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ABSTRACT

The pull-in voltage instability is the principle phe-
nomena limiting the design of nearly every electrostat-
ically actuated MEMS device. In this instability, when
applied voltages are increased beyond a certain critical
voltage there is no longer a steady state con�guration
of the device where mechanical members remain sepa-
rate. Mathematically, this phenomena has always been
explained by the presence of a single fold in the bifurca-
tion diagram for the system. Here a generalized model
of a small aspect ratio electrostatically actuated MEMS
device is presented. The small aspect ratio assumption
permits reduction of the model to a nonlinear partial
di�erential equation describing device de
ection. Varia-
tions in the electric �eld due to varying dielectric prop-
erties or varying electrode placement are included in the
model. By examining several special cases it is shown
that the bifurcation diagram for such a device may be
much richer than previously supposed.

Keywords: electrostatic actuation, pull-in, instability,
semilinear elliptic problem

1 Introduction

The pull-in voltage instability is a universal phenom-
ena in the world of electrostatically actuated MEMS de-
vices. Even as early as 1967, MEMS pioneers such as
Nathanson, [1], were aware that when applied voltages
are increased beyond a certain critical voltage there is no
longer a steady state con�guration of the device where
mechanical members remain separate.

Mathematically, this instability has always been ex-
plained by the presence of a single fold in the bifurcation
diagram for the system. That is, when some norm of the
solution is plotted versus the applied voltage, a plot sim-
ilar to Figure 1 is obtained. This bifurcation diagram
was originally obtained by Nathanson et.al., [1], in their
analysis of a mass-spring model. Subsequently, it has
been reproduced by numerous authors through analysis
of mass-spring models, [2], experiment, [2], analysis of
membrane or beam models, [3]{[6] or as the result of
numerical simulation, [7], [8].

The key feature of the bifurcation diagram shown in
Figure 1 is that for a given applied voltage precisely zero,
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Figure 1: The standard bifurcation diagram for an elec-
trostatically actuated MEMS device.

one or two steady state solutions exist for the electro-
statically actuated device being studied. In this paper
we show that the situation may be considerably more
complicated. That is, the bifurcation diagram may be
much richer than the one shown in Figure 1. We begin
by presenting a mathematical model of an idealized de-
vice. We assume the device is of small aspect ratio so
that fringing �elds may be ignored and a simpli�ed solu-
tion for the electrostatic potential obtained. We use this
potential in a membrane based model for the de
ection
of the device. Our model accounts for varying dielectric
properties of the device or varying electrode placement.
We summarize the analysis of the model for three key
cases: a perfectly conducting strip, a perfectly conduct-
ing disk and a strip with varying dielectric properties.
We show that in the �rst case the bifurcation diagram
appears as in Figure 1 while in the second and third
cases it appears as in Figure 3.

2 The Mathematical Model

In this section we present the governing equations for
the behavior of an idealized electrostatically actuated
MEMS device. The geometry of the device is sketched
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Figure 2: A Sketch of the Model Geometry.

in Figure 2. We assume that a potential di�erence is
applied between the top and bottom plates. The top
plate may be a perfect conductor, a dielectric material
or may have spatially varying dielectric properties. The
electrode attached to the top plate may occupy all or
only a portion of the region 
. Our goal is to formulate
a model which captures the steady state de
ection of
the top plate as a function of the applied voltage.

The mathematical model consists of two parts. First,
we need to compute the electrostatic potential every-
where between, on and when the plates are treated as
�nite thickness dielectric slabs, within the two plates. In
general, this requires solving Laplace's equation in the
region between and inside the plates with the appro-
priate applied potential and continuity boundary condi-
tions. Given that the deformation of the top plate is un-
known a priori and that the shape of the domain 
 may
be quite complicated this problem generally prohibits
an exact solution. On the other hand, many MEMS de-
vices posses a small aspect ratio. That is h=L� 1. This
fact can be used to develop an asymptotic approxima-
tion to the potential �elds in the limit of small aspect
ratio. In engineering parlance, fringing �elds may be
ignored. Space prevents us from providing details, the
interested reader is directed to [4]{[6]. Here, we simply
note that the electrostatic force, Fe, on the top plate is
well approximated by

Fe =
�0V

2

2h2
f(x; y)

(1 + u(x; y))2
: (1)

Here, V is the applied potential di�erence, �0 is the per-
mitivity of free space and h is the distance between the
plates when no voltage di�erence is applied. The func-
tion f(x; y) captures spatial dependence of the applied
�eld due to varying electrode placement or varying di-
electric properties. If the top plate is a perfect conduc-
tor and the electrode region is all of 
, then f(x; y) = 1.
The function u(x; y) is the displacement of the top plate
scaled by h.

Next, we need to compute the de
ection, u(x; y), of
the top plate. The appropriate elastic model depends on
the device one wishes to consider. Due to the plethora of
MEMS devices, no one model will be appropriate in all
situations. Here, we restrict our attention to devices,
such as the GLV, [9], which may be treated as elastic
membranes. Hence, the de
ection of the top plate sat-
is�es the semi-linear elliptic equation

r2u =
�f(x; y)

(1 + u)2
in 
: (2)

Here � = V 2�0L
2=2Th2 where T is the tension in the

membrane and L is a characteristic length of the region

. Equation (2) must be supplemented by the appro-
priate boundary conditions. In general, these may be
written in terms of a boundary operator B, that is we
require

Bu = 0 on @
: (3)

A complete analysis of equations (2)-(3) is daunting.
Some general results are however possible. For example,
it is shown in [12] that for physically realistic choices of
f(x; y) the pull-in instability always exists. The reader
is referred to [12] for more details and further general
results. Here, we focus on analyzing the model for sev-
eral simple choices of geometry in order to illustrate the
range of possible behaviors.

3 A Strip Shaped Domain

If the domain 
 is assumed to be a rectangular strip
with two opposite edges �xed and the remaining two
edges free, the displacement may be assumed a function
of x only. In this case, equations (2-3) reduce to

d2u

dx2
=

�

(1 + u)2
(4)

with

u(�1=2) = u(1=2) = 0: (5)

This is the case studied in [4]{[6]. The analysis will not
be repeated here. Rather, we note that the bifurcation
diagram for this case appears as in Figure 1. Here, the y-
axis measures the maximum displacement of the strip.
Notice that for the perfectly conducting strip, the bi-
furcation diagram is essentially that of the mass-spring
model.

4 A Circular Domain

In this section we consider the case where the region

 is a circular disk of radius one which is held �xed
along its circumference. The membrane is assumed to
be perfectly conducting and we consider only radially



symmetric solutions. Under these assumptions, equa-
tions (2)-(3) reduce to

d2u

dr2
+

1

r

du

dr
=

�

(1 + u)2
(6)

u(1) = 0 (7)

du

dr
(0) = 0 (8)

Next, we note that this problem exhibits a scale invari-
ance that allows us to obtain solutions from a related
initial value problem. That is, u(r) is a solution to equa-
tions (6)-(8) if and only if

u(r) = �1 + �w(
r) (9)

where

� =
1

w(
)
(10)

�


2�3
= 1 (11)

and w satis�es the initial value problem

d2w

dr2
+

1

r

dw

dr
=

1

w2
(12)

w(0) = 1 (13)

dw

dr
(0) = 0: (14)

With these identi�cations, the bifurcation diagram is
parameterized in terms of 
 and w. That is, to under-
stand solutions, we wish to plot � versus jjujj

1
= �u(0).

But from equations (9)-(11) we have � = 

2

w(
)3
and

jjujj
1

= 1� 1
w(
)

. Now, it is a simple matter to sketch

the bifurcation diagram for this system. One simply
needs to solve equations (12)-(14) numerically or uti-

lize phase plane techniques to analyze the initial value
problem completely. Both approaches are carried out in
[11]. Here, we note that the bifurcation diagram for this
model appears as in Figure 3. Notice that for a given
value of the applied voltage, any number of solutions
may exist! This is in stark contrast to the system above
where a maximum of two solutions were uncovered.

5 A Strip with Varying Dielectric

Properties

In this section we again consider the case where 

is a rectangular strip with two opposite edges �xed and
the remaining two edges free. The displacement may be
assumed a function of x only. Here however, we do not
assume that the strip is perfectly conducting. Rather,
we assume that it is a dielectric material and that its

dielectric properties vary with position. Under these
assumptions, equations (2)-(3) reduce to

d2u

dx2
=

�f(x)

(1 + u)2
(15)

u(�1=2) = u(1=2) = 0 (16)

If we assume a power law pro�le for the dielectric prop-
erties, f(x) = jxj�, the analysis can be pushed further.
This choice of pro�le is physically motivated as it mini-
mizes the electric �eld near the region of maximum de-

ection, hence should tend to stabilize the device. With
this choice of pro�le, our system once again exhibits a
scale invariance and can be analyzed by converting to an
initial value problem. This is accomplished by setting

aw(�) = 1 + u(x) (17)

� = bx (18)

a =
1

w(b=2)
(19)

and

� =
b2+�

w(b=2)3
: (20)

Here, w satis�es the initial value problem

d2w

d�2
=

��

w2
(21)

w(0) = 1 (22)

dw

d�
(0) = 0: (23)

The bifurcation diagram again follows from analysis of
this initial value problem. The reader is directed to
[12] for further details. Here, we note that for � <

� 1
2
+ 1

2

q
27
2
the bifurcation diagram appears as in Fig-

ure 1, while for � > � 1
2
+ 1

2

q
27
2
the bifurcation diagram

appears as in Figure 3. Notice that the system under-
goes a transition from a maximum of two solutions to
in�nitely many steady state solutions.

6 Discussion

We have presented a mathematical model of an ideal-
ized small aspect ratio electrostatically actuated mem-
brane type MEMS device. Utilizing the small aspect
ratio assumption our problem was reduced to the study
of the semi-linear elliptic problem, (2)-(3). While the
e�ect of fringing �elds has been ignored, the e�ects of
varying material properties and varying electrode place-
ment have been retained.

We summarized the results of the analysis of our
model for three simpli�ed cases. First, we considered a
perfectly conducting elastic strip. In this case it is seen
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Figure 3: Sketch of the bifurcation diagram for a disk
shaped electrostatically actuated MEMS device or a
device with varying dielectric properties. Note that
the multiple solutions are exaggerated for clarity. Fur-
ther note that the curve keeps oscillating, producing in-
�nitely many solutions as the displacement tends to one.

that the bifurcation diagram coincides with the diagram
most often presented in the literature. That is, the be-
havior is essentially the same as that for the mass-spring
based model introduced in [1]. Next, we considered the
case of a perfectly conducting elastic disk. In this case,
the bifurcation diagram di�ers dramatically from that
of the strip or the mass-spring model. Here, for certain
values of the applied voltage, any number of steady state
solutions are possible. This simple analysis reveals that
shape plays an important role in determining device be-
havior. It suggests that for other device shapes many
other behaviors are possible. Finally, we again consid-
ered the case of an elastic strip, this time with spatially
varying dielectric properties. In this case, according as
how the dielectric properties are tailored, the bifurcation
diagram may resemble that of the mass-spring model or
of the disk model. This analysis reveals that spatial
tailoring of the dielectric properties of a device may be
used to tailor device behavior. Since varying electrode
placement leads to a similar mathematical model, the
conclusion holds for electrode design as well. Further,
since both mass-spring-like and disk-like behavior can
be produced, this suggests that by spatially varying the
dielectric properties of a device a wide range of behav-
iors are possible.

Finally, we comment on the question of stability of
solutions. The analysis presented here has been con-
cerned with steady state solutions. A natural ques-
tion is whether or not the new solutions uncovered are
linearly stable or unstable. In fact, a straightforward

linear stability analysis reveals that for both the disk
and the dielectric strip, all the new solutions uncovered
are linearly unstable. On the one hand, this prevents
straightforward utilization of these solutions in MEMS
design. On the other hand, the opportunity to utilize
these new solutions via control schemes presents itself.
That is, standard techniques which stabilize near an un-
stable solution may be useful for some designs. Further,
the model, equations (2)-(3), has been analyzed in only
the simplest of cases. The possibility of a shaped or
electrically tailored device with new stable solutions is
tantalizing.
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