Optimal Ellipsoids and Decomposition of Positive Definite Matrices

Yuk J Leung, Wenbo V Lij Rakesh
Department of Mathematical Sciences

University of Delaware
Newark DE 19716, USA

March 2, 2006

Abstract

Given a positive definite matrix A, we characterize the unique diagonal matrix D, D > A,
with the smallest determinant. Equivalently, given an ellipsoid A, we characterize the unique
ellipsoid of the largest volume contained in A, with principal axes parallel to the coordinate
axes.

1 Introduction

Throughout this article, all matrices are real valued, AT represents the transpose of the matrix A,
and for matrices A, B, we say A > B if A — B is positive definite, and A > B if A — B is positive
semi-definite. For a positive integer n, vectors in R™ will be considered as n x 1 matrices and for an

r € R" we say x > 0 if each component of z is positive. If x = [z1,--- ,z,]T and y = [y1, -, yn]T
are vectors in R" and « a real number, we define e = [1,1,---,1]T, TI(z) = [[L 25, zoy=
[T1y1, - s Tayn) T, 2% = [2§,--,22]T. For p € R", D(p) represents the n x n diagonal matrix

whose entries are the corresponding entries of p. For a square matrix X, diag(X) denotes the
diagonal matrix with the same diagonal as X.

The following problem studied in this article is motivated by the computer simulation of mul-
tivariate Gaussian random variables by the acceptance/rejection method (see [3]) using a product
of one dimensional gaussian distributions.

Problem 1 (Diagonal Problem) Suppose A is a positive definite matriz. Minimize det(D) over
all diagonal matrices D for which D > A.

[6] gives efficient numerical methods for finding the optimizer of Problem 1 using interior meth-
ods; our goal in this article is a theoretical analysis of the problem.

Problem 1 has an interesting geometrical interpretation. We have D > A if and only if 27 Dx >
T Az for all x, or, after normalization, that n > 27 Az for all  with 27Dz = n. So D > A if
and only if the ellipsoid 27 Az < n contains the ellipsoid 27 Dz = n. The volume of the ellipsoid
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2" Dx = n is n"/?w, /+/det(D) where w, is the volume of the unit ball in R”. So Problem 1 is
equivalent to the following problem -

Given an ellipsoid A in R"™, find the ellipsoid D, contained in A with principal azes parallel to the
coordinate axes, of the largest volume.

Definition Sym(n) will denote the set of real valued, symmetric matrices of order n. Given positive
integersny, -+ ,ni and n with ny+---+ng = n, we define B(ny,--- ,nk) to be the subset of Sym(n)
consisting of block matrices B of the form

Bi 0 - 0
p= |t ]
0 0 - By

where each B; is an n; X n; matriz. For a square matrix M of order n, block(M) will be the unique
block matriz B whose blocks B; equal the corresponding entries of M.

One may generalize Problem 1 by conducting the search for the optimizer over block matrices
of a certain type instead of diagonal matrices.

Problem 2 Suppose A is a positive definite matriz of order n and ny,--- ,ng are positive integers
so that n = ny + -+ + ng. Minimize det B over all block matrices B € B(ny,--- ,ny) for which
B> A.

The following theorem gives a characterization of the optimizer of Problem 2.

Theorem 1 (Block Characterization) The infimum is attained in Problem 2 and the minimizer
is unique. Further, the block matriz B € B(ny,--- ,ng) is the minimizer iff the following two
conditions are satisfied -

(i) B> A and B — A is singular;

(i3) there is an n x n matriz X > 0 with (B — A)X = 0 and block(X) = B~ .

A corollary of Theorem 1 characterizes the optimizer of Problem 1.

Corollary 2 (Diagonal Characterization) In Problem 1, the infimum is attained by a unique
positive diagonal matriz. Further, a diagonal matriz D is the optimizer for Problem 1 if and only
if the following two conditions hold -

(i) D> A and D — A is singular;

(i3) there is an n x n matriz X > 0 with (D — A)X =0 and diag(X) = D

In Corollary 2, the characterization condition (ii) is the significant condition; condition (i) just
determines the correct scalar multiple of a diagonal matrix. Geometrically, condition (ii) determines
the lengths of the principal axes of the optimal ellipsoid up to a constant; condition (i) determines
the constant.



In [4] (see [1] for a more recent exposition), John considered the question : Given a convex
set K in R™ with a non-empty interior, determine the ellipsoid of largest volume contained in K;
note that no restrictions are placed on the orientation of the principal axes of the ellipsoids (unlike
the situation considered in our problem). John obtained necessary and sufficient conditions for an
ellipsoid £ to be the largest ellipsoid contained in the convex set K. If £ is the largest ellipsoid in
the convex set K then trivially the smallest that K can be is £. John also considered the following
question: if £ is the largest ellipsoid in K then how large can K be? His answer was, if £ is centered
at the origin (WLOG) then K is contained in n€ so &€ C K C n&, and if K is symmetric then
& C K C /n€. Further this result is optimal in the sense that these limits are attained for certain
K - see [1].

If K itself is an ellipsoid then the answer to John’s largest ellipsoid question is trivial - the largest
ellipsoid is K itself. Problem 1 is the determination of the largest ellipsoid, with axes parallel to
the coordinate axes, contained in the ellipsoid K. As done for John’s problem, an interpretation
of Corollary 2 provides a characterization of this maximal ellipsoid. The second question posed by
John suggests we ask - if 27 Dx = n is the largest volume ellipsoid with azes parallel to coordinate
axes which is contained in T Ax < n, then how large is the ellipsoid 7 Az < n. For such A, the
ellipsoid 7 Az < n may have points with |z| as large as we wish (by changing A), but there are
still some restrictions on the size of the ellipsoid 7 Az < n in certain directions as stated in the
next theorem.

Theorem 3 If A is a positive definite matriz of order n and B € B(ny,--- ,ng) is the optimizer

1
of Problem 2, then block(A) > EB' Further, this estimate is sharp (amongst estimates depending

only onny,--- ,ng) at least when all the blocks are of the same size or if there are only two blocks.

If B is the optimizer of Problem 2 then B > A and in particular B > block(A); the theorem
gives a lower bound on block(A) and hence places some restrictions on how large the ellipsoid
2T Az = n can be. The proof of Theorem 3 will also show that if B is the optimizer for Problem 2
then the kernel of B — A has dimension at least max(ny,--- ,ng).

The characterization in Corollary 2 is still far from satisfactory because we cannot verify easily
whether a particular diagonal matrix D is the optimizer of Problem 1; the difficulty is the verification
of condition (ii) in the characterization. However, Corollary 2, does provide a mechanism for
constructing all matrices A > 0 for which a given diagonal matrix D > 0 is the solution of Problem
1 - see section 7.

The characterization in Corollary 2 may be used effectively in some special cases, covering a
substantial number of matrices, for which the optimizer of Problem 1 is related to the solution of
an interesting non-linear system of algebraic equations Az = x~! where z € R". The following
lemma discusses the number of solutions of this equation. This equation and its solutions also play
an important role in certain other geometrical problems.

Lemma 4 Suppose A is a positive definite matriz of order n x n. The equation
Az =27} (1)

has exactly 2" solutions in R™; these solutions are on the ellipsoid 7 Az = n and there is exactly
one solution in each ‘quadrant’ of R™.



D — A is singular when D is the optimizer of Problem 1. The next three theorems study the
special cases when the nullity of D — A is 1 or n — 1 or when the entries of A are “conveniently
signed”.

Theorem 5 (Kernel of D — A is one dimensional) Suppose A > 0 is an n X n matriz.

(a) If D is the optimizer of Problem 1 and the kernel of D — A is one dimensional, then D =
D(x~2) for any x € R™ which is a solution of Ax = x~' for which T1(x?) is the smallest
(amongst all solutions).

(b) Suppose x € R™ is a solution of Ax = x~1 for which I1(x2) is the smallest. Further, suppose
D(z72) > A, then D(z~2) is the optimizer of Problem 1.

Section 7 contains a discussion of situations in which the kernel of D — A is one dimensional.
Theorem 5 asserts that, in certain situations, the optimal solution of Problem 1 is obtained by
examining the exactly 2" solutions of (1).

If D is the optimizer of Problem 1 and kernel of D — A is of dimension n — 1, then D — A is
a rank one matrix which is positive semi-definite, hence D — A = uu” for some vector u in R"
implying A = D — uu”. The next theorem gives the solution of Problem 1 for such A.

Theorem 6 (Kernel of D — A is n — 1 dimensional) Suppose u and q are vectors in R™ with
every entry of u non-zero, and A = D(q)—uu®’ > 0. Then the optimizer for Problem 1 is either D(q)
or D(z72) where x is any solution of Ax = x~! with the smallest TI(z?) (amongst all solutions).
Further, D(q) is the optimizer iff

ui] = Jul
2 < .
o > =

3N qz_

The next theorem gives the solution of Problem 1 for the large family of “conveniently signed
matrices”.

Definition A matrix A > 0 is said to be conveniently signed if we can find a vector € with +1
entries so that all the entries of the matrix (a;j€;€;) are non-negative.

Theorem 7 (Conveniently signed A) For a matriz A > 0, A conveniently signed with respect
to the vector €, the solution of Problem 1 is D(x~2) where x is the unique solution of Ax = x~1 in

the same quadrant as e.

Problem 1 and its generalization Problem 2 fall into a general category of problems of determi-
nant maximization subject to linear matrix inequality constraints. [6] discusses many applications
where such problems arise and also characterizes the optimizer of this family of problems. Our
characterization in Theorem 1 is derived from the result in [6]. [6] also discusses a numerical al-
gorithm to solve this family of problems. Solutions of the algebraic equation (1) in the complex
domain C™ (where the behavior is quite different) were used by Ball in [2] to obtain results on the
complex plank problem.



2 Proof of Theorem 1

Theorem 1 may be derived from an application of the Kuhn-Tucker conditions, or Fenchel Duality,
or from other results in convex optimization. We have chosen to use Theorem 3.1 in [6] because
it seems the shortest route. Theorem 3.1 in [6] is a result specialized to our problem and is a
consequence of results from convex optimization.

We convert our problem to the setting in [6] - see (1.1) in [6]. Since B > A > 0iff A=* > B™1 >0
(see page 471 of [5]), and B is a block matrix iff B~! is a block matrix (with the same structure),
we have B, is the optimizer of Problem 2 iff B! is the optimizer of the following problem.

Problem 3 Given an n x n matriz A > 0,

minimize —logdet B
subject to B € B(ny,---,ny), A=t > B > 0.

Since the map M +— logdet M is strictly concave on the set of positive definite matrices (The-
orem 7.6.7 in [5]) and the constraint set B € B(ny,---,ng), A=t > B > 0 is convex, Problem 3
has at most one solution. We now prove the existence of an optimizer for Problem 3 (hence for
Problem 2) and the characterization condition in Theorem 1.

Identifying B(nq,- -+ ,ny) with R™ where m = (n1+--+ng)+3 (02 + -4+ n2) — (1 + -+ +ng))
Problem 3 fits into the framework of Problem (1.1) in [6] with ¢ = 0, F' : R™ — R™" and
G: R™ — R™" with B = (b;j) in B(n1,--- ,ny) defined as follows-

G(B) :B:ZbijEij7 F(B) =At-B=A4A"1 _ZbijEijy
1,3 1,J
where the sums range only over the “block” indices (i, j) for which ¢ > j, and Ej; is the n xn matrix
whose only non-zero entries are the (,7) and (j,7) entries and these entries are 1. By a “block”
index (7,j) we mean those indices for which the (7, j)-th entry of some matrix in B(ny,--- ,ng) is
nON-Zero.

From (3.1) in [6] and some computations, we may show that the problem dual to Problem 3 is

Maximize logdet block(W) — tr(A=1W) +n
subject to W € Sym(n), W > 0, block(W) > 0.

Since the dual problem is strictly feasible, from Theorem 3.1 in [6], the primal optimum is achieved,
that is Problem 3 has an optimizer. Further, since the primal problem is also strictly feasible, from
the first paragraph of page 514 in [6], a feasible B € B(ni,--- ,ng) is the optimizer of Problem 3
iff there exists Z > 0 in Sym(n) so that (A™! — B)Z = 0 and tr(E;;B~') + tr(—FE;;Z) = 0 for all
i > j for which (i, j) is a “block” index, that is (A~' — B)Z = 0 and block(Z) = B~1.

So B, is an optimizer for Problem 2 iff B! is an optimizer for Problem 3, that is iff there is a
Z > 0in Sym(n) so that (A=! — B;1)Z = 0 and block(Z) = B,. Take X = B;'ZB_!, then X is
symmetric, X > 0, and block(X) = B; 'block(Z)B;! = B;!. Further, Z = B,X B, so
(A'—-BYHhYzZ=0 ©A'Z=B'7Z< A'B.XB,=B'B.XB,
& B, X=AX & (B, —A)X =0.

QED



3 Proof of Theorem 3

We state a simple lemma which we use in the proof of Theorem 3. The lemma gives a condition
which is equivalent to condition (ii) in Theorem 1 and Corollary 2 and is also useful in a construction
discussed in Section 7. The lemma follows from simple arguments so we will not give its proof.

Lemma 8 Suppose M and X are symmetric matrices of order n with M > 0. Further, let V be
the kernel of M and let uy1,--- ,u, be a basis for V.. Then the following are equivalent.

(a) X >0 and MX =0;
(b) there exist vy (some possibly zero) in V, k=1,--- ,m so that X =Y ", vgv};

(¢c) there exists a positive semi-definite matriz (au;) of order m so that X = 37", aijuiu?.

3.1 Proof of the lower bound

Our proof is motivated by the proof of John’s theorem in [1]. If B is the optimal matrix for
Problem 2, for A, then I is the optimal matrix for Problem 2 with A replaced by B~1/24B~1/2,
and the statement of Theorem 3 also respects such a modification because block(B~/2AB~1/2) =
B~1/2block(A)B~1/2. Hence it is enough to prove Theorem 3 for those A for which I is the optimizer
of Problem 2. To keep the notation simple, we will prove Theorem 3 only in the special case where
k = 2, that is B consists of two blocks. The proof for general k follows from obvious modifications
to our proof.

So suppose A > 0 and is such that [ is the optimal matrix for Problem 2. Then, from Theorem
1, I > A and I — A is singular. So 1 is an eigenvalue of A and is the largest eigenvalue of A. If the
kernel of I — A is m dimensional then A has the spectral decomposition

A= Zm: uZuZT + i )\Zulu;[ (2)
i=1

i=m+1
where 0 < A; < 1, the vectors u; are orthonormal, and u;, ¢ = 1,--- ,;m are eigenvectors of A
corresponding to the eigenvalue 1, and for ¢ = m 4+ 1,--- ,n, u; is an eigenvector corresponding to

A;. Then from Theorem 1 and Lemma 8

m
I, = block Z aijuiu;‘r (3)

ij=1
for some m x m matrix a = (a;) > 0.

P

Define the n x m matrix U = [ug,- - ,up] and let U = P
2

] where the P, are matrices of order
n; X m. Then the orthonormality of the u; implies that

I, =UTU = PI'P, + P{P. (4)
Further, (3) is equivalent to

I, = block(UaUT):block<[P ! PlaPzD: [PlaPl 0 ]

PQO(PlT PQOJPQT 0 PQQPQT
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Hence
PPl =1,, PaPl =1, (5)

From (5), trivially, all the eigenvalues of P;y/ay/aP! are 1; hence® all the non-zero eigenvalues
of /JaPI'P;\/a are 1. This implies /aP! P;y/a < I, for i = 1,2. So multiplying (4) on both sides
by y/a, we obtain

a = Va(PL P, + P P)va = aPl Piva + VaPf Pya < 2I. (6)

Using this back in (5) we obtain I,, = P,aP < 2P,PI’, which implies 3I,, < PPl for i = 1,2.
Now, from (2), since \; > 0,

A S T+ S w5 S wal — gUT — [PPL PP
Zluzw " Z s _2%% a ~ |RPI RP
1= i=

i=m+1
Hence -
pPr 0 1, 0] 1
> > [
block(4) = [ 0 PPr } =9 [0 I,,| = 2!
which concludes the proof of the theorem. QED

We also note that since P; is an n; x m matrix, (5) implies that m > n; - this proves the remark
after the statement of Theorem 3 in the introduction.

3.2 Tightness of the lower bound

We provide examples to show that the estimate is tight when all the blocks are the same size or
when there are only two blocks.

Equal sized blocks We provide an example with only two equal sized blocks - the generalization

to k equal sized blocks will be obvious. Let n = 2m and choose m orthonormal vectors vy, -- , U,
1 .

in R™. Define the orthonormal vectors uy, -+ ,u, in R™ as u; = \ﬁ [ZZ] Choose an additional
i

m vectors u;, t =m -+ 1,--- ,n in R" so that the u;, ¢ = 1,--- ,n are orthonormal; also choose a A

in the interval (0, 1). Define the positive definite matrix of size n with the spectral decomposition

A= i uZuZT + A Zn: uzuZT (7)
i=1

i=m+1

We claim that I is the solution of Problem 2 for A, for all A < 1, and block(A) — %I approaches 0
as A approaches 0.

Clearly I > A and the kernel of I — A is spanned by w;, ¢t = 1,--- ,m. We note that

m Zzll Uivz‘T ‘ Z;Zl Uﬂ)iT T I
QZU‘UT: - —— — | = T
v I, I,
i=1 diny ”i”z‘T ‘ Doty ”ivz‘T

'For any two (possibly rectangular) matrices M and N for which M N and N M makes sense, M N and NM have
the same non-zero eigenvalues.



which implies that I,, = block(2 Y"1, u;ul’). Hence, by Lemma 8, the conditions of Theorem 1 are
satisfied, proving that I is the optimal matrix for A. Finally from the definition of A, we have

A= ZuZuZT + Z wul = 3 [Im Im] + A Z wgul .
i=1 i=m+1 mooam i=m+1

Hence block(A) — %In approaches zero as A approaches 0.

Two blocks So k£ = 2 and n; and no are two positive integers so that n = n; + ny. Below e; and
e; will represent vectors in R™ and R™ respectively whose ¢th entry is 1 and all other entries are

€ny

zero. Define the vector u in R™ as u = [e ]; note ||u|| = v/2. Choose a number « in the interval

na
(0,1) and take A = I,, — auu”.
We claim that I,, > A > 0 and I,, is the solution of Problem 2 for A. It is clear that I,, > A

and A > 0 because the eigenvalues of A are 1 and 1 — a|u|? = 1 — 2a. > 0. Define the following
vectors in R -

€; én, 0 . .
= = e =1 .. -1 —1.... _ 1.
Di |:0:| , 4 |:_én2:| y Ty |:éj:| ) ? ’ » y J ) , N2
Now
ni—1 no—1 T 0
A T A ni _
block 2; pip; +qq + 231 TiT; [ 0 In2:| =1I,.

= j=

Further p;, ¢, and r; are orthogonal to u and hence reside in the kernel of I — A. Hence, from
Theorem 1 and Lemma 8, I, is the solution of Problem 2 for A. We also note that

L= aemegl 0
block(A) = { 0 I — el

n
multiple of I which is a lower bound for I — ey, el is (1 — a)I; the same is true for I — aéy,e. .
Now « is chosen arbitrarily from (0, %) so 1 — a comes arbitrarily close to % Hence the estimate

in Theorem 3 is tight, at least in the two block case. QED

and the eigenvalues of 1 —oaemez1 are 1 and 1 —«; the same is true of I —aeé,, éTQ. Hence the largest

4 Proof of Theorem 5 and Lemma 4

Define H={he€ R" : h>0, II(h) =1 } and if A is a positive definite n x n matrix then define
the ellipsoids

A={zeR" : 2TAz=n}, A={zecR": 2TAlz=n}.

To prove Theorem 5 we restate Problem 1 as a min-max problem. Every diagonal matrix D > 0
has a unique representation D = o D(h™!) for a h € H and a o > 0. Since det(D) = ¢, Problem

1 is the same as

Minimize o"

subject to h€H, o >0, cD(h™1)> A
Now o D(h™1) > Aiff cA~! > D(h) or equivalently on > x¥ D(h)x for all z € R™ with 27 A~z = n.
So oD(h™t) > A iff no > sup,e 4 7 D(h)x. Hence Problem 1 is equivalent to



Problem 4 Given A > 0, find the optimizer of min max 2” D(h)z
heH xzc A’

For future use we observe that if h is an optimizer of Problem 4 then D = o D(h™!) is the optimizer
of Problem 1 where o is the largest eigenvalue of the generalized eigenvalue problem Az = o D(h™1)x
because D — A must be singular and D > A. On the other hand, if D(p) is the optimizer of Problem
1 then h = II(p)p~! is the optimizer of Problem 4. Finally

optimal value of Problem 4 = n - (optimal value of Problem 1)1/ ", (8)

Consider the max-min problem associated with the the minimax problem, Problem 4.

Problem 5 Given A > 0, find the optimizer of max minz” D(h)x.
e A’ heH

It may be shown easily that the optimal value of Problem 5 is bounded above by the optimal
value of Problem 4 - Theorem 5 deals with the special situation where these two optimal values are
equal.

Proposition 9 (Solution of Problem 5) The optimal value of Problem 5 is attained at a point
(z=y~ ', h=II(y~2)Y/"y?) where y is any solution of

Ay=y! (9)

for which TI(y?) is the smallest (amongst all solutions). The optimal value for Problem 5 is
nH(y_2)1/”.

If (z, h) is an optimal point for Problem 5 then (—z, k) is also an optimal point. It is possible that
Problem 5 has more than two optimal points; we do not know how these various optimal points
are related.

Proof of Proposition 9

T

Firstly, for a fixed x = [x1,--- ,2,]", we claim that

inf TDh — I 2\\1/n
it 2D = n (1)

To see this, note that if o = [hy, -, hy]? is in H, then from the AM-GM inequality, we have

n n n 1/n n
eTD(h)x = Z hiz? > n (H hi fo) =n (H x?)
i=1 =1  i=1 i=1

with equality occurring if hyz? = -+ = h,22 = X for some A > 0. So, if all the x; are non-zero then
the minimum value is as claimed above and it occurs when h; = \/ x?; since hi ---h, = 1 we have
A = (22 ---22)1/" Hence, if no coordinate of z is zero then the optimal h is h = II(z?)"/"z=2. If
one of the x; is zero, say x1 = 0 then we can make h; large and ho, hs, - , h,, as small as we wish
while maintaining hy ---h, = 1. So hlx% + -+ hnx% may be brought as close to zero as we wish.
Hence the claim is true in both cases.

1/n



So to solve Problem 5, we need to resolve the equivalent problem

max [1(z?). (10)
ze A
This problem clearly attains its supremum and the supremum is attained at a point x with all its
components non-zero. From Lagrange Multipliers, at the optimal z in A’, we have A~ 'z = pz—!
for some p. Since 7 A~'x = n we have yu = 1; hence any optimizer of (10) is a solution of

A e = 27t (11)

Further, the maximum is attained at the solutions z of (11) for which II(z?) is the largest. The
corresponding optimal h is h = II(22)"/"2~2. Taking y = 2~ the optimizer of Problem 5 is (z, h)
where z =y~ !, h = II(y~2)"/"y?, and y is a solution of Ay = y~! with the smallest II(y?). QED

Proof of Theorem 5

(a) Suppose D(p) > 0 is the optimizer of Problem 1 for which the kernel of D(p) — A is one
dimensional. Then, from Corollary 2 and Lemma 8, there is vector x in the kernel of D(p) — A
so that D(p~!) = diag(zx?) or equivalently p = x=2. But (D(p) — A)x = 0 hence Az = D(p)x =
D(z7 %)z =271,

The optimal value of Problem 1 is II(p), hence from the discussion of the equivalence of Problems
1 and 4, discussed at the beginning of Section 4 (also see (8)), the optimal value of the minimax

problem, Problem 4, is nH(p)l/”, that is nH(x_Z)l/”. Let y be a solution of Az = 2~ with the
smallest TI(22). Then, we have

nll(z=2)Y/" = optimal value of Problem 4 > optimal value of Problem 5
nH(y_Q)l/" > nH(:r_z)l/".

where the second last relation holds because of Proposition 9, and the last relation holds because
of the definition of y. Hence equality holds throughout and II(x?) = II(y?) and z is one of the
solutions of Az = 2! for which II(2?2) is the smallest.

(b) Suppose 7 is a solution of Az = z~! with the smallest I1(2?) and also suppose that D(z~2) > A.
Then the optimal value of Problem 1 is bounded above by II(z~2). So, using (8), we have that the
optimal value of Problem 4 is bounded above by nII(z=2)'/". Hence

nll(z=2)Y/" > optimal value of Problem 4 > optimal value of Problem 5

= nH(a:J)I/ "
where the last step follows from Proposition 9. Hence there must be equality at all stages of the
above equation and we have proved (b). QED
Proof of Lemma 4
By definition, any solution z of (1) will have all its coordinates nonzero and 27 Az = 272z~! =n

implying z is on the ellipsoid A. Let M be the subset of A consisting of points none of whose
coordinates are zero, that is

Mz{x:[xl,--~,xn]TER” s 2T Az = n, :ci#()forz'zl,--o,n}.

Then M is a manifold of dimension n — 1 with 2" connected components - the components being
the intersections of the ellipsoid A with the ‘quadrants’ of R". We will show that (1) has exactly

10



one solution in each component of M; to keep the notation simple M will represent just one of its
components for the rest of this proof.

Define the map 1 : M — R with ¢(z) = II(2?); ¥ has an obvious extension to M (the closure
of M) and to R™. It is clear that 1) attains its supremum on M and the supremum is non-zero.
Since 1) is zero on the boundary of M and v is differentiable on M, the maximum is attained at a
critical point in M, that is at a point z € M where Vi)(z) = AV (2?7 Az —n) which is equivalent to
2¢)(z)z~! = AAz. One may see that A # 0 and hence Az = x~! because 27 Az = n since x € M.
Hence, the largest value of 1) on M occurs at a point x € M which is a solution of (1), implying
(1) has a solution in M. It remains to show that this is the only solution of (1) in M.

If z and y are two solutions of (1) in M then Az = z~!, Ay = y~!, and z;/y; > 0 for
i=1,---,n. Consider

(:U - y)TA(JJ - y) = TA.CU —+ yTAy — :L’TAy yTAx — + yTy—l xTy—l T.'L'_l
n
i=1
= 0.
But A>0,s0z=y. QED

5 Proof of Theorem 6

For vectors u and ¢, A = D(q) —uu” is positive definite only if ¢ > 0. So taking ¢ > 0, D(q) —uu’ >
0 iff I —vo” > 0 where v = ¢~ /2 0 w. Now the eigenvalues of I — vv” are 1 and 1 — |v|?;

; hence
A = D(q) — uu” >01ffq>0andz
for A = D(q) — vu® iff D(p o u=2) is optimal for D(q o u=2) — ee?. Further x is a solution of
(D(q) —uu®)z = 271 iff y = D(u)z is a solution of (D(qou=2) — eeT)y = y~!. Hence we need to
prove Theorem 6 only when u = e.

i 1 — <L Since no entry of w is zero, D(p) is optimal

5.1 The case when D(q) is not the minimizer

Suppose D(p) is the solution of Problem 1 for A = D(q) —ee’ and D(p) # D(q). Then some entry
of p must be strictly smaller than the corresponding entry of ¢ otherwise D((p + ¢)/2) would be a
strictly better candidate than the optimal D(p). We claim that the nullity of D(p) — A is 1 and
this claim combined with Theorem 5 proves Theorem 6.

To prove that the nullity of D(p) — A is 1, we define r = p — ¢ - note that at least one entry of
r = p — ¢ is negative. Actually, exactly one entry of r is negative because if (say) r1 < 0, 2 < 0,
then taking x = [1,—1,0,0, - -], we have

2T (D(r) + ez = (zTe)* + 2" D(r)xz =04 r  +12 <0
which contradicts the fact that D(r) + eel = D(p) — (D(q) — eeT) > 0.

Without loss of generality let 7 = [r1,--- ,7,_1]7 be positive and r,, < 0. If & is the n — 1 vector
of 1’s, then
D(7) +eel e
— = T =
D(p) — A= D(r) +ee T 1t (12)

11



We must have 1+ 7, > 0 because taking z = [€?,z,]7 we have

0 <zT(D(p) — Az = &' (D(F) +ee)e’ + (1 + )z +2(n — 1)y,

for all x,, and the right hand side may be made negative, if 1 + r,, < 0, by choosing z, to be a
large negative number. Next, using the representation (12),

é —(1+I7“n)_16] (D(p) — A) [_(1+Irn)‘1é ?] -

so the nullity of D(p) — A is the same as the nullity of D(7) +

_ 'n __p
D(r) + ee 0
(7) 1+7r, (13)
0 147y,

ee! which is the same as the
+ 7

vo! where v = V71 - note all entries of 7 are positive. Now the eigenvalues
T

nullity of I + In
1+7r,

of the matrix I + ovv” are 1 (of multiplicity n — 1) and 1 4 o|v|? (the eigenvectors are v+ and v);
hence the nullity of D(p) — A is at most 1. But the kernel of D(p) — A is not empty, hence the
nullity of D(p) — A is 1.

5.2 The case when D(q) is the minimizer

We now determine the g for which D(q) is the solution of Problem 1 for A = D(q) — ee? > 0.
If V is the kernel of D(q) — A = eel then V consists of all vectors orthogonal to e. V has a
basis {v1,--+,vp—1} where v; is the vector whose i-th component is 1, its n-th component is —1,
and all other components are zero. From Corollary 2 and Lemma 8, D(q) is the minimizer iff we
can find a (n — 1) x (n — 1) matrix (a;;) > 0 so that D(¢" ") = diag Zawvl or equivalently
¢t =1, pe1n-1, Z”a”] for some (n—1) x (n—1) matrix (al]) > 0. In Lemma 10 below,
taking n — 1 instead of n, and taking d; = 1/,/g;, i = 1,--- ,n — 1, we have D(q) is the minimizer
it m <1/\/gn < M where

n—1
M:Zl/\/@, m= max(02 1max 1/y/qi — M).

i=1 -

This may be stated more succinctly as D(q) is the optimizer for D(q) — ee” iff

i=

i=1
QED
Lemma 10 Given the non-negative numbers dy,--- ,dy,, let P denote the set of all real valued,
positive semi-definite n x n matrices P = (p;j) with p; = d?, i=1,---,n. Then the range of

the map from P to R given by P = (pij) — Zi,jp’ij is [m?, M?] where M = Y_,d; and m =
max(0, 2max; d; — ), d;).

Proof of Lemma 10
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Since P is convex and hence a connected subset of R" and the map P = (pi;) — Zij pij is
continuous and real valued, the range must be an interval. We have to find the end points of this
interval.

Any P € P may be written as P = (v] v;) for vectors vy, - -+ ,v, in R® with |v;| = d;. Further

the sum of the entries of P is ), ; vlvi = (3, v,:f)(zj v;) = | Y, vi|?. Define
Y= {(Ul,--' ,’Un) DU ER”, |Uz| =d;, 1=1,--- ,n}.
Then Lemma 10 follows if we determine the range of the map from V to R defined by

(vl,---,vn)r—>|v1+---+vn|. (14)

The range is a closed interval because the domain is compact. For (vi,---,v,) € V, we have
lvr + -+ o] < |vi|+ -+ |vn| =di + -+ + dy, and equality occurs iff the v; are non-negative
multiples of a fixed vector. Hence the right end point of the range interval is dy + - - - + d,, and is
attained only at points of the form (dju,--- ,d,u) for some unit vector u in R".

Now we seek the minimizers of the map (14). Without loss of generality we may assume that
dy = max; d; and we define m(dy,--- ,di) and M(dy,--- ,dx) = di + -+ + dj to be the left and
right end points of the range of the map (v1,--- ,vg) + |v1 + -+ - + vg| where the v; are restricted
to vectors in R™ with |v;| = d;. Clearly di11 < dy < M(dy,--- ,dg). If dgy1 > m(dy,--- ,di) then
diy1 is in the range of the map (vy, -+ ,vk) — |v1 + -+ 4+ vg| and we can find vectors vy, - -, vg
so that |v;| = d;, ¢ = 1,--- ,k and |v; + -+ + vg| = dg41. Let vy = —(v1 + -+ + vg), note
|vg+1] = di1. Then |v; + -+ 4+ vgy1| = 0 and hence m(dy,--- ,dg+1) = 0. On the other hand, if
diy1 < m(dl, R ,dk) then

|1 + -+ vpga] > v+ o] = Jopga| = m(dy, o dy) = dig
with equality occurring iff (vi,---,vg) is a minimizer giving m(di,--- ,d;) and v = —a(v1 +
-+« 4+ v) where a = dgy1/m(dy, - ,dg). In this case m(dy, -+ ,dxy1) = m(dy, -+ ,dg) — diy1.
Summarizing, we have m(dy, - ,dg+1) = max (0, m(dy, -+ ,dg) — dg+1 ). From this one may
observe that
n
m(dy,- - ,dy) = max(0,dy—dy—ds—--—d,) = max <0,2d1 —Zdz)
i=1
which proves Lemma 10. QED

6 Proof of Theorem 7

Suppose A > 0 is conveniently signed with respect to the vector e. Let x be the unique solution of
Az = 27! in the same quadrant as e. Since the entries of (a;j€;€;) have the same sign as the entries
of (ajjxz;xj), we may conclude that the entries of M = D(z)AD(x) are non-negative. Further,
Az = 27! implies that E?Zl a;jr;xj = 1 for each i = 1,--- ,n, and hence the row sums of M are 1.
So M is a symmetric matrix with non-negative entries and its row sums are 1. We will show that
the solution of Problem 1 for M (instead of A) is I; hence the optimal matrix for Problem 1 for A
will be D(z72). Note that M > 0 because A > 0.
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Since the row sums of M are 1 and all entries of M = (m;;) are non-negative, we have 1 —m;; =
D imtji Mij = Dj—q jui [mij| for i =1,--- n, which implies that I — M is diagonally dominant
and hence I — M > 0 - see page 349 of [5]. Hence I > M. Further, since the row sums of M are
1, e is in the kernel of I — M and I = diag(ee’). Hence from Corollary 2 and Lemma 8, I is the
optimal matrix for Problem 1 for M. This completes the proof of Theorem 7. QED

7 Discussion of Results

Problem 1 may also be considered as the characterization of all positive definite matrices A for
which a given positive diagonal matrix D is the solution of Problem 1. One may easily show that
this is equivalent to the characterization of all A > 0 for which [ is the solution of Problem 1, or
equivalently the characterization of all ellipsoids A : 2?7 Az = 1 for which the optimal ellipsoid is
the unit sphere.

While we do not have a procedure to check whether I is the optimal matrix for Problem 1 for a
given A > 0, the procedure below (based on Corollary 2) will construct all A > 0 for which I is the

optimal matrix for Problem 1. Choose n unit vectors uq,--- ,u, in R"™ and define the n x n matrix
M = [ug,--- ,up]. Choose an orthonormal basis {v1,--- , v} for the range of M7 (the row space
of M) and complete it to an orthonormal basis {vi, - ,v,} for R™. Next, choose real numbers

A,y Apwith \; =1fori=1,--- ,kand 0 < \; <1lfori=k+1,---,n and take A to be the
positive definite matrix with the spectral decomposition A =" | /\iviviT .

From the spectral decomposition we see that I > A and (I — A)MT = 0 implying (I — A)X =0
where X = MTM = (uluj) > 0. Further diag(X) = I = I~! because the u; are unit vectors.
Hence Corollary 2 implies that I is the solution of Problem 1 for the A constructed above.

Conversely, suppose [ is the optimal solution of Problem 1 for a given A. From Corollary 2,
I > A, I — A is singular, and there is an X > 0 so that (/ — A)X = 0 and diag(X) = I. Let

X = (ul'u;) for some unit vectors uj, -+ ,u, in R" and we define M = [uy,- - ,u,]. We claim
that (I — A)MT = 0; assuming this for the moment, the range of M7 is in the eigenspace of A
corresponding to the eigenvalue 1. Choose an orthonormal basis v, --- ,v; for the range of MT
and let vgy1,- - , v, be the “remaining” unit length, linearly independent, eigenvectors of A. Then

A=Y" Nvwl with \; = 1fori=1,---,kand 0 < \; < 1fori =k+1,---,n (because
I>A>0).

It remains to show that (I — A)MT = 0. We have M(I — A)MT > 0 because I > A; also
tr(M(I—A)MT) = tr((I-A)MTM) = tr((I—A)X) = 0. So all the eigenvalues of M (I —A)M7T are
zero and hence M (I — A)MT = 0. Noting that 0 = M(I — A)MT = M\/T — AT — AMT = PTP
where P = /I — AMT, we have P = 0. Hence (I — A)MT = /T — AP = 0.

Theorem 5, Theorem 6 and Lemma 8 generate an explicit characterization in the n = 3 case
of all A > 0 for which the optimal matrix for Problem 1 is a multiple of I (that is the optimal

ellipsoid is a sphere). For a 3 x 3 matrix A > 0, the optimal ellipsoid will be a sphere iff one of the
following holds

e A is a multiple of I;

e The eigenspace corresponding to the largest eigenvalue of A is one dimensional and v?
for some vector v in this eigenspace;

Il
o
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e the eigenspace corresponding to the largest eigenvalue of A is two dimensional and if u =
[u1,u2,u3]’ is the eigenvector corresponding to the other/smallest eigenvalue of A, then
2max; |u;| <>, |ual.

References

[1] K Ball. An Elementary Introduction to Modern Convex Geometry, Flavors of Geometry, MSRI
Publications, Volume 31, (1997).

[2] K Ball. The complex plank problem, Bull. London Math. Soc. 33, 433-442, (2001).
[3] L Devroye. Nonuniform Random Variate Generation, Springer-Verlag, New York, (1986).

[4] F John. Extremum problems with inequalities as subsidiary conditions, in Courant Anniversary
Volume, Interscience, New York, 187-204, (1948).

[5] R A Horn and C R Johnson. Matrix Analysis, Cambridge University Press, (1999).

[6] L Vandenberghe, S Boyd, S Wu. Determinant maximization with linear matrix inequality con-
straints, STAM J Matrix Anal. Appl. Vol 19, No. 2, 499-533, (1988).

15



