ e
Up = Uy = Uy
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kaui _

ov ov  Ov
or x € Dy N (Dy)¢, and there

" ouy  Oug

i __ e __ e
Uy = Up = Uy

. ou _ Ouf _ Ous
v v v

So at every regular point on d(D; \ Dy) x (—o00,Ty], we have

7 e
Ouy  Oug

ov  Ov

ut =S,k (22)
and at every singular boundary point x, v(D; \ Ds,x) = 0. Further, since
Dy \ Dy is an open set, if = is not on d(D; \ Dy) then v(D; \ Dq,x) = 0.

On (D \ Dy) x (=00, Ts], ui and u§ satisfy the same wave equation, have
the same initial condition, and (from (22)) the same Dirichlet boundary condi-
tion. Hence using uniqueness for the initial boundary value problem, we have
ul = u§ on (D; \ D) x (—00,Ty]. Note, here we need energy estimates for
zero BC, which are valid because we may use Green’s theorem over the set
Dy \ Dy,

Repeating this argument with the Neumann boundary condition instead
of the Dirichlet boundary condition and noting (22), we have ku} = u$ on
(D \ Ds)x(—o00,T5]. Since k # 1, this is only possible if u! = 0 on (D; \ Ds) X
(—00,Ty]. So using Lemma 1, u! is zero on D; X (—o0o, T3], where T3 =
T — 6diam(€2). This contradicts Lemma 3 because we are given that T3 > p,,.

QED
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