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Abstract. Let G be a 4—cycle free bipartite graph on 2n vertices with partitions of
equal cardinality n having e edges. Let cg(G) denote the number of cycles of length
8 in G. We prove that for n >4, ¢s(G) <3 [(}}) — & f(£)], where f(t) = t(t—1)(t—

T4 \y
2)(4n—3—3t). If G is extremal with respect to the number of 8—cycles, then r,, —2 <

< r,, where r,, = % + 7“1;_3. This implies that cs(G) < 3 [(Z) — 5 flrn — 2)]

Slo

Furthermore, if G, is the incidence point-line graph of a finite projective plane of

order ¢, and n, = ¢*> +q+1, then cs(G,) = (”2‘1) (3)2 =3 [(1‘1) — ot (rnq)], and G,

is “close” to being extremal in this sense.
Section 1: Introduction.

Let G = G,, denote a family of simple graphs of order n. For a simple graph H
and G € G, let (G, H) denote the number of subgraphs of G isomorphic to H. Let
h(n) = h(G, H,n) = max{(G, H)|G € G} and G(H,n) = {G € G|(G,H) = h(n)}.
We will refer to graphs of G(H,n) as extremal. The problem of finding h(G, H, n)
and G(H,n), for fixed G, H,n, has been studied extensively and is considered as
central in extremal graph theory. Though it is hopeless in whole generality, some
of its instances have been solved. Often the results are concerned with bounds on

h, and partial description of the extremal graphs. For example, if K, denotes the
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complete graph of order m, H = K, and G is the family of all graphs of order n
which contain no K,, as a subgraph, 3 < m < n, then the solution is given by the
famous Turdn Theorem. For the same H, if K, denotes the complete bipartite
graph with partition class sizes s, t and G is the family of all (m, n)-bipartite graphs
with no K ;, we have the, so called, Zarankiewicz problem. These and many other

examples can be found in [2]. For some later results see [4,5,6].

All missing definitions can be found in [2]. Let V(G) and E(G) denote the set of
vertices and edges of a graph G, e = e(G) = |E(G)|. The neighborhood of a vertex
v € V(G) is denoted by N (v) (v &€ N(v)), and the degree of vertex v in G by degg(v).
For S C V(G), define N(S) by N(S) = |J N(v). If G contains a cycle, the girth of
G is the length of a shortest cycle in G. Ft)ii positive integer n, n > 2, let Gg(n, n) be
the class of bipartite graph on 2n vertices with partitions of equal cardinality n and
girth at least 6 ( i.e. 4—cycle free). Let G € Gg(n,n) have partition (V1 (G), V2(G))
such that V4 (G) = {uy,...,un}, Va(G) = {v1,...,v,}. Let z; =degg(u;), i =
1,...,n, and y; =degg(v;), i = 1,...,n. A subset, {ui,,...,u;.}, 2 <k <n, of
Vi(G) (or {viy, ..., v;, } of Va(Q@)) is said to be intersecting if N (u;,)N...NN(u;, ) # 0
(or N(vy,) N ...N N(v;,) # 0). Let a projective plane 7, of order ¢ exist and
ng=q¢*+q+1. Let P={p1,...,pn} and L ={ly,...,1,} be the point set and the
line set of 7, respectively. A bipartite graph G with partition (P, L) is said to be
the incidence point-line graph of the projective plane m, if for all i,j € {1,...,n},

{pi,1;} is an edge of G if and only if p; € [;.

Let cg(G) denote the number of 8-cycles in G. The main goal of this paper
is to find a nontrivial upper bound for cg(G), where G € Gg(n,n). The results are

summarized below.



Theorem 1. Let G € Gg(n,n) be a 4—cycle free bipartite graph on 2n vertices with

partition classes of size n. Then

(i) cs(G) <3[(}) — & f(rn —2)], where f(t) =t(t — 1)(¢t — 2)(4n — 3 — 3t), r, =

1 4n—3
5+ Y5—, andn > 4.

(ii) If G has e edges and is extremal with respect to the number of 8—cycles, then

T —2< = <rp, with ry, as in (i) above.

Using the terminology of finite geometries (see [1]), Theorem 1 provides an
upper bound for the number of quadrilaterals in near—linear spaces with n points

and n lines. To prove Theorem 1 we will rely on the following additional facts.

Lemma A. ([7]) Let G be a connected graph with §(G) > 2 and H be a subgraph
of G. Then |V(G)\V(H)| <|E(G)\ E(H)|, with equality if and only if H = G. B

Theorem B.([2]) Suppose G is a 4—cycle free bipartite graph with partition classes
of cardinality n, n > 2. Let e = e(G) be the size of G. Then e < § +5+/4n — 3 with
equality if and only ifn =n, = ¢* +q+ 1 and G = G, — the point-line incidence

graph of a finite projective plane of order q. [ |

Thus G, has the greatest number of edges among all graphs in Gg(ng, ng). In
[3] we also showed that G, has greatest number of 6-cycles among all graphs in
G6(ng,nq). Theorem 1 above grew out of our attempts to prove that G, also has

the greatest number of 8-cycles among all graphs in Gg(ng, ng).

Section 2: Proof of Theorem 1.



Let G € Gg(n,n) with partition classes V1 (G) = {uq, ... un}, Va(G) = {v1,...,v,}.
To count the number of 8-cycles in G note that each 8-cycle in G determines a 4—
set of vertices {v;,,vi,,Vis, vi,} C Vo(G) such that no three of the vertices form
an intersecting 3-set. Furthermore, each 8-cycle identifies two distinct partitions
of {v;,,vi,, vis, vi, } into pairs of intersecting 2—sets. That is, if an 8—cycle is iden-
tified by the sequence wv;, w;, Vi, Wi, Vi UiV, Ui, Viy, then {{vi, v}, {vig, vi, }} and
{{wviy, vi, }, {viy, vis }} are two distinct partitions of {v;,,vi,, vis, v;, } into pairs of

intersecting 2-sets of vertices.

Conversely, it is obvious that each 4-set of vertices {v;,, vi,, vis, vi, } C Va(G)
can be partitioned in at most three ways into pairs of intersecting 2—sets. This
implies that the set {v;,,vi,, v, vi,} € Vo(G) can be contained in the vertex sets
of at most (g) = 3 cycles of length eight in G.

Clearly, the number of intersecting 4-sets in V5(G) is > (degi(“i)) => (%)

=1 1=

Also, the number of 4-sets in V2(G) such that exactly three of the four vertices

form an intersecting 3-set of vertices is }_ (deg%(“")) (n —degg(wi)) = X (%) (n —

i=1 =1
x;). Therefore, the number of 4-sets in V2(G) such that no three vertices form an

intersecting 3—set is

n

(Z) _i KZZ> + (?) (n— %’)] = (Z) —%Z:wi(xi—l)(xi—2)(4n—3—3;z;2~) .

=1

Hence, we have proved the following

Lemma 2.1. Forn > 2, let G € Gg(n,n) with V1(G) = {u1,...,un} and z; =

dega(u;), i=1,...,n. Then



where f(t) =t(t —1)(t — 2)(4n — 3 — 3t). Moreover, equality holds if every 4-set of
Vo(G) for which no subset of three vertices is intersecting determines exactly three

8—cycles of G. [ |

Since every pair of vertices in V5(G) is an intersecting pair of vertices, it is
easy to see that every 4-set of vertices in V2(G,) no three vertices of which form
an intersecting set determines exactly three 8-cycles of G,. Therefore, Lemma 2.1

implies that

e =s[(1) =] - (1)) - (TG e

Equation (2.2) provides us with a lower estimate of the upper bound on the max cg(G),

G € Gs(ng,ng).

In our next step, we find an upper bound on cg(G) in terms of e = ¢(G) and
n. Define the function F(x), x = (x1,...,z,) € IR", by F(x) = ) f(x;), where
i=1
f(t)=t({t—1)(t—2)(4n —3 —3t),t € [1,n].

Theorem 2.2. Let G € Gg(n,n),n > 4. Then cs(G) < 3 [(Z) - 4f (%)], where

X=(%,...,9).

Proof: Let G € Gg(n) have partition classes Vi(G) = {u1,...,un}, Va(G) =

{v1,...,v,}. It is easy to show that for all n > 2, there exist real values a = «a(n),

B=pn),0<a<l,2 <f< 2l suchthat f(t) = 6(—6t2+(4n+6)t+1—4n) >

0 for t € (a, 8). This implies f(t) is concave up on the interval (a, 3). We consider

two cases:



Case 1: a<zx; < (foralli=1,...,n.

Since f is concave up on (o, f) and a < x; < B, 7 = 1,...,n, Jensen’s inequality

n

implies F(x) = zn: flzi)>n-f (% > ajz) =nf(£) = F(X). Therefore
i=1

cs(G) < 3 KZ) - %;’(i)] —3 [(Z) - % (%)}

Case 2: x; > (3 for some i € {1,...,n}.

Suppose G has a vertex u of degree at least # and, relabeling if necessary,
assume u = u,. If there exists u; € Vi(G), i # n, such that degg(u;) > S,
then |N(uy) N N(u;)| > 1, which means that G contains a 4—cycle, contradiction.
Therefore, Case 2 is equivalent to z,, > fand a < x; < B fori=1,...,n—1. We

will consider two subcases: z,, =n and z,, < n — 1.

First, suppose z,, = n. Since G is 4—cycle free, deg(u,) = n implies degq(u;) <
1 for all u; € V1(G), i = 1,...,n—1. Therefore cg(G) = 0 and, trivially, we have

that cs(G) =0 < 3 [(}}) — % f(£)] and the result is proved.

So, suppose 3 < x, < n — 1. For all n > 2, there exist real values n = n(n)
and ¢ = ((n), 1 <n <2, n—1< (< n,such that f/(t) = 2(—6t3 + (6n + 9)t* +
(3—12n)t +4n —3) > 0 for t € (n,¢). This implies f is strictly increasing on

the interval (n, (). Hence, %” < B < x, < n implies f(x,) > f (%”), therefore

F(x) = éf(xi) > ”;1 (@) + f (22). However, f(1) = f(2) = 0 and f(t) > 0 for

n—1
2 <t < . Therefore f(x;) >0 fori=1,...,n—1and so > f(z;) > 0. Hence
i=1

F(x) > f (%) and so we have,

wass[()-deo] s[() (3] s
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Let r, = 3 + 2v/4n —3. Theorem B implies £ < r,; thus f(=) < f(rp) and

n —

so nf(£) = F(X) < F(r) = nf(r,) where r = (rp,...,r,). However, f(%”) —

n

f(rn) = 35 (54n(n — 1)v4n — 3 — 16n3 — 147n? + 306n — 135) > 0, which implies

3

7
[ (&) > F(X) =nf(£). Therefore, inequality (2.3) becomes

(@) < 3 [(Z) - nf (%)]

and the result is proved. [ |

Clearly, F'(X) = nf(+) depends on e = e(G). Since f is strictly increasing
on the interval (7, (), this implies that the bound in Theorem 2.2 holds for small
values of e which would produce a trivial upper bound for ¢g(G). This problem
could be resolved by giving a lower bound on e in terms of n. Indeed, we would like
to determine a bound on cg(G) that depends only on n, the number of vertices in
a partition class of G. When n, = ¢® + ¢ + 1, equation (2.2) and inequality (2.3)
imply that any bound on  max _¢s(G) must be at least (") (r”q_1)2. With this

G€Gs(ng,ng) 2
in mind we can determine an appropriate range for e.

Lemma 2.3. Forn > 2, suppose G € Gg(n,n) satisfies cs(G) > (g) (T”;1)2, where

rn:%—kéiﬂgf?’. Then 1y, —2 < & <1y,

Proof: Theorem B implies % < r,. Here we show that % >r, — 2.

Let P(G) represent the set of all paths of length three in G. Define the function
g by g(z) = z(n—z). Since G is a bipartite graph, the distance between v € N (u;)

and v € V5(G) \ N(u;) is at least 2. If the distance is exactly 2, since G has girth
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at least six, the path of length 2 joining v to v’ is unique. Therefore, the path from

v" to u; through v is unique and of length 3. This implies there are x;(n — x;) paths
n

of length 3 with u; as one end vertex of those paths. Therefore |P(G)| < > g(z;),
i=1

and since ¢ is convex on the interval (—oo, c0), by Jensen’s inequality, we have

n
e
PG <D glwi) <ng(-) (2.4)
i=1
n
where e = Zlacz Since ¢ is increasing on [1,%} and = < r, < 5 forn > 2,
1=
inequality (2.4) implies
(2.5)

Figure 2.1

Let o = v'vuwv’ € P(G). Let S = N(u') \ {v}, T = N(v') \ {u}. At this point

we make use of a construction (see Figure 2.1) similar to one which appears in the

8



proof of Lemma A in [7] and which allows us to estimate the number of 8-cycles

passing through a. We describe it presently.

Let V, = N(u)UN (v')UN(S)UN(T). Define G, = G[V,] to be the subgraph of
G induced by the vertex set V,. Let ¢, = |E(G)\ E(G,)| and po, = |[V(G)\V(G4)].

Lemma A implies ¢, — po > 0.

Let Ay = {{ui,v;} € E(G) | u; € T and v; € S} and B, = {{u;,v;} €
E(G) | u; € N(T) and v; € N(S)}. Define G, — (Aq U B,,) as the graph obtained
from G, by removing the edges of A,UB,. Note that the graph G, — (A, UB,,) is a
tree with 2n — p,, vertices, where |4, | is the number of 6—cycles through « and |B,|
is the number of 8—cycles through «. Therefore e = |E(G) \ E(Go)| + |E(Ga)| =

Jo +2n — po — 1+ |Ay| + |Be|, which implies for each o € P(G),
e—2n+1>|B,]| . (2.6)

Now, summing both sides of (2.6) over all paths of length three, the left hand side

expression becomes

Y (e—2n+1)=[P(@)|(e—2n+1) < 2(e —2n+ 1)(r, — 1) (Z) . (2.7a)
a€P(G)

and the right hand side expression becomes

S [Bal = 865(G) > 8(;) (’““2_ 1)2 | (2.7b)

a€P(G)

Therefore, combining both expressions we have 2(e—2n+1)(r,,—1) (%) > 8(3) (™, ") g
Solving this inequality for e we see that e > r3 —3r2 +67, —3 > r2 —3r2 +3r, -2 =

(rn — 2)(r* —r + 1), which implies £ > r,, — 2. |
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We are now ready to prove the first statement of Theorem 1.

Proof of Theorem 1, part (i): If cs(G) < (3) (T";1)2, then clearly (}) (”‘271)2 <

3[(}) — &f(rn —2)] and the result is proved. If cs(G) > () (”2_1)2, Theorem 2.2
implies that cs(G) < 3[(}) — & f(£)]. Since f is strictly increasing on the interval
(n,¢), where 1 <7 < 2 and n—1 < ¢ <n, Lemma 2.3 implies f(%) > f(r, —2) and

so ¢s(G) < 3[(}) — & f(rn — 2)] and the result is proved. |

We make a final comment on the lower bound on = appearing in Lemma 2.3.

Central to the proof of Lemma 2.3 is the calculation of |P(G)[, the number of paths
of length three in G € Gg(n). Clearly, there exists a € P(G) for which g, — ps >0

and |Ay| > 0. Hence, it would seem that if we could find functions ¢ and v such

that > (ga — Pa) > é(n) and > |As| > ¥(n), then ¢(n) and 1(n) could
aeP(G) a€P(G)

be inserted into the inequalities (2.6), (2.7a) and (2.7b) to produce a tighter bound

on cg(G). However, we have been unable to find such functions so far. This would

imply that the incidence point—line graph of order ¢ indeed is the best candidate

for the extremal graphs for those values of n for which it exists. However, such a

proof would require another technique.
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