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1 Introduction

Throughout the notes A < B will mean that A is less than or equal to a constant multiple of
B. Our goal is the study of the following inverse problem. Suppose T' > 0, D is a bounded open
subset of R” with a smooth boundary, k,q are smooth functions on D, and f a smooth function
on 0D x [0,T]. Consider the IBVP

Lu = uy — Ayu — q(z)u =0, (z,t) € D x [0,T] (1)
u(z,0) = k(x), ut(x,0) =0, z €D, (2)
ou(z,t) = f(x,t), (x,t) € 9D x [0,T]. (3)

Here 0,u is the exterior normal derivative of u and the f, k are such that boundary condition and
the initial conditions match to a sufficiently high order so that we are guaranteed that u will be
C3. The inverse problem under consideration is the recovery of ¢(.) from u| aDx[0,T]-

Under appropriate conditions on k£ and 7', Bukhgeim and Klibanov in [BuKI81] proved unique-
ness for this problem. These ideas were modified by Imanuvilov and Yamamoto in [ImYa0l] to
prove stability for this inverse problem and our presentation draws freely from that article. The
main result they proved and which we will reprove is the following.

Theorem 1. Suppose k and q;, i = 1,2 are smooth functions on D, f a smooth function on
0D x [0,T] satisfying the matching conditions and u;, i = 1,2 are the solutions of the IBVP (1)-
(3). If |k(z)| > 0 for all x € D and there is an a € R™ so that sup, g |v — a| < T (radius of D is
smaller than T ), then

lar — a2llz2 0y < 10k(ur — w2)|| 10D x 0.1 (4)

with the constant depending only on k,a, D, T, f and the C? norms of ¢; on D.

To understand what will be required in the proof, let us try to prove just the uniqueness in
Theorem 1. Let ¢ = g1 — q2 and u = uj — ug; then

ug — Azu — q1(x)u = qua, (xz,t) € D x [0,T]
u(x,0) =0, u(z,0) =0, r €D,
Oyu(z,t) =0, (x,t) € 0D x [0,T].

In addition we are given u = 0 on 9D x [0,T] and we have to show that ¢ = 0 on D. So the initial
data is zero, the Cauchy data on the boundary is zero, but the PDE is inhomogeneous and the



RHS is a product of ¢(x) and a function of x,¢; we have to show that ¢ = 0. None of the standard
estimates for the wave equation will work because all of them estimate the solution in the interior
and one boundary value in terms of the initial data, the RHS and the other boundary data. The
first trick is to have g(x) appear in a place other than the RHS of the pde. This is done by taking
v = u¢ and noting that the initial conditions for v are

U(w,O) = ut(x70) = 07 ’Ut(l',()) = Utt(lE,O) = (AU + qul)(xao) = q(.T)Ul(.T,O) = q(:E)k‘(.%’)
Hence v is the solution of

vy — Agv — q1(x)v = quay, (xz,t) € D x [0,T]
’U(x70) =0, Ut(.%',O) = Q(w)k(x)v T e ﬁa
oyv(z,t) =0, (z,t) € 0D x [0,T].

In addition we have v = 0 on 9D x [0,7] and we have to show that ¢ = 0 on D. Noting that
|k(z)| > 0, if we could bound the initial data by the boundary Cauchy data v, d,v and the RHS of
the pde, and if we could make the contribution from the RHS of the PDE small compared to the
initial data, then we will have proved uniqueness. Standard energy estimates for the wave equation
do not do this. Carleman estimates, which bound the solution in the interior solely by time-like
Cauchy data and the RHS will be the right tool. Also, the contribution from the RHS term will be
made small using Carleman estimates because they are weighted estimates. In [BuKI81], Bukhgeim
and Klibanov introduced the use of Carleman estimates for tackling inverse problems and we spend
some time discussing and deriving these estimates.

2 Carleman and timelike estimates for the wave operator

The presentation is based on Chapter VIII of [Ho76] and an exposition on Daniel Tataru’s web page
[TaWeb] of the results by Tataru and others on Carleman estimates. Both of these sources have
substantially more general results than what is covered in our notes. Tataru has other material on
this topic on his web page. Chapter 5 of [Kr09] has a good discussion about the origins of the idea
of pseudo-convexity - a property crucial for Carleman estimates.

2.1 Carleman estimates

Suppose P(z, D) is a second order operator on R™ with real coefficients, where D; = 9;. Let p(z, D)
be the highest order terms; then the function p(z,&) on R™ x R™ is called the principal symbol of
P(x, D). Consider the system of ODEs on R™ x R™ (Hamilton’s equation associated to p(z, £)).

ds _op
ds  Ox;

dmi 8p

ds = 8751(96’5)’

(z,8), 1=1,---,n. (5)



A solution of (5), over some interval in s, is a curve in R™ x R™, and is called a bicharacteristic.
One may show that if p(x,£) = 0 at some point on a bicharacteristic then p(x,£) = 0 at all points
on this bicharacteristic. Bicharacteristics on which p(z,&) is zero are called null bicharacteristics
and the null bicharacteristics play an important role in tracking singularities and the transmis-
sion of “energy” of solutions of hyperbolic PDEs. The curves in R™ obtained by projecting null
bicharacteristics under the projection (z,&) — x are called the rays associated to P(x, D).

Suppose (2 is a bounded open subset of R" with a smooth boundary and ¢ (x) and ¢(x) are
smooth functions on © with Vi # 0 and Vi) # 0 at every point in Q. Below p\¥), p;, will mean
O¢;p, Or,p respectively and repeated indices will mean a summation.

Definition 1. v is said to be pseudo-convex with respect to P(x, D) on § if
Ui (@) 9 (@, ) p® (2, 6) + (b (2,€) PP (@,€) = pi(@, P (2, ) ) t5(x) > 0 (6)

for all z € Q and all non-zero & € R™ satisfying

p(x,€) =0, ;(x)p(2,€) =0. (7)

Pseudoconvexity has an interesting geometrical interpretation; one can check that v is pseu-
doconvex with respect to P(z, D) iff %zﬂ(w(s)) > 0 at every critical point of ¢ (x(s)) for any ray
z(s) of P(x, D), so ¥ (x(s)) has a local minimum at that critical point. This condition means that
either a ray of P(x, D) is transverse to the contours of v or if the ray is tangential to a contour
Y(x) = 1(a) at some point a then, near a, the ray lies in the region ¢ (z) > ¢ (a).

ray

WOO>Y(a)

N

Y(x)<y(a)

(a)

Definition 2. v is said to be strongly pseudo-convex with respect to P(x, D) on Q if 1 is pseudo-
convex and

biu(@)pD(.€) pP (. Q) + o~ tm (a2, ) pP (. Q) ) > 0 ®)
for all z € Q and all { = £ +ioVp(z), £ € R, o # 0, satisfying
p@,¢) =0, ;(x)p(z,¢) =0. (9)



Because P(z, D) has order 2, one may show that pseudo-convexity implies strong pseudo-convexity.
For obtaining Carleman estimates, one needs a condition stronger than strong pseudoconvexity,
which we call the “special condition” - it has no standard name.

Definition 3. ¢ satisfies a special condition on Q for the operator P(xz, D) if ¢ is pseudo-conver
on Q and (8) holds for all x € Q and all { = £ + oV (x) with £ € R™, o # 0, satisfying

Note that (9) implies (10) so special condition implies strong pseudo-convexity but the converse
is not true. However, we have ([Ho76, Theorem 8.6.3) the following proposition.

Proposition 1. Suppose 1 is strongly pseudoconvex with respect to P(xz, D) on ), then for large
enough \, ¢ = e satisfies the special condition.

So the way to construct a function which satisfies the special condition with respect to a second
order operator is to construct a function v which is pseudoconvex. Then ¢ is also strongly pseudo-
convex and hence ¢ = e satisfies the special condition for large enough A\. When using Carleman
estimates the contours of ¢ will be crucial. However ¢ = e*¥ so the contours of ¢ are the contours
of ¢ hence we can use ¢ - for which we will have Carleman estimates.

For the rest of this subsection we will use x¢ instead of t and x € R"*! will be split as x = (z¢, 2')
with xg real and 2/ € R™. We find a family of functions which are pseudoconvex with respect to the
wave operator [J := 03 — 8? = —ej(?]? where €; = —1if j = 0 and 1 if j > 1; the principal symbol
of O is —ejsz. The pseudo-convexity conditions (6) and (7) reduce to

ejekd}jk(x)ﬁj&k >0, 43 75 0 with Ejsz =0, €j¢j§j =0. (11)

The special condition for ¢ is pseudoconvexity (that is (11) with ¢ replacing ) and €jerpi (&5 +
i0¢;)(&k — iodk) > 0 for all &, 0 with o # 0, €;(&; +i0¢;)? = 0, that is

ejerdinéile + o ejerdindidr >0, V¥ (€,0) with o #0, & — 0%¢;¢5 =0, ¢;¢;& =0.  (12)
So the special condition for ¢ is equivalent to (replacing (11), (12) by)
ejendinéi&n + o ejerdindidr > 0 (13)

for all (§,0) # 0, satisfying
ijjz - O'2€j¢)? == 0, €j¢j§j = 0. (14)

We seek a pseudoconvex function of the form ¥(x) = agxd + al2’|? for 0. Then the pseudo-
convexity condition 11) is that for all (z,&) with & # 0, e]f? = 0, ageoroéo + aejx;§; = 0 one
has

0 < apl? +al¢'|? = (ag + a)|¢'|*



This will be true if ap + a > 0 because & # 0 and & = [€?]. So ¢(z) = —B2% + |2/|*> and
Y(z) == 23 — B|2’|* are pseudoconvex if 0 < 3 < 1 over a region where V) is not zero. For the
time-like Cauchy problem the function ¥ (x,t) := —Bt?> + |z — p|?> with 0 < 8 < 1 and arbitrary
p € R" is the pseudo-convex function that is used. We can use the p because [ is translation
invariant in x.

We now state Carleman estimates for the wave operator £ = O+ ag(z, )0 + a;(z,t)0; + b(x, t).

Theorem 2. Suppose Q is a region in R™ x R, the coefficients of L are bounded on Q, and ¢
satisfies the special property with respect to O, then for large enough o

J/ 27 (|oul?® + o?u?) < / 27| Lul* + U/ 27 (|oul? + ou?), Vu € C*(Q) (15)
Q Q o0
with the constant independent of o and u. Here Ou = (uy, Oyu).

Please see [Ta94] for more general Carleman estimates. We postpone the proof of Theorem 2
to Section 4.

2.2 An estimate for the timelike Cauchy problem

We prove the following estimate for the timelike Cauchy problem for the wave operator £ =
O+ ag(x, )0 + ai(x,t)0; + b(x,t) on R™ x R.

Theorem 3. Suppose D is a bounded open subset of R™ with a smooth boundary and there is an
a € R™ so that |x — a| < T for all x € D. If the coefficients of L are bounded on Q, then

/_i/D\@u]2+u2</T/(£u)2+/T /ﬁmu%\auy?, YueC*(Dx|[-T,T)), (16)
/Dlé‘u( )+ uf., / /Lu / /Mu +0u?,  VueC*Dx[-T,T]), |t|<T.

(17)

Here Ou = (ug, Oyu) and the constant is independent of u and t.

Remark The condition on 7T is that the radius of €2 be less than T - this is not guaranteed if the
diameter of D is less than 2T as seen when D is the interior of an equilateral triangle.

Proof Using 2(0u)u; = (u? + |Vul|?); — 2V - (u;Vu), integrating over the region [s,t] x D, and
applying Gronwall’s inequality, we can show that for all s,¢ € [T, T] and for allu € C?(Dx [T, T))
we have

/\au B + Ju. /8u P+ Jul ) + //|cu|2 //|u|2+|au|2
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with the constant independent of w, s and ¢. Hence for any S1,S52 € [-T,T], S1 < S2 and any
t € [-T,T], integrating the above relation with respect to s over Sp, So

Sa T T
[reacop+putor < [ o+ [ [ e [ psiont as)
D S1 JD -TJD T JoD

for all v in C?(D x [~T,T]), with the constants independent of u, t and its dependence on Sy, So
is only with a lower bound on |S; — Sz|. One consequence of (18) is that (17) follows from (16), so
we need to prove only (16).

For any 3 € (0,1), a,b € R™, a # b, A > 0, define

b(z,t) 1= B Hle—al?) W(x,t) 1= N

Then, for large enough A, ¢ has the ‘special property’ with respect to the operator £ on any closed
domain in D x [0, T] which excludes (a,0); there is a problem at (a,0) because (V¢, ¢;) is zero at
(a,0). Similarly ¢ has the special property with respect to the operator £ on any closed domain
in D x [0,T] which excludes (b,0).

We claim we can choose 3 € (0,1), a,b € R", and € > 0 so that
o &(x,t) < ¢(a,0) =1 and ¥(x,t) < 4(b,0) =1 for all (z,t) € D x {t = +T};
e |a—b| > 8e

Let R = max_ 5|z — a| and by hypothesis R < T'. The first condition is R < #7" and max 5 |z —
bl < BT and these will hold if we choose § € (0,1) with 8 > R/T and we choose b # a with
la — b < BT — R. So the second condition will hold if we choose any positive ¢ with € < |a — b|/8.



One consequence of our choice of a,b, e is that the the union of the regions ¢ > e’ and

P > 9’ contains the vertical cylinder D x [—2¢,2¢]. This is so because for any x € R™ we have
max(|z — al?, |x — b]?) > |a — b]?>/4 > 16€% and hence for any t € [—2¢, 2¢] we have

max(¢(z, t), ¥(z,t)) > max(e)\(f462+|xfa\2)7 e/\(7462+|17b‘2)) > 612)\62.

For any ¢ € R", B,(c,0) will denote the open ball, in R"*! of radius r and centered at (c,0).
Let x(z,t) be a smooth function on R™™! with 0 < y < 1, x = 1 in B(a,0) and x = 0 outside
Bse(a,0). Let v:= (1 — x)u.

Define D, o7 := (D x [-T,T]) \ Be(a,0). Since ¢ has the special property with respect to £ on
the region D, 7, by Theorem 2 (and noting v = 0 on the boundary of B¢(a,0)), we have

0/ ¢279(|9u]? + 02|u[2) / / 2ff¢>ycv2+o—/ ¢279(|9u]? + 02|o[2)
De,a,T D t==+T

—i—a/ / 270|002 + 62 Ju|?2). (19)
oD

Let ¢, be the subset of D x [T, T] where ¢ > <" with a similar definition of . Since ¢ < e’
on the region Byc(a,0) it is clear that ¢, is a subset of D, , 7 and v = u on qﬁe. Further Lv is equal

to (1 — x)Lu plus terms involving du and u multlphed with derivatives of 1 — x - so the lower order
terms are supported on B (a,0) - where ¢ < e’ Also p<lonDxt= :I:T Hence (19) implies

62 ¢
e /|8u\2+02u2</ / 7| Lul? + ge?° / /\8u!2+u2
Pe
—1-0'62/ 10 + P+ / / Ouf2 + o2ul2.  (20)

Similarly we may show that

2 T 5 2
ge2oe” |8u\2+02u2</ /62U¢|Eu|2+ae2aeu€ / /]8u|2+u2
Ve -T7JD —2¢JD
T
—i—aez"/ |8u\2+02u\2+060"/ / |ou)? + o?ul?.  (21)
Djt=+T -1 JoD

Since the union of v, and ¢, includes D x [—2¢, 2¢], combining (20) and (21) we conclude that

/ / |Ou|? + o*u? -<€CU/ / | Cul)? + o / / (|0ul?® + o?u?)

eC"/ / |Oul? + o*u® + ae"/ |Ou|? + o?u?.
~-TJ8D Dy=+T

Hence using (18) with ¢ = £7" and S; = —2¢, S2 = 2¢, we conclude that for large o

2 2e
e / /]8u|2+02u2 4600/ /\Eu\2++aeog/ / Oul® + o%u?
—2eJD

which proves (16) in Theorem 3. QED



3 Proof of Theorem 1

Let uw = (u; — ug); and ¢ = g1 — ¢2, then u(.,0) = 0 and
ug(.,0) = (w1 — u2ee) (-, 0) = Aur — u2)(.,0) + (qru1 — qu2)(.,0) = kq.
Hence

Ou — qru = quoy, on D x [0,T7;
U(,O) = O) Ut(.,O) = k()q()7 on D7
u=20 on 9D x [0,T].

We take an odd extension of u across t = 0; note u will be C2. Let 7(z,t) be the even extension of
uge(z,t); r(x,t) will be C. Hence

Ou — quu = gr, on D x [-T,TJ; (22)
u(.,0) =0, u(.,0)=k(.)q(.), on D; (23)
u=0 on 0D x [-T,T]. (24)

Let £:=0— ¢, and for any € (0,1), a,b € R™, X\ > 0, define as before
bz, t) == e/\(—ﬁ2t2+|w—al2)’ W(z,t) = M=+ —b]%)
Then we claim we can choose 3 € (0,1), a,b € R, and € > 0 so that
o &(x,t) < ¢(a,0) =1 and ¥(x,t) < 4(b,0) =1 for all (z,t) € D x {t = +T};
e |a—b| > 8e.

Let R = max_ 5|z —a| and by hypothesis R < T'. The first condition is R < 87" and max 5 |z —
bl < BT and these will hold if we choose g € (0,1) with 8 > R/T and we choose b # a with
la —b] < BT — R. So the second condition will hold if we choose any positive € with € < |a — b|/8.

One consequence of our choice of a,b, e is that the the union of the regions ¢ > e and

P > ™ contains the vertical cylinder D x [—2¢, 2¢]. This is so because for any x € R™ we have
max(|z — al?, |z — b|?) > |a — b|?/4 > 16€2. Hence for any t € [—2¢, 2¢] we have

max(qﬁ(w,t),w(ac,t)) > max(e)\(—462+|w—a\2)’e)\(—462+|a:—b\2)) > 612>\62.

Let x(z,t) be a smooth function on R™""! with 0 < x <1, x = 1 in Bc(a,0) and x = 0 outside
Bse(a,0). Let v := (1 — x)u.



We will need a standard energy estimate, except we need it with weights, so we have to rederive
it. Define w := e“®v = ¢7?(1 — x)u. We have the identity

2(Lw + quw + o?w) wy = 2(wy — Agw 4 o*w)wy = (w? + |Veow|? + 0?w?); — 2V, - (0 Vaw).

Integrating this over the region D x [0, t], we obtain

/|8w 0)]2 + o?|w(., /|8w )12+ o?|w(., t)|* + //|Ew\ lwy| + o|w* + o3w?

4 / / 0wl + .
0 oD

Integrating this with respect to t over the interval [—2¢, 2¢] we obtain

2¢ T
/ [(0w)(.,0)|* + o?|w(.,0)]* < / / |Lw| |wi| + o|0w|* + o3w? +/ / |ow|® + |w|*. (25)
—2¢.JD -7 Jop

Since w = €?®v and v = e~ “®w, one may see that

62°¢(\8U\2 + 02]1)]2) = \8111]2 + 02”[1)‘2 < 620¢(|8’U|2 + 02\0\2),
|Cw| |we| = 62"¢|([,v\ + o|ov| + 02]v|)(|8v| + o)) = e2g¢(][,v\2 + U|8v|2 + 03|v\2).

Hence (25) implies

/ 299 (|0u]? + 02 [o]?)( / / 99| Lof? + o / / 209(|9uf? + 02[o?)
D 2€
+/ / €27 (|92 + [v]?). (26)
—-T JOD

Now v = u outside Ba.(a,0) and u(.,0) = 0, us(.,0) = k(.)g(.) with k£ continuous and |k| > 0 on D;
further v = (1 — x)u. So (26) implies

/ 20¢ 2 </ / 20¢|£u|2+o_/ / 20¢ |au|2+0_2’u| CO’/ / |au|2+|u‘2
D\ Ba¢(a 2e

(27)

Define D, o7 := (D x [-T,T]) \ Be(a,0). Since ¢ has the special property with respect to £ on
the region D, 7, by Theorem 2 (and noting v = 0 on the boundary of Bc(a,0)), we have

T
a/ 62”¢(|8v|2+02|v\2) ﬁ/ / e2g¢|ﬁv2+a/ 62”¢(|8v|2+02|vl2)
Dear -17JD Djt=+T

T
—1—0/ / 27 (10| + o?|v]?). (28)
-7 Jop

Let ¢ be the subset of D x [~T,T] where ¢ > 9’ with a similar definition of 1e. Since ¢ < e
on the region Bac(a,0) it is clear that ¢, is a subset of D, o7 and v = u on ¢.. Further Lv is equal



0 (1= x)Lu plus terms involving du and u multiplied with derivatives of 1 — x - so the lower order
terms are supported on By (a,0) - where ¢ < e Also ¢ <1lon D xt==+T. Hence (28) implies

T 2 2¢
a/ 62U¢(\8u]2+02u2) -4/ /62"‘]5]&42+062‘7e4A / /\8u!2+u2
. -tJD —2¢JD
T
—1—062“/ lﬁu\z—i—az\u\z—i-aec"/ / \8u!2—|—02|u]2. (29)
Dt==+T -1 .Jop

Similarly we may show that

T 2 2e
0/ 27V (|0u)? + o%u?) 4/ / > | Lu)? + ge2oe” / / |Ou|? + u?
A -T JD —2eJD

T
v [ jouP ot [ jouf ot (30
D=+T —7.JoD

e? / /\3u|2 u® < o(o) e20¢” / /|8u\2+u

< o(0) (/ 62”¢|8u\2+u2+/ €29 Ju? +u2> .
e Pe
Hence (29) and (30) give

T
U/ 62‘7¢(|8u]2+02u2)—|—0/ 620w(|8u‘2+02u2) _4/ /(62U¢+€20w)‘£u‘2
e e -TJD

T
+ 062"/ ]8u\2 + 02\u\2 + Uec"/ / \8u!2 + 02|u]2. (31)
Dt=+T —1Jop

Now

We want to use (31) to estimate the second term of (27). Towards that we note that D x [—2¢, 2¢]
is contained in ¢ U 9. Also, for any (z,t) which is not in ¢, and with |t| < € we have

9¢2 > — %2 + |z — al? > —45% + |z — af.

Hence |z — a? < 13€% so |z — b| > |z — a| because |a — b| > 8¢. So for such (z,t) we have
¢(z,t) < (x,t) and of course (x,t) € 1. So from (31) used in (27) we conclude that

2e
/ 20'¢> 2+620'e / / |8u\2+02\u|2
D\Bae(a) —2¢Jp
T T
</ /62”¢|£u|2—|—062"/ |0u|2+02u|2—|—ec"/ / |Oul? + |ul®. (32)
=T JD Dt=+T -T JOD

We have shown elsewhere using standard energy estimates that

2e T
/ /8u|2+u2</ /|8u\2+02]u|2+/ / \8u|2+u2.
t=+T JD —2¢JD —7.JaD
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So using this in (32) we obtain
/ 20(15 2 _</ / 20¢>|£u|2+600/ / ’au|2+’u’2 (33)
D\Bae(a

Define p(z) := eM*I” then ¢(z,0) = p(z — a) and
(Z)(a:,t) — 67)‘/622526)417“'2 _ (67)\52152 . 1)6/\\ac—a|2 T 6)\|a:7a\2 < _(1 . 67)\52,52) 4 p(x B a).

Now (Lu)(x,t) = q(z)r(z,t) with r bounded on D x [T, T], hence

T T
/ / 20¢\£u\2 / 20p(z—a ‘q’2/ 620(16A62t2)‘7’]24/ eQUp(xp)‘qF/ 672‘7(617)\/8%2)
:0(0.)/ 20’px a ’q|2
D

by the Dominated Convergence Theorem. Hence (33) implies

T
/ e?ap(x—a)’q‘2 40(0)/‘ eZUp(x—a)‘q’2+eCa/ / ]8u!2+]u\2. (34)
D\Bae(a) D ~TJaD

Similarly

T
/ e2ap(x—b)’q‘2 #0(0)/ €2ap(x—b)’q‘2+eCa/ / ‘au‘2+‘u|2. (35)
D\B2¢(b) D ~T JaD

Since |a —b| > 8¢, we have p(z —a) < p(x —b) on Ba(a) and p(z —b) < p(x —a) on Ba(b). Further
Bse(a) € D\ Bae(b) and Bac(a) C D\ Bac(b). Hence (34), (35) imply

T
/ maX(GQUp@—a)’62crp(:r—b))|q|2 < 0(0’)/ maX(GQUp@—a)’620p(:r—b))|q|2+€CU/ / ‘au|2+ |u|2
D D -T JOoD

Since p > 0, taking o large enough we conclude that

T
/ g < / / uf? + [u?
D —-T JOD

proving the theorem.

QED

4 Proof of Theorem 2

The proof is based on [TaWeb].

11



Proof Below ¢t will be sometimes written as xg and v; will mean 9jv. Define v := e?Pu; we will
show that there is a smooth function h(z,t) so that for large enough o

7%\ Lul? = o(|0v|* + o?|v]?) + 00 - E (36)
where the constant is independent of u,o,z,t and E = [Ey,--- , E,] with
2 Ly 2 2,2
Ek = (ejekd)kvj — 26j6k¢jvj’l)k) + ek(hvvk — ihkv ) — 0 (ejekqﬁk(;ij ) (37)

Now |E;| < |0v|? + 0?|v|?, so integrating (36) over Q we get
/ |0v|* + o%v %/ e Lul)? —|—U/ |0v|? + o202 (38)
[2}9]

However v = e?®u and u = e~7%v so e??0u = dv — 0d¢v and dv = e°?(Ou + cd¢u). Hence
27 (|0ul® + o?u?) < [0v]: + o2 |v|? <= €27(|0u)® + ou?)
with the constant independent of z, ¢, o and u. Applying this to (38) we recover (15). So it remains
to prove (36).
Since u = e~ 7%y we have
??9ju = e70;(e” %) = (0; — 0¢;)v = () — 9 ;) (" u)
7007 u = (9) — 0¢;)(e70ju) = (8) — 0¢;)(9; — 0¢j)v = vjj + o> PTv* — 2000; — 0 ¢j;v.
Hence
e?®u = Ov — o (dp)v,
0y = Z €j(vj; + 02¢]2~ —20¢v; — 0¢;iv)
=[0v + 02(2 ejqﬁ?)v - 202 ejojv; —o(Og)v.
Define the operators
P, = D—I-UQ(Z 6j¢?>, Q= —Z6j¢j8j, R .= —0o.
then, for any function h(x,t),

e>7?|0ul? = | P,v + 20Qu + o Rv|? = |(Pyv + 20Qu 4 chv) + o(R — h)v|?
= | Pov + 20Qu + ohv|* — Co?|v|?
> 20 P,v(2Qu + hv) + 0%2Qu + hv|* — Co?|v|?
> 20 P,v(2Qu + hv) + 202|Qu|? — Co?|u|%.

Hence
7| Lul? = 0 P,u(2Qu + hv) 4+ 0%|Qu]* — Co?|v]?. (39)
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The first term on the RHS can be broken into the sum of the product of a second order term
and a first order term, the product of a second order term and a zeroth order term, the product
of a first order term and a zeroth order terms, and the product of two zeroth order terms. We
examine each of these; we use the repeated summation notation below.

2(Pyv—0> " €;¢7v) Qu = —2¢vj5erdrvn = —2€j6x (0jPRVR); — VjbjkVE — VPRV R)
1 1
= —2¢jey, <(Uj¢kvk)j — VOV — §(¢k7)]2‘)k + 2¢kkvj2~>

= —2(c;vjerPkvk)j + 265 €k DKV Uk + (€kPrejV] )k — EkPrk€;V]

= (ekgbkejv?- — 2€;€,PVV )k + 2€€40;5VVE — qu(ejv?-).
Also
(Pyv — 026j¢?v)h(x)v = €;vj;h(x)v = €j(vihv); — hejvjz — €jhjuv;
1
= €j(vjhv); = hejuj = Seihy(v?);

1 1
= ¢j(hvvj — ivzhj)j - h,ejvjz + §(Dh)112.

Next we consider the term which is a product of a first order term and a zeroth order term.

2€j¢j2-v Qu=— QEjEkqb?Qbk’ka = fejekd)?gbk(#)k
= — ¢jen(du0? )k + €er (05 ) kv°
= — €jer(D50rv° )k + Oo(€j07)v” + 2ej€erdjrdidrv’.

Hence, taking g = h+ O¢ and E = [Ey, - - - , E,] where

E, = (ejewﬁkv? — 2¢jep0v5vk) + € (hvvy, — %hkl}Q) - 02(ejek¢k¢j2~v2)
we have
P,v(2Qu + hv) :O'QEJ'QZ)?}L’UQ + (2¢jexdjkvjvr — O ejv?-) + <(Dh)v22 - hejv]z>
+0%0* (O ;o7 + 2¢jexdjndjdr) + 0 E
=2 (€j€k¢jkvjvk + 02v2ejek¢jk¢)jqbk) — g(erJQ- — 02v2ejd>j2-) + th; +0-E. (40)
Hence from (39)

620¢]£u]2 =0 (2 (ejekqﬁjkvjvk + 02026j6k¢jk¢j¢k) — g(ejvjz — 0'2’026]'@5?)) + Ulev|2
+00-E — Co?|v|*. (41)
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The first, second, and third terms on the RHS of (41) are bilinear in the vector (dv,ov). So if we
can find a constant d > 0 and a smooth function g(z) on Q so that

2 (ejendinéiln + T €iendindion) — 96,65 — T7€;d3) + d(ejh;&;)? > 0 (42)
for all (z,t) € Q and (¢,7) € R*™ with |¢> + 72 = 1, then from (41), for large enough o,

e2?|Lul? = o (|0v]? + 0% v]?) + 00 - E — Co?|v]?
= o(|ov)® + o*v]?) + 00 - E,

proving (36). So it remains to prove (42).

Below S will denote the unit sphere £2 4 72 = 1. Since ¢ satisfies the special condition we have
(see subsection 2.1)

2 (ej€er0jk&ilh + T2€j€rPjKDjPK) > 0 (43)
when r € Q, ((,7) € S, ejf? — T2Ej¢]2- =0 and €;¢;¢; = 0. Hence! we can find a d > 0 so that

2 (ejendntse + T ejendindion) + dejdi€;)* > 0

when x € Q, (£,7) € S and ejfjg — T2€j¢? =0.

Now fix an z € Q. Define the quadratic forms (in &,7)

a(é,7) =2 (€jexdiné;én + T2 jendindidn) + d(ej ;&)
q(&,7) =& — 07,
bA(§7 7—) = a(§7 T) + )‘Q<£7 T)'

Fix an x € Q; if we can find some constant A so that by(¢,7) > 0 for all (¢,7) € S, then the same
A will work in a nbd of this x, hence using a partition of unity argument we could come up with a
function g on © which satisfies (42).

Fix an € Q. Let Z) be the zero set of the quadratic form by(¢,7) in R™! - then Z) is a
collection of lines in (£, 7) space. We claim that Z) (or the zero set of any quadratic form) is
projectively connected, that is, there is a continuously varying family of lines connecting any two
lines in Z). There is no loss of generality in assuming that the quadratic form is generated by a
diagonal matrix with m ones, n minus ones, and k zeros - we will prove the result by induction
on n. If m = 0 then it is trivial so we will assume that m > 1. If n = 1 then the zero set is a
cone times R* and hence projectively connected. If n > 2 and = = (p, ¢,r) is in the zero set with
p €R™ g€ R",r € RF then |p|?> = |¢|?>. We can find a ¢’ € R"™! so that |¢/|?> = |q|?; also we can
connect q to (¢’,0) by a curve on a ball of radius |g|. Hence the zero set is projectively connected to
the zero set of a quadratic form with signature m, n—1, k and this zero set is projectively connected
by the induction hypothesis.

'The LHS of (43) is positive in some neighborhood |[e; $;&;|> < € from compactness choose d large enough so that
de exceeds the maximum of the LHS of (43) over 2 x S.
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Since Z) is connected and does not intersect the region ¢ = 0 (by hypothesis), it is contained
completely either in ¢ < 0 or in ¢ > 0. Now a > 0 on ¢ = 0, hence a > 0 on a neighborhood of
q¢ = 0in S - say the neighborhood |q(¢,7)| < € on S. Then, for A > ¢ ! maxa we have by > 0 on
the region ¢ > 0. Similarly, for A << 0, we have by > 0 on the region g < 0. Hence for A >> 0, Z),
is contained in ¢ < 0 and for A << 0, Z) is contained in ¢ > 0. We claim that this implies Z) is
empty for some A, that is for some A, by is never zero on S and hence has the same sign at every
point on S. But by > 0 on ¢ = 0 so by > 0 on .S which would prove our claim. It remains to show
that Z) is empty for some .

Suppose Z) is never empty - we show that the set of A for which Z) is contained in ¢ > 0
(similarly ¢ < 0) is a closed set. This will contradict the connectedness of R. Suppose A\, — X and
Zy,, is contained in ¢ > 0 for all n. So we have a sequence (§,,7,) in S (which may be assumed
to be convergent to some (£*,7*) because of compactness) with ¢(&,,7,) > 0 and by, (&, 7) = 0.
Taking the limit we have by(£*,7%) = 0 and ¢(&*,7*) > 0. But Z) ising > 0 or ¢ < 0so Z, is in
q > 0 - proving our claim.

QED
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