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Nonlinear Stability,
Thermoelastic Contact, and the
Barber Condition
The behavior of a one-dimensional thermoelastic rod is modeled and analyzed. The
held fixed and at constant temperature at one end, while at the other end it is fr
separate from or make contact with a rigid wall. At this free end we impose a pres
and gap-dependent thermal boundary condition. This condition, known as the B
condition, couples the thermal and elastic problems. Such systems have previousl
shown to undergo a bifurcation from a unique linearly stable steady-state solutio
multiple steady-state solutions with alternating stability. Here, the system is studied
the asymptotic matching techniques of boundary layer theory to derive short-time,
time, and uniform expansions. In this manner, the analysis is extended into the non
regime and dynamic information about the history dependence and temporal evolut
the solution is obtained.@DOI: 10.1115/1.1345699#
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1 Introduction
The analysis of thermal contact problems has revealed a we

of interesting phenomena. Beginning with J. R. Barber in 19
~@1#!, who pointed out that the solution of such problems po
certain difficulties, and continuing to this day, numerous resea
ers have turned their attention to these problems. Barber obse
that the classical assumption of perfect insulation during a se
rated phase and perfect thermal contact during contact led to m
els with solutions which were unacceptable on physical groun
Introducing a pressure and temperature-dependent boundary
dition, which would subsequently become known as the Bar
condition, he allowed for a smooth transition between the in
lated and perfect thermal contact states. Studying a linearized
sion of a thermal contact problem which included the Barber c
dition, he showed that the paradoxes inherent in simpler mo
could be avoided and physically relevant solutions recovered

In 1980, Barber, Dundurs, and Comninou@2# investigated a
thermal contact problem using the Barber condition in a o
dimensional model of a thermoelastic rod. Imposing a tempera
gradient across the rod, they demonstrated that the system u
went a bifurcation from a unique linearly stable steady-state s
tion to multiple solutions with alternating stability as the mag
tude of the thermal gradient was varied.

Since that time, various authors have explored the Barber c
dition and its implications for thermal contact problems~@3,4#!.
While such analyses have been extended to multiple mate
~@3,5,6#!, various geometries~@7,8#!, and to numerical simulations
~@4#!, most theoretical work to date has relied upon linear stabi
theory. In a recent article~@9#! we developed a nonlinear theor
which described the history dependence and dynamics of s
tions near the bifurcation point for a simplified model of a on
dimensional thermoelastic rod. Our model did not, however,
clude the Barber condition. Since the Barber condition is mu
more physically realistic than the boundary condition used
~@9#!, it is desirable to have a nonlinear theory for a model wh
incorporates the Barber condition. We carry out such an anal
here.

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
MECHANICS. Manuscript received by the ASME Applied Mechanics Division, Se
24, 1999; final revision, June 26, 2000. Associate Editor: J. R. Barber. Discussio
the paper should be addressed to the Editor, Professor Lewis T. Wheeler, Depa
of Mechanical Engineering, University of Houston, Houston, TX 77204-4792,
will be accepted until four months after final publication of the paper itself in
ASME JOURNAL OF APPLIED MECHANICS.
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While the model studied here differs from the model studied
~@9#!, only in the use of the Barber condition, the method of ana
sis differs significantly. In particular, here we use the asympto
matching techniques of boundary layer theory to derive sh
time, long-time, and uniform asymptotic expansions of the so
tion. In our prior analysis we used the method of multiple sca
or two-timing, to accomplish similar goals. The switch in tec
niques is not merely a matter of taste. Rather, any attempt to a
multiple scale techniques to the model considered herein will s
encounter algebraic difficulties. That is, such an attempt beco
analytically intractable. However, as is shown, boundary la
theory may be applied with little difficulty. This not only allow
us to carry out the analysis for the one-dimensional rod mo
with the Barber condition, but gives us hope that similar tec
niques will yield a nonlinear stability theory for more complicate
multidimensional problems.

We begin in Section 2 by formulating the governing equatio
for our model. We make the standard assumption that quasi-s
uncoupled thermoplasticity is valid and use the Signorini cont
condition to capture periods of separation and contact. We imp
the Barber condition on the thermal part of the problem, leav
the contact resistance function unspecified. A solution is c
structed for the elastic problem and the system of governing eq
tions is reduced to a nonlocal and nonlinear heat conduction p
lem. In Section 3, we impose physically realistic constraints
the contact resistance and develop a linear theory. We review
analysis due to Barber@2#, and show that the system studied u
dergoes a bifurcation from a single linearly stable steady-s
solution to multiple steady-state solutions. Finally, in Section
we study the behavior of our system near the bifurcation po
That is, we inquire as to what happens when the system is sta
nearby the now linearly unstable steady-state solution. Us
asymptotic matching techniques, we incorporate the effect of
bilizing nonlinear terms into our theory and obtain informatio
about the dynamics and history dependence of the solution.
show that as conjectured, the solution does indeed approach
of the stable solutions obtained in the linear theory.

2 Formulation of the Model
We consider a one-dimensional thermoelastic rod of lengtL

suspended between two rigid walls as pictured in Fig. 1. We
sume that the rod possesses constant thermal and elastic ma
properties, is homogeneous and isotropic, and that uncou
quasi-static thermoelastic theory is valid. With these assumpt
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in mind, we formulate the equations governing the tempera
distribution,T, elastic displacement,u8, and stress,s8, within the
rod. In the dimensionless variables

u5
T2TL

TR2TL
, t5

k

rcpL2 t8, x5
x8

L
, u5

u8

L
, s5

s8

E
,

(2.1)

these equations take the form

]u

]t
5

]2u

]x2 0,x,1 (2.2)

]2u

]x2 5m
]u

]x
0,x,1 (2.3)

s5
]u

]x
2mu 0,x,1 (2.4)

u~0,t !50 (2.5)

u~0,t !50 (2.6)

H u<0
s<0

us50
J at x51 (2.7)

R~h!
]u

]x
~1,t !512u~1,t ! (2.8)

where here

m5a~TR2TL!, R~h!5
kR̂~h!

L
(2.9)

and

h5s~1,t !2u~1,t !. (2.10)

Note thatm may be interpreted as a nondimensional coefficien
thermal expansion or as a dimensionless measure of a the
gradient in the problem, whileR is a dimensionless form of the
contact resistance function. In fact,R may be thought of as a
variable Biot number, measuring the relative strengths of h
conduction within the rod and ‘‘convection’’ through the rod
right end. The variableh is equal to the contact pressure durin
contact (h,0) and the gap size during periods of separationh
.0). For a full derivation of the model above, the reader is
ferred to~@9#!. As mentioned in the Introduction, the model abo
differs from that in~@9#! in that the boundary condition at the righ
end of the rod in~@9#! is replaced here with the Barber conditio
Eq. ~2.8!. The reader will also notice that in the above we ha
assumed a reference gap width of zero in Eq.~2.7!.

Now, we note that the problems foru ands are linear and may
be solved exactly. That is, we may integrate Eq.~2.3! twice and
use Eqs.~2.4!, ~2.6! and ~2.7! to solve foru ands. We find

Fig. 1 Sketch of the model geometry
Journal of Applied Mechanics
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u~x,t !5mE
0

x

u~z,t !dz2x maxH dE
0

1

u~z,t !dz,0J (2.11)

and

s~x,t !52maxH mE
0

1

u~z,t !dz,0J . (2.12)

Using these solutions, we may evaluateh, i.e.,

h5s~1,t !2u~1,t !52mE
0

1

u~z,t !dz. (2.13)

Hence, we have reduced the problem to one foru only. We are
left with

]u

]t
5

]2u

]x2 0,x,1 (2.14)

u~0,t !50 (2.15)

R~h!
]u

]x
~1,t !512u~1,t ! (2.16)

h52mE
0

1

u~z,t !dz. (2.17)

3 Linear Theory
In order to proceed with the analysis, we must further char

terize the contact resistance function,R(h). We recall from the
definition of h, Eq. ~2.10!, that h.0 corresponds to separatio
from the wall, and that in this caseh measures the size of this gap
Physically, we expect the contact resistance to increase mono
cally with gap size. On the other hand,h,0 corresponds to con
tact with the wall, and in this caseh measures the contact pre
sure. Here, we expect contact resistance to decre
monotonically with increasing pressure. Further, contact re
tance must be a positive quantity and on physical grounds we
led to expect thatR(h) appears as pictured in Fig. 2.

With these assumptions aboutR in mind, we may investigate
steady-state solutions of the system~2.14!, ~2.15!, and~2.16!. We
begin by setting the time derivative to zero in Eq.~2.14!, integrat-
ing the resulting ode and using the boundary conditions, E
~2.15! and~2.16!, to determine that steady solutions must have
form

u* ~x!5ax (3.1)

Fig. 2 A typical contact resistance function
JANUARY 2001, Vol. 68 Õ 29
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a5
1

11R~2ma/2!
. (3.2)

Our observations about the nature ofR allow us to plot the left
and right sides of Eq.~3.2! on the same plot as functions ofa.
This is done in Fig. 3. With physically realistic assumptions onR,
it is clear that we will always have at least one point of inters
tion, and hence at least one steady solution. We also note
depending upon the exact nature ofR, we may have more than
one steady-state solution. To clarify this situation further, we n
more detailed information about the contact resistance. For s
plicity, we specify the value ofR at a convenient point. In par
ticular, we shall assume thatR(2m/4)51. This implies thata
51/2 is a solution of Eq.~3.2! and henceu* (x)5x/2 is a steady-
state solution of the system~2.14!, ~2.15!, and ~2.16!. Next, we
define

F~h!5
1

11R~h!
(3.3)

and note thatF(2m/4)51/2. In order to have a bifurcation of th
type investigated by Barber@2#, it is easy to see that we must hav
that h52m/4 be an inflection point forF. That is, we assume
F9(2m/4)50 andF-(2m/4).0. This implies that we may ex
pandF in a Taylor series abouth52m/4 as follows:

F~h!5
1

2
1~h1m/4!F8~2m/4!1

~h1m/4!3

6
F-~2m/4!1¯ .

(3.4)

Throughout the remainder of this paper we shall localize
analysis about the steady-state solutionu* (x)5x/2. That is, in
addition to assuming thath52m/4 is an inflection point forF,
we assume that nearby this inflection pointF is well approximated
by the first three nonzero terms in the Taylor series~3.4!.

Next, we investigate the linear stability of the steady solut
u* (x)5x/2. Accordingly we seek a solution to~2.14!, ~2.15!, and
~2.16! in the form

u~x,t !5
x

2
1f~x!e2l2t (3.5)

where uf(x)u!1. Inserting this ansatz into our governing equ
tions, expanding the nonlinear terms in Taylor series, and omit
quadratic and higher order terms inf, we obtain the eigenvalue
problem

Fig. 3 Geometric solution of the steady-state problem
30 Õ Vol. 68, JANUARY 2001
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d2f

dx2 1l2f50 (3.6)

f~0!50 (3.7)

f8~1!1f~1!54dE
0

1

f~z!dz. (3.8)

Hered5mR8(2m/4)/8. This linear eigenvalue problem has a s
lution f whenl satisfies

l2 cos~l!14d~cos~l!21!1l sin~l!50. (3.9)

The solutions of this equation in conjunction with Eq.~3.5! deter-
mine the stability of the perturbationf; if Re(l2).0 (,0), then
the steady state is linearly stable~unstable!. The solutions of Eq.
~3.9! were studied by Barber@2#; we do not repeat his analysi
here. Rather, we simply note that in our notation, Barber’s re
is that d,1 corresponds to linear stability,d.1 corresponds to
linear instability, whiled51 is the marginally stable case.

With the assumptions mentioned above concerningF, another
alternative characterization of the bifurcation asd passes through
one is possible. Retaining only up to cubic terms, and using~3.4!
in the equation defining the steady states,~3.2!, we obtain a cubic
polynomial for a. By construction, one solution is of course,a
51/2. The other two solutions are given by

a5
1

2
6S 2

m D 3/2A 6~d21!

F-~2m/4!
. (3.10)

We see that these solutions are unphysical~imaginary! for d,1,
and that we pick up two new physical solutions asd passes
through one. At least locally, the bifurcation is of the standa
pitchfork type. The linear theory is summarized in Fig. 4.

4 Nonlinear Theory
In the previous section we found and investigated the lin

stability of steady-state solutions to our model, i.e., Eqs.~2.14!–
~2.16!. We made physically realistic assumptions about the c
tact resistance functionR, and determined thatu* (x)5x/2 was a
solution for all positive values of the parameterd. We showed that
the linear stability of this solution changed asd passed through
one. In particular, ford,1, this solution was found to be linearl
stable, while ford.1, linear theory predicts that any infinitesima
perturbation will grow exponentially. Clearly, in this paramet
range, the linear theory is only valid for a limited time. In th
section, we use the asymptotic matching techniques of boun
layer theory to extend our analysis into the nonlinear regime. T
is, we investigate the nature of the solution to our governing eq
tions whend is nearby, but greater than one, and the initial co

Fig. 4 Bifurcation diagram showing the constant in the steady
solution as a function of the bifurcation parameter, d
Transactions of the ASME
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ditions are such that the system starts near the now unstable
tion, u* . Our goal is to develop an approximate solution which
valid for all time, thereby allowing us to understand the dynam
and history dependence of solutions near this bifurcation poin

We begin, by imposing the initial condition

u~x,0!5
x

2
1eh~x!. (4.1)

Here,e!1 andh(x) is an arbitraryO(1) function. Note that this
definese and starts our system nearu* (x). It is now convenient to
rescale by settingu5ev1u* (x). Introducing this rescaling into
Eqs. ~2.14!, ~2.15!, ~2.16!, and ~4.1!, expanding the nonlinea
terms in a Taylor series and retaining terms up toO(e2) we obtain

]v
]t

5
]2v
]x2 (4.2)

v~0,t !50 (4.3)

]v
]x

~1,t !1v~1,t !5S 4dE
0

1

v~z,t !dz D F11e
]v
]x

~1,t !2ev~1,t !G
2e2c0

2S E
0

1

v~z,t !dz D 3

(4.4)

v~x,0!5h~x! (4.5)

where herec0
25mF-/3 and is, by assumption, a positive numbe

We assumec0
25O(1).

Next, we letd511ge2 whereg5O(1) and we seek a solution
in the form

v~x,t !;v0~x,t !1ev1~x,t !1e2v2~x,t !1¯ . (4.6)

Inserting this expansion into Eqs.~4.2!–~4.5!, and equating to
zero coefficients of powers ofe, we find thatv0(x,t) satisfies

]v0

]t
5

]2v0

]x2 (4.7)

v0~0,t !50 (4.8)

]v0

]x
~1,t !1v0~1,t !54E

0

1

v0~z,t !dz (4.9)

v0~x,0!5h~x!. (4.10)

We construct a solution using eigenfunction expansion. Acco
ingly, we seek solutions in the formA(t)f(x), separate variables
and obtain the eigenvalue problem, Eqs.~3.6!–~3.8!, with d51
for the spatial eigenfunctions,f(x). Hence the eigenvalues ar
given by Eq.~3.9! with d51. Further, from the linear theory in
the previous section and from Barber’s analysis, we note that
is an eigenvalue and that all other eigenvalues are purely
Next, we must take our analysis one step further and explic
construct the eigenfunctions and derive an expansion theo
Towards this end it is useful to remove the integral from t
boundary condition, Eq.~3.8!. We integrate Eq.~3.6! from zero to
one, solve for the integral, and use this result to eliminate
integral in Eq.~3.6!. This yields the equivalent system

d2f

dx2 1l2f50 (4.11)

f~0!50 (4.12)

4S df

dx
~0!2

df

dx
~1! D5l2S df

dx
~1!1f~1! D . (4.13)

We note thatl50 remains an eigenvalue of this system. Ho
ever, the new formulation,~4.11!–~4.13!, makes clear the fact tha
we are faced with a nonstandard eigenvalue problem. That is
Journal of Applied Mechanics
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eigenvalue parameter,l, appears in the boundary conditions. Co
sequently, we cannot simply consider the operatorL52d2/dx2

and rely upon the theory of eigenfunction expansion forLf
52l2f. Rather, we must exercise care in defining an opera
constructing an adjoint, and in deriving an expansion theorem.
follow a typical approach as outlined, for example, in Friedm
@10#.

We begin by considering the space of two component vec
U, whose first component is a real-valuedC2 function,u(x), and
whose second component is a real number,u1 . We define the
inner product of two vectors in this space by

^U,V&5E
0

1

u~x!v~x!dx1u1v1 . (4.14)

Next, we restrict our attention to the subspace,D, of vectorsU
such thatu(0)50 andu15u(1)1u8(1). Then, we define an op-
eratorL acting on elementsU of D by

LU5S 2
d2u

dx2

4S du

dx
~0!2

du

dx
~1! D D . (4.15)

Note that our eigenvalue problem, Eqs.~4.11!–~4.13!, is now sim-
ply stated as find a vectorU in D such thatLU5l2U. Further, we
may define an adjoint operator,L* , where

L* V5S 2
d2u

dx2

dv
dx

~1!
D (4.16)

and acts on elements,V, of the subspaceD* defined as two com-
ponent vectors satisfyingv8(1)5v(0)2v(1) andv152v(0)/4.
The reader may easily verify that with the inner product,~4.14!,
we have^LU,V&5^U,L* V&.

Next, we may attempt to derive an expansion theorem
solve our leading order problem. First, we note, of course, that
discrete spectrum ofL is given by Eq.~3.9!. The fact that our
operator is not self-adjoint raises the possibility thatL also pos-
sesses a continuous spectrum which would effect the nature o
eigenfunction expansion. By using a Green’s function approa
we may rule out this possibility. The details of obtaining this n
result are lengthy, the interested reader is referred to Append
of ~@9#! for an example of this calculation. This having been sa
we now construct eigenvectors. We find

Un5S an sin~lnx!

ln

anln cos~ln!1an sin~ln!

ln

D (4.17)

wherel050 and the remainingln’s are the real nonzero solu
tions of Eq.~3.9! for d51. Similarly, we can construct the fol
lowing adjoint eigenfunctions from our adjoint eigenvalu
problem:

Vn5S bnS cos~lnx!1S 4 sin~ln!2ln

4 cos~ln! D sin~lnx! D
2

bn

4

D
(4.18)

where, of course, theln’s are the same as above. We note th
^Un ,Vm&50 for all nÞm and that ^Un ,Vn&Þ0 for all nÞ0
while ^U0 ,V0&50. Further, we choose thean’s, for nÞ0 so that
^Un ,Vn&51 and we choosea0 so that^U0 ,U0&51.
JANUARY 2001, Vol. 68 Õ 31
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Now, we can construct a solution to our leading order probl
by using the eigenvectors and the adjoint eigenvectors just
fined. We seek a solution lying in the subspaceD in the following
form:

S v0~x,t !

]v0

]x
~1,t !1v0~1,t !D 5(

n50

`

Ane2ln
2tUn . (4.19)

The governing equation and the boundary conditions are of co
satisfied, while theAn’s are still unknown. They will be deter
mined by our initial conditions. We require that

S v0~x,0!

]v0

]x
~1,0!1v0~1,0!D 5S h~x!

h1
D5(

n50

`

AnUn (4.20)

whereh1 and theAn are yet to be determined. If we take an inn
product withVm , wheremÞ0, we findAm5^H,Vm& where

H5S h~x!

h1
D . (4.21)

Next, we take an inner product withV0 and find ^H,V0&50
which implies

4E
0

1

h~x!dx5h1 (4.22)

and hence uniquely determinesh1 . Now, A0 is still undetermined.
To remedy this situation, we take an inner product withU0 across
Eq. ~4.20! and solve forA0 to find

A05^H,U0&2(
n51

`

An^Un ,U0&. (4.23)

We now have a complete solution forv0(x,t).
Noting thatl050 and that all otherln’s are real, we see from

Eq. ~4.19! that all modes except for thel0 mode decay in the
large time limit. This implies that ast→` we have v0(x,t)
→A0A3/13x. If we now attempted to compute a solution fo
v1(x,t), which is forced by thev0 solution, we would find that
v1→` ast→`! This implies that our expansion is nonuniform
time, and hence only serves as ashort-timesolution. To obtain the
long-time behavior of our system, we turn to boundary lay
theory.

We begin by changing to the slow or long time scalet5e2t.
Our problem forv, Eqs.~4.2!–~4.5!, becomes

e2
]v
]t

5
]2v
]x2 (4.24)

v~0,t!50 (4.25)

]v
]x

~1,t!1v~1,t!5S 4dE
0

1

v~z,t !dz D F11e
]v
]x

~1,t!2ev~1,t!G
2e2c0

2S E
0

1

v~z,t!dz D 3

. (4.26)

Here, we seek a solution in the form

v~x,t!;v0~x,t!1ev1~x,t!1e2v2~x,t!1¯ . (4.27)

Introducing this expansion into our long-time Eqs.~4.24!–~4.26!,
and equating to zero coefficients of powers ofe we again obtain
an infinite set of equations which sequentially determine thevn .
In order to determine the leading order solution, we shall need
equations up to ordere2. Our order one equations are

]2v0

]x2 50 (4.28)
32 Õ Vol. 68, JANUARY 2001
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v0~0,t!50 (4.29)

]v0

]x
~1,t!1v0~1,t!54E

0

1

v0~z,t!dz. (4.30)

This system may be solved and we findv0(x,t)5A(t)x where
A(t) is an undetermined function of the slow time variable,t.
Using this we may simplify theO(e) system and we find

]2v1

]x2 50 (4.31)

v1~0,t!50 (4.32)

]v0

]x
~1,t!1v0~1,t!54E

0

1

v1~z,t!dz. (4.33)

This system may also be solved and we findv1(x,t)5B(t)x
whereB is an unknown function. Using ourO(1) andO(e) so-
lutions we can simplify theO(e2) problem. We find thatv2(x,t)
satisfies

]v0

]t
5

]2v2

]x2 (4.34)

v2~0,t!50 (4.35)

]v2

]x
~1,t!1v2~1,t!54E

0

1

v2~z,t!dz14gE
0

1

v0~z,t!dz

2c0
2S E

0

1

v0~z,t!dz D 3

. (4.36)

Using our solution forv0 , integrating Eq.~4.34! with respect tox
and applying the boundary conditions, we find that this syst
only possesses a solution ifA(t) satisfies

dA

dt
54gA2

c0
2

4
A3. (4.37)

This ordinary differential equation determinesA(t) up to an ar-
bitrary constant which is obtained by matching back to the sh
time solution. That is the initial condition forA(t) is given by

A~0!5 lim
t→`

v0~x,t !

x
5A0A 3

13
. (4.38)

Our short-time solution, Eq.~4.19!, and our long-time solution,
A(t)x, may be assembled into a uniformly valid solution. That

v~x,t !;A~e2t !x2A0A 3

13
x1(

n50

`

Ane2ln
2t

an sin~lnx!

ln
1O~e!

(4.39)

gives the leading order behavior of solutions for all time.

5 Discussion
We began by formulating a model of a one-dimensional th

moelastic rod subjected to conditions which allowed for th
moelastic contact and the possibility of a thermoelastic instabil
In contrast to our earlier nonlinear stability theory,~@9#!, in this
model we included a general form of the Barber condition. Phy
cally based assumptions about the nature of the contact resis
function,R(h), were made. With these assumptions we set ou
verify Barber’s linear theory~@2#!, and to extend his analysis int
the nonlinear regime.

The linear theory showed that for a certain class of cont
resistance functions, or more precisely for suitable assumption
the reciprocal contact resistance function,F, the system under-
went a bifurcation asd passed through one. That is, just as Barb
discovered, there is a transition from one stable stationary solu
Transactions of the ASME
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to three solutions with alternating stability. The solution that w
stable undergoes an exchange of stabilities and becomes uns
for d.1.

Next, we attempted to extend the linear analysis into the n
linear regime in the neighborhood ofd51. In doing so, we hoped
to verify the conjecture of Barber that solutions which start n
the now unstable steady-state approach one of the two line
stable solutions uncovered in the linear analysis. Further,
would like the nonlinear analysis to clarify what initial condition
go to which solution and how they get there. That is, we wan
understand history dependence and dynamics in the neighbor
of the bifurcation. To accomplish this goal, we developed a u
formly valid asymptotic approximation to the solution using t
asymptotic matching techniques of boundary layer theory. Th
techniques yielded the following asymptotic approximation to
solution:

u~x,t !;
x

2
1eA~e2t !x2eA0A 3

13
x

1e(
n50

`

Ane2ln
2t

an sin~lnx!

ln
1O~e2! (5.1)

whereA(t) satisfied the amplitude equation

dA

dt
54gA2

c0
2

4
A3 (5.2)

with initial condition

A~0!5A0A 3

13
. (5.3)

Now, as time tends to infinity all contributions from the sum
Eq. ~5.1! decay to zero or cancel with other terms. This means
the limiting behavior is given by

lim
t→`

u~x,t !;
x

2
1ex lim

t→`

A~e2t !1O~e2! (5.4)

and our questions concerning nonlinear stability may be answ
by examining the governing equation forA, i.e., Eq. ~5.2!. We

Fig. 5 Behavior of solutions to the amplitude equation, which
governs A „t…
Journal of Applied Mechanics
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note that Eq.~5.2! includes a cubic nonlinearity. Recall that th
term arose due to the nonlinear nature of the contact resist
function, R(h). Further note that this nonlinearity exerts a sta
lizing influence on the solution. In Fig. 5, we sketch the pha
plane for this amplitude equation. We see thatA approaches
64Ag/c0 according as the initial condition is positive or negativ
This implies that the solution tends toax where

a5
1

2
6S 2

m D 3/2A 6~d21!

F-~2m/4!
. (5.5)

These are precisely the solutions uncovered by the linear th
and hence Barber’s conjecture is verified. Further, question
history dependence may now be answered by simply examin
the initial condition onA. The sign of this condition dictates
whether we tend to the positive or negative solution. This sign
turn simply depends on the direction of the perturbation to
unstable steady solution. Similarly, questions concerning dyn
ics of solutions are answered by the time behavior of Eqs.~5.1!
and ~5.2!.

Finally, a comment about the method of analysis is in order.
stated in the Introduction, the switch from the method of multip
scales to boundary layer theory was necessary in order to be
to carry out the analysis. As can be seen from the section on
nonlinear theory, this technique allows one to explicitly solve t
reduced equations at each order. Such solutions are algebra
intractable with the multiscale approach. This phenomena
been observed in nonlinear stability theory for other types of pr
lems, examples may be found in~@11#! or ~@12#!. This simplicity
does, however, come at a price. In particular, we only discover
slow time behavior of thedominantmode. As all other modes
decay, this price is not too steep, but yet it should be ackno
edged. The gift of simplicity, however, gives one hope that m
tidimensional nonlinear stability theories are within reach. As
final note of inspiration to the reader, we observe that Barbe
linear theory has now been extended to a nonlinear theory
neighborhood of the bifurcation. Such a nonlinear theory is of
referred to as a weakly nonlinear stability theory. A global no
linear stability theory would be of interest and remains a challe
for the curious researcher.
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