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All the inventions that the world contains,

Were not by reason first found out, nor brains;

But pass for theirs who had the luck 1o light

Upon them by nmistake or oversight. —SanueL RButter (J6/2-1680)

Editor's Comment
2040
hematical physicist, he was also a

nrivaled as an analyst and mat ; a.
e ré's piece fails

matchless expositor of the philosophy of science. Poinca : -
entirely, 1 think, to clucidate the problem of mathematical creation, bu

as an autobiographical fragment it tells a dramatic story and is onc of the

treasures of science and literature.!

Mathematical Creation
By HENRI POINCARE

1 For a biographical essay on Poincaré see p. 1374,
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— . . e e o ;3_..__;.,.. e & ! s THE genesis of mathematical creation is a problem which should intensely

— fledbacee e, 4 TS I SN interest the psychologist. It is the activily in which the human mind seems
A , EE m.u\.,_.n.,u.é AR h . : to také least from the outside world, in which it acts or seems to act only

ﬂ?ﬂf ,.,.n‘ < J

o EE . thought we may hope 1o reach what is most essential in man’s mind
D (U W Lo obnto® This has long been appreciated, and some time back the journal called
— Ao . = . ,_ﬁ.mam_..mzm\xmi mathématigue, edited by Laisant and Fehr, began an in-
YR n TR SN “Ves gation of the mental habits and methods of work of different mathe-
. Lok 8 e AL Al o ,.,.\5 &\;Qu.,.,.. . - maticians. I had finished the main outlines of this article when the results
o e o Y b e W yE k i } of that inquiry were published, so I have hardly been able to utilize them
) ol Vet N "and shall confine myself to saying that the majority of witnesses confirm
LA e ' my ‘conclusions; 1 do not say all, for when the appeal is to universal

L e O : ]
A Y ¢ - . siffrage unanimity is not to be hoped.

ao” s-used to it. How does it rmvnm: there are people who do not under-

—_

m::.a mathematics? 1f mathematics invokes only the rules of Hum_n mcrr

s are’accepted by all normal minds; if its evidence is based on principles

yeommon to all men, and that none no:E deny without _umE.m mad, how

aomm it no_..._m mco_: that so _.:mzw vm;o:m are :aa refractory?
Jf.!....tll‘

mc:uzmmzm when we think of it. And yet thase who can follow this reason-

A_l,m o:@ with n__mmn::« are in the ::co:Q that is undeniable, and will

En:n& demonstrations which are _o:mn? but which after all are only an
wowﬂ_EEm:o: of brief reasonings i:o:u\ u:a_omo:ﬁ to those 5@ 318 50
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2048 Henri Poinearéd

same time, in putting under our €yes a well-ordered whole, it makes us
foresee a mathematical law. Now, as we have said above, the only mathe-
matical facts worthy of fixing our attention and capable of being useful
are those which can teach us a mathematicat law. So that we reach the
following conclusion: The useful combinations are precisely the most

beautiful, I mean those best able to o.rma.g this special sensibility that all

mathematicians know, but of which the profane are so ignorant as often

to be tempted ﬁo%@bn!m” it,

What rmE.unn.m then? Among the great numbers of combinations blindly
formed by the subliminal self, almost all are without interest and without
utility; but just for that reason they are also without effect upon the
esthetic sensibility. Consciousness will never know them; only certain ones
are harmonious, and, consequently, at once useful and beautiful. They
will be capable of touching this special sensibility of the geometer of which
I have just spoken, and which, once aroused, will call our attention to
them, and will bring them into our consciousness.

This is only a hypothesis, and yet here is an observation which may
confirm it: when a sudden illumination seizes upon the mind of the mathe-
matician, it usually happens that it does not deceive him, but it also some-
times happens, as | have said, that it does not stand the test of verification;
well, we almost always notice that this false idea, had it been true, would
have gratified our natural feeling for mathematical elegance.

Thus it is this special esthetic sensibility which plays the role of

the

delicate sieve of which I spoke, and that sufficiently exp p._sﬁ‘...mgﬁﬁnb\ﬁl
lacking it will never be a real creator. -

—

Yet all the difficultics have not disappeared. The conscious self is nar-
rowly limited, and as for the subliminal self we know not its limitations,
and this is why we are not too reluctant m supposing that it has been able
in a short time to make more different combinations than the whole life
of a conscious being could encompass. Yet these limitations exist. Is it
likely that it"is able 1o form ali the possible combinations, whose number
would frighten the imagination? Nevertheless that would seem necessary,
because if it produces only a small part of these combinations, and if it
makes them at random, there would be small chance that the good, the
one we should choose, would be found among them. P

Perhaps we ought to seek the explanation in that preliminary period of
conscious work which always precedes all fruitful unconscious labor. Per-
mit me a rough comparison, Figure the future elements of our combina-
tions as something like the hooked atoms of Epicurus. During the com-
plete repose of the mind, these atoms are motionless, they are, so to speak,
hooked to the wall; so this complete rest may be indefinitely prolonged
without the atoms meeting, and consequently without any comhination
between them. .

1 [Halsted’s translaticn is at lirmes incredible. I assume the """ refers to “subliminal
self.” ED.]
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On the other hand, during a period of apparent rest and unconsciou
work, certain of them arc detached from the wall and put in maoli i
They flash in every dircction through the space (I was aboul to sa MH
39.3 where they are enclosed, as would, for example, a swarm om <:. %
mo:n:._.m ﬂn.E mqnmmﬁ a more learned comparison, like :E_ meoelecules omm m.,mw

e kinem: ! i i .
sni.noa_u””gmn_~”“u:“~.gmoﬂv of gases. Then their mutual impacts may produce
<<.:.E is the rGle of the preliminary conscious work? It is evidently to
Eoc:mmn certain of these atoms, to unhook them from the wall m:av ut
them in swing. We think we have done no good, hecause we have :A_o,m_mg
these elements a thousand different ways in seeking to assemble them, and
have found no satisfactory aggregate. But, after this shaking up im .owma
upon them by our will, these atoms do not return to their primiti y
They freely continue their dance. primive rest

Zoi.. our will did not choase them at random: it pursued a perfectly
determined aim. The mobilized atoms are therefore not any atonis Srm;cv.
m<on. they are those from which we might reasonably expect the desired
mo_::o.:. Then the mobilized atoms undergo impacts which make them
n:.w_. into combinations among themselves or with other m:oE,m at rest
Er_.n: 5.0% struck against in their course. Again I beg pardon :dﬂ oo:”.

: , -
wrh”mﬂ_ﬁ MEMMMMMMM_.WF but T scarcely know how otherwise t¢ make my
. However it may be, the only combinations that have a chance of form-
ing are those where at least one of the elements is one of those at
freely chosen by our will. Now, it is evidently among these that is wo:w
- what T called the good combination. Perhaps this is a way of lesse i o

paradoxical in the original hypothesis. e e
.. Another observation, It never happens that the unconscious work gi
us the result of a somewhat long calculation all made, where we have m_<“wm
,_.8 mwmq fixed rufes. We might think the wholly automatic m:vzim:.:o: M
.Uma:n:_wzw apt for this sort of work, which is in a way mxn_mem_

Ennwms.am_. It seems that thinking in the evening upon the m,ﬁuo]mwm .
multiplication we might hope to find the product ready E..am :nm: o:w

m. o ag
[t a LHW arg O—__r _u
Ds.m.rﬂ__ 1 apa :_ ta chra nmm 110N _Oﬁ cxar le v
N 1 a n\:mﬁm

, would be made unconsciously. Nothing of the sort, as observation
.mno,..mm“ All o.:o may hope from these inspirations, ?::m.o_ﬁ. :srﬂo:mﬁ.:.o:m
work, is a point of departure for such calculations. As for the E:ni.:mc:,
En:,mn_w_mf they must be made in the second period of conscious .E rm
‘:Ep m.:_.nr ﬁ..o:ﬁ.usm the inspiration, that in which one <m:..:m,m 5@, _:mmn“_ﬂ:m“
_of this inspiration and deduces their consequences. The rules of these

. h r . [ .
alculations are strict and complicated. They require discipline, attention

" will, 2 . i
¥ ill, and therefore consciousness. In the subliminal self, on the contrary

i
reigns what 1 should call likerty, if we might give this name to the simple
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and the rest has given back to the mind its force and freshness, But it is
more probable that this rest has been filled out with unconscious work and
that the result of this work has afterwards revealed itself 1o the geometer
just as in the cases I have cited; only the revelation, instead of coming
during a walk or a journey, has happened during a period of conscious
work, but independently of this work which plays at most a role of cx-
citant, as if it were the goad stimulating the results already reached during
rest, but remaining unconscious, to assume the conscious form.

There is another remark to be made about the conditions of this un-
conscious work: it is possible, and of a certainty it is only froitful, if it
is on the one hand preceded and on the other hand followed by a period

of conscious work. These sudden ingpirations {and the examples already

cited sufficiently prove this) never happen except after some days of

voluntary effort which has appeared absolutely fruitless and whence

nothing good secems to have come, where the way taken scems totaily
astray. These efforts then have not been as sterile as one thinks; they have

set agoing the unconscious machine and without them it would not have

moved and would have produced nothing.

The need for the second period of conscious work, after the inspiraticn,
is still easier to understand. It is necessary to put in shape the results of
this inspiration, to deduce from them the immediatc consequences, to
arrange them, to word the demonstrations, but above all is verification
necessary. 1 have spoken of the feeling of absolute certitude accompany-

ing the inspiration; in the cases cited this feeling was no deceiver, nor is

it usually. But do not think this a rule without exception; often this feeling
deceives us without being any the less vivid, and we only find it out when
we seek to put on foot the demonstration. I have especially noticed this

fact in regard to ideas coming fo me in the morning or evening in bed

while in a semi-hypnagogic state,
Such are the realities; now for the thoughts they force upon us. The un-
ays an_important role in

conscious, or, as_we say, the _subliminal self pl im le_in
mathematical creation; this follows from what we have said. But usually
ed as purely automatic. Now we have seen

nical, that it could not be

the subliminal self is consider
that mathematical work is not simply mecha
done by a machine, hawever perfect. Tt is not merely aquestion of apply-
ing rules, of making the most combinations possible according to cerlain
fixed laws. The combinations so obtained would be exceedingly numerous,
The true_work of the inventor consists in

useless and cumbersome.
ations so as to eliminate the useless ones or

choosing m:uonmzzamn combin
rather ﬁ@w‘ﬂo\ﬁl:R.c.@c.En...im making them,

mw\:ﬁrm‘wc._.mm..x@ﬁ_wnﬁ,‘m\} ust

m.:?imw:mm\ngﬁ‘mmn extremely fine and delicate. Tt is almost impossible
to state them precisely;

conditions, how imagine a sieve ¢

they are felt rather than formulated. Under these
apable of applying them mechanically?
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N:MWNMMMW%MWMA.WMMM“.:,om,,.Enwo.:ﬂm ltself: the subliminal self is in no way
merior [0 the rmm‘“!_mﬁ:w&mw_m. it ~.m not purely automatice; it is capable of
e .anrzo,mw_wm:. hﬂmn&ﬁ :\wJoEm how to choose, to divine. What
A : er o.i to divine than the conscious self, since it
operon to wMH,m ﬂ-mﬂ.:mm fatled. In a word, is not the subliminal sclf
nﬂ._n.mﬂ.mor\.zrw.ﬁ.u‘:_ﬂ.mwwmmmomm.awm_nﬂﬂ WMM“ Hmnﬂm:mmm the full importance of this
ure ha i
”.:Q.W different occasion, and what no:moﬂmﬁ_om”m“:hwﬂﬂa:*.%_H_ﬂ.“:% M_M Mwmm
ative a ¢ : .
e :._wwim_.. {See also, by the same author, Science et Religion,
: nwmzmww NHMEM“,H answer forced upon us by the facts T have just given?
ot the m_m o M part, 1 m:o:E. hate mo accept it. Reexamine the facts
ol seeif ¢ Hw re not moB.vm:Em .ﬁ:: another explanation.
o et a :.:w no_.sU:.E:o:m which present themselves to the mind
o ao sudden illumination, after an unconscious working somewhat
prolo MM m_ MMM mﬁ:ﬂ%:.« useful E.E fertile combinations, which seem the
Svine oo Qm:nw.” mm_o:” .Uomm it follow that the subliminal self, having
o formd ool EQMO_:MN_M__MM mﬂrmﬁ these combinations would be useful,
_mmizm.m: interest and .:m<m REEH”.M”:MM“HMF_MN:% s which were
n i _
moHEmg_mmzmHMMmM:eHwaMﬂ ”Mo_c:m at m.r all the combinations would be
the terenting oo _ c mEm._Em:mE of the subliminal self, but only
s o resting o0 Eo.: d break :.:o the domain of consciousness. And
e ocw‘::wwnn:w:m. /Swm.ﬁ 15 the cause that, among the thousand
e oo our une Mm_n_oﬂm mn.:SQ.. some are called to pass the threshold,
bege? Etgoni elow? Is it a m:nw._n chance which confers this privi-
et ey ; among all ::un stimuli of our senses, for example
st intense fix our attention, unless it has been drawn to :8:,“

" 'by other
. nwomm m:wncw:.mmm. More generally the privileged unconscious phenomena
) susceptible of becoming conscious, are those which directly ar 5.

&. 3 A o
irectly, atfect most profoundly our emotional sensibility.

It ma isi i
B y be surprising to see emotional sensibility invoked ¢ propos of

:um:_ ica emonstration C see an erest o he
na at H Q stra 5 QT— T. it SOC_Q m, c nt S 5_ t
1 w

*intel! i
. intellect. This would be to forget the feeting of mathematical beauty, of

the harmony of
y of numbers and forms, of geometric elegance, This is a true

g

mmguﬂ:ﬁ hﬂmru :_.: D: m._ ~m~:_.nw__uﬂ:n_m.: T ow, a ire Y k18] (0]
S

nm S n . BQ ST “ 1t .—m_ 3%% t

. Now, wha ¢ i iti
. hat are the mathematic entities 1o which we attribute this char

acter ) .VOMC:\ Q ele e, an whic T :N_u Qﬂ( HC
m an gance, Q T_ H.— arc ca _m of e pimng 1n us

a sort of estheli i
1§ elic emotion? They are those whose elements are harmoni

‘ously disposed so that th i i
sl 08 e mind without effort ¢ i i
.ir:n realizing the details. This harmony is o Forsce ther toality

at once a satisfaction of our

esthetic n i i i
eeds and an aid to the mind, sustaining and guiding. And at the
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atl a whole life-
make a choice. Here the samples would be so numerous that a _rﬂ.:m -
time would not suffice to examine them. This is not the mnE_m Mo o
H 2,
The sterile combinations do not even present themselves to the

those of non-Fuclidean geometry. I did not verify the

have had time, as, tpon taking my seat in the omy
conversation already commenced, but I feit

idea; T should not
vibus, I went on with a
a perfect cerlainty, On my

things. The st

mind of the inventor. Never in the ficld of his no:mnho_”wmn”mﬂ%”mn_.mwww_mmﬁ
:m%m‘mlvmmwﬂ that are not really useful, .nx.nm? VOE,M hat he rejects e
which have to some extent the n?_EQm:m:nw of uvseful ¢ Dinations. &
n as if the inventor were an examiner for the secon .m e
Mwnw_% only have to question the candidates who had passed a previo
an:h“s“ﬂMﬂ.H have hitherto said is what :”;Q be ovwan”ma or inferred in
reading the writings of the geometers, reading Rmmorfww.m: e very soul
It is time to penetraie deeper and to .mmn what goes o o
of the mathematician, For this, 1 _u.n:msw. I can “._.o Ny Ws:o:w iy
memories of my own. But 1 shall limit myself to ﬂn__ ing how | wrote my
first memoir on Fuchsian functions. 1 beg the reader mwn.m::ﬁo:.::: oout
to use some technical expressions, but they need not w_m “nn :::._ v
is not obliged to understand Emﬂu. I w:m__ ”wrhmwm”””ww omnn:EmSznmw.
demonstration of such a theore d :
mﬂnﬂ“ﬁmrwﬂmgﬂ will have a barbarous name, ::wm:.::ﬁ :.u ﬂwwm_ra_u:”:_m”wwﬂ
unimportant, what is of interest for the psychologist is
ircumstances. . .
c:”uw_“mmm_mm: days I strove to prove EWH .rm_.n nowcﬁmmﬁ“wwh ,”_Mwu_\ MM”M”.WO_”m
like those I have since called Fuchsian functions. ) A
every day I seated myself m.ﬁ my work STH__ MMMMEMM. e o e
N mnmmmom“:Tcm—“.mm:moﬂM_“_“ﬂo””mwﬂanwm%“% and could not sleep. Ideas ﬂwmm
“mmwoﬁdmw«n felt them collide until Um:.m interlocked, ww wo Mmﬂwr.mxﬂw”“m
a stable combination. By the next morning H had esta ﬂ_m e e Toerne
of a class of Fuchstan functions, those which come .aﬂaﬁoor jopereec-
metric series; I had only to write out the results, whic
rc%”..w: I wanted to represent these _.c:o:o:m._uv, the ncc:n.:_ﬁo of %Hm
series; this idea was perfectly conscious and detiberate, ::.w ,m“,_,“mwm«mnzmw
iptic functions guided me. I asked myself c.::: 39.32:9 . oo
o i isted, and | succceded without difficulty in forming
must have if they existed, a : u
the series I have called theta-Fuchsian. N 0 g0 on o geo-
Just at this time I left Caen, where [ was then :E:m.u m._.rn S
legical excursion under the auspices of :.gm school owa_m”mm.qmznrna e
of travel made me forget my mathematical work. ”c m>ﬂ pehed cou
tances, we entered an omnibus to go seme place or ot n.ﬂ,.oi i
when I put my foot on the step the idea came to Ew.ms;: ut anyihing in
my former thoughts sceming to have _umﬁ.un_ the E.m.& w“n_,.n s he trane
formations I had used to define the Fuchsian functions

return to Caen, for conscience' sake | verified
Then T turned my attention to the arithmetic questions
apparently without much success and without a suspicion of any

tion with my preceding researches. Disgusted with niy
spend a few days at the scaside

the result at my leisure.
study of some

connec-
failure, I went to
» and thought of suomething else. One marn-
ing, walking on the bluff, the jdeg came to me, with just the same char-
acteristics of brevity, suddenness and immediate certainty, that the aritl-
metic transformations of indeterminate ternary quadratic forms were
identical with those of non-Euclidean geometry.

Returned to Caen, T meditated on this result and deduced the conse-
quences. The example of Quadratic forms showed me that there were
Fuchsian groups other than thoge corresponding to the b
series; I saw that [ could apply to them the theary of thet
and that consequently there existed Fuchsi
from the hypergeometric series, the ones
myself to form ali these functions. T made
and carried al! the outworks, one
that still held out, whose f

ypergeometric
a-Fuchsian serjes
an functions other than those
I then knew. Naturally T set
a systematic attack upon them
after another, There W
all would involve that of the whole place. But
all my efforts only served at firgt the better to show me the difficulty,
which indecd was somcthing. All this work was perfectly conscious,
Thereupon 1 left for Mont-Valérien, where I was to go through my

military service; so T was very differently occupied. One day, going along
the street, the solution of the difficulty which had stopped me suddenly
“appeared to me. | did not try fo go deep into it _.5:,_3:_8:.. and only
“after my service did T again take up the question. T had all the elements
and had only to arrange them and put them together,
“final Memoir at a single stroke and without difficulty.

<+ 1 shall limit myself to this single example; it is useless ta multiply them.
In regard 1o my other researches 1 would have to say analogous thinps,

m:g?nogm?ﬁ:.o:m omo::wa mathematicians given in L'enseignement
. mathématique wounld only confirm them,

" "Most striking at first _.m.:.:.w.,mbb@gb.nm of sudden illumination, a mani-

fest_sign_of long, urconscious prior_work. The

18, unconsci _rdle of this unconscious
work in mathematical invention appexrs to me incontestable, and traces of
T —— - -~ -t e

1t would

be mo.cwa_.-E other cascs where it is less evident, Often when one
, gn_ question, nothing good _.w.‘mnoo:i:z:mm at the first attack.
#Then one takes a rest, longer or shorter, and sis down ancw to the work.
.MU:I:m the first half-hour, as before, nothing is found, and then all of 3
éﬁ\wcman: the decisive ide

@ presents itself to the mind. I might be said that
‘the ‘conscious work has heen more fruitful because i has been interrupted

as one however

So 1 wrote out my
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and that the conclusions of the first serve as premises o.ﬁ ﬂ.:o mo_:.us__sm” .Em
shall be able to catch cach of these syllogisms, and it _m.:.oF in cw,n,_m_:m
from premises Lo conclusivn that we ure in danger of annm.:.::m o.c_“un ,.\_nm“
But between the moment in which we first meet a nnc_usm.:_cs as rm.Er :m
sion of one syllogism, und that in which we reencounter 1t as .ﬂﬁ.EMn ”
another syllogism occasionally some tinie will elapse, several links c. the
chain will have unrolled; so it may happen that we have forgotien i, or
worse, that we have forgotlen its meaning. So it may rmmvn: _:”ﬂ:.im ﬂ.
place it by a slightly different proposition, 2.:::. while .E:::_:m the
same enunciation, we attribule 1o it a slightly different meaning, and thus
it is that we & xpused to error.

) _MM”M:_ e_,rna .Huwrwa.,_:omm: uses a rule. ZE:::E. he .oa%.i #.é demon-
strating this rule; and at the time when this .maoom is fresh in his .Eo.EoQ
he understands perfectly its meaning and its vms:.:m. and :n. _,M _.:SHQM
danger of changing it. But subsequently he trusts his .H.:E.soQ 4n .w?n:m
ward only applies it in a mechanical way; and then .; his memory f:
all wrong. Thus it is, to take a simple example, that

him, he may apply it ,
slips in calculation because we have forgotien our

we sometimes make

muhtiplication table. .
According to this, the special aptitude for mathematics would be due

only to a very sure memory Ew.m.@:# prodigious force of attention. It would

be ‘m\m.o?oﬂ:rm that of the whist-player who remembers ::.u om_ﬁ.am ﬁ_uvq‘mmw
or, to go up a slep, like that of the armmm-_u_m.adn who can visua _Nw a .m: .
number of combinations and hold them in his memory. m«mi.mooa Jr: _m_
matician ought to be a good chess-player, mJa inversely; likewise he LE:JM
be a good computer, Of course that sometimes _:_E.m:m... thus Om:Jmm E,
at the same time a geometer of genius and a very precocious and accurate
oowmwmmww are exceptions; or rather T err; T can not om:. EmE exceptions
without the exceptions being more than the rule. Gauss it is, osﬂ_#m Mo:-
trary, who was an exception. As for E.ﬁm_r._ must confess, .H am a ,wc_
lutely incapable even of udding withoul ::._:m_.,.nm. In the same .imw_ _
should be hut a poor chess-player; T would perceive that #.d_ a n.riu_:. p 3_
I should expose myself to a certain danger; I would pass in 8<~o<” mwcmﬁ_,._
other plays, rejecling them for ather Eumo:m.. and then \::::% m:u.: q,_
make the move first examined, having meantime forgotten the danger
:A.M_:amﬁfﬂ,nﬁﬂ. my memory is not bad, hut it «..,o::.ﬂ he _:.m:m.#n_.o:_ ﬁ_: E.mrn
me a good chess-player. Why then does it not fail me 1n a QP:._G..F: ﬂ_nnw
of mathematical reasoning where most chess-players would iose them
selves? Evidently hecause it is guided by the me:ﬁ:_.amﬂ.n: :m the Momw_m:,
ing. A_mathematical demenstration is ._.H‘H:... simple ._:m::,ox“o: m” MW:MVT
gisms, it is m.ﬁr,.m?.m&.ih?:”ﬁ& in a certain .@dﬁw-wﬁwﬁtbmiﬁhﬂ. n wh

———
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these elements are placed is much more important than_the elements_them-

selves. If i ruﬁm,.::u q.cm:‘:um_..:..% intuition, so to speak, of this order, so

— e

§s to perceive at a glance the reasoning as a whole, 1 need no lenger fear
lest T forget one of the clements, for cach of them will take its alloited
place in the array, and that without any cffort of memory on my part.

. It seems to me then, in repeating a reasoning learned, that [ could have
invented it. This is often only an illusion; but even then, even if T am

not so gified as to create it by myself, I mysell re-invent it in so far as [
repeat it.

aawol_m@oi_:m., this feeling, this intuition of mathematical order, that

Em_,.mm‘:m...&@nm.&m\&%a. UE.BoEQ::aHn;:o:w.nm::oﬁrm possessed
‘mwlm.ﬁma. one. Some will not have either this delicate feeling so difficult to
define, or a strength of memory and attention beyond the ordinary, and
then they will be absolutely incapable of understanding higher mathe-
matics. Such are the majority. Others will have this feeling only in a
slight degree, but they will he gifted with an uncommon memory and
a great power of attention. They will learn by heart the details one after
another; they can understand mathematics and sometimes make applica-
tions, but they cannot create. Others, finally, will possess in a less or
greater degree the special intuition referred to, and then not only can
they understand mathematics even if their memory is nothing extraordi-
nary, but they may become creators and fry to invent with more or less
success according as this intuition is more or less developed in them.

In fact, E:m.F@ﬁ:imﬂu:nﬁ:n.ﬁm:bﬁ It does not consist in making
new combinations with mathematical entitics already known. Any one
could do that, but the combinations so made would be infinite in number
and most of them absolutely without interest. To create cansists precisely
in not making useless combinations and in making those which are useful
and which are only a small minority. Invention is discernment, choice.

How {o make this choice 1 have before explained; the mathematical
fucts worthy of being studied are those which, by their analogy with other
facts, are capable of leading us to the knowledge of a mathematical law
just as experimental facts lead us to the knowledge of a physical law.
They are those which reveal to us unsuspected Kinship between other
facts, leng known, hut wrongly helieved to be strangers (o onc another.

Among chosen combinations the most fertile will often be those formed
of elements drawn from domains which are far apart. Not that I mean as
sufficing for invention the bringing together of objects as disparate as
possible; most combinations so formed would bhe entirely sterile. But
certain among them, very rare, are the most fruitful of all.

To invent, T have said, is to choose; but the word is perhaps not wholiy
exact. Tt makes one think of a purchaser before whom are displayed a
large number of samples, and who examnines them, one after the other, to
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: this dis-
absence of discipline and to the disorder born of chance. Only,

order itself permits unexpected combinations. ; i personal obser-

1 shall make a last remark: when above 1 made c¢ : nal oheer
o 1ight of excitement when 1 worked in spite ¥
e not necessary that the abnormal
hat I mentioned.

vations, I spoke of a e
self. Such cases are frequent, and :._m necessary
cerebral activity be caused by a ﬁ.?ﬁﬁ& excl m., e ok
It seems, in such cases, that one 18 mnmmwi.ﬂm:&:_Msﬂwwo:v:mwm o o
1 1 er-cxcited © \ ho
T vmnnnw“””wmmoqﬂ_wso“\n vaguely comprehend what distin-
e e . if you wish, the working methods of the
I have been able thus to make
ave given.

having ch :
guishes the two mechanisms OT, .

ic observations
And the psychologic o . .
g heir general outlines the views 1 h
remain in spite of all very
not repent

WO egos.
- b #

seem lo me to confirm in . .
Surely they have need of it, for they are and

i i : 1 do
hypothetical: the interest of the questions is so great that

of having submitted them to the reader.

COMMENTARY ON

The Use of a Top Hat
as a Water Bucket

HE ideas of mathematics originate in experience. 1 doubt that this

truth is widely recognized or that mathematicians are always prepared
to acknowledge the indebtedness it implies. Schoolboys are taught that
geometry started as an empirical science, as a set of rules devised for land
measurement in Egypt, and it is generally taken for granted—though it
may not be strictly true—that we use a decimal system because we have
ten fingers. In more advanced mathematics the relation of ideas 1o experi-
ence is less obvious, Leaving aside the unworthy suspicions of the student
who thinks that algebra and the calculus were devised for the express
purpose of grinding him down, it is patently less easy to explain where
these disciplines came from than to explain the origins of arithmetic. Yet
the historian of mathematics has no trouble demonstrating that the cal-
culus began as a method for measuring areas and volumes bounded by
curves and curved surfaces (Kepler's first attempts at integration, for ex-
ample, arose in connection with the measturement of kegs); that algebra
had “strong empirical ties.” In general a close link can be shown between
the devclopment of mathematics and the natural sciences.
. To be sure, it is not always possible to give a simple and convincing
v:uom that mathematics is rooted in experience. Some important branches
mum the science are so terrifyingly abstract and inhuman as to satisfy even

“the purest of pure mathematicians. The study of Hilbert spaces has noth-

ing to do with space though it has to do with a mathematician named

-

and the General Theory of Compound Partition” is in no wise connccted

H ‘Hilbert; I. I. Sylvester's interesting paper “On the Problem of the Virgins,

;. with virgins or partitions. Tt is amazing what ingenious men can cook up

from' the simplest ingredients.
. It ‘may seem plausible that certain areas of mathematics should be
wholly divorced from empirics and live, so to speak, lives of their own,

~but I think one cannot escape the conclusion that a!l its branches derive

ultimately from sources within human experience. Any other view must
m,.u:.c.mnr in the end on an appeal to mysticism. Furthermore, when the
most abstract and “uscless” disciplines have been cultivated for a time,

,H:mw,mam often seized upon as practical tools by other departments of

ience. T conceive that this is no accident, as if one bought a top hat for
e " . -

m#&ahan_:m and discovered later, when a fire hraoke out, that it could be

ised as a water bucket. Von Neumann gives the examples of differential
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