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Abstract

Hegedus and Cowin [2, 3] considered an adaptive elasticity model for bone
remodeling in 1970s. Based on Hegedus and Cowin’s model, I. Figueiredo and
L. Trabucho [5] recently studied a asymptotic model of a adaptive elastic rod.
Recent studies have suggested that dissipation of acoustic energy is not due
primarily to the viscous properties of interstitial blood and marrow, but rather
the trabeculae. Based on this we consider the trabeculae to be modeled as a
Kelvin-Voigt viscoelastic solid. We apply the asymptotic expansion method as
developed by Figueiredo and Trabucho to obtain a nonlinear adaptive visco-
elastic rod model. It is shown that a similar analysis holds in the Kelvin-Voigt

viscoelastic case.
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1 Introduction

In a series of papers Hegedus and Cowin [2, 3] developed a theory of thermomechanical
adaptive elasticity. In a second paper these results were specialized to the isothermal
quasi-static case. As the general reader may not be acquainted with this theory we
summarize it here. Cowin assumes that the bulk density p of the porous body may
be written in the form p = v, where v is the density of the material forming the
matrix and v is the volume fraction of material present. The motion of the material,
expressed in Eulerian coordinates is given in the form x; = Z;(X, ), where X = (X})
are the reference (Lagrangian) coordinates. The gradient of the deformation tensor

is given in the form
ik — aX] .

Let the volume fraction of the reference coordinates be denoted by &; then

¢ = v[detF + det¥].

If T := (T};) is the stress tensor and b := (b;) are the body forces then quasistatic

equilibrium is specified as [6]
Tz‘j,j + Vb = 0.

The constitutive equation for stress is given in terms of the specific free energy, ¥

which we propose to depend on F' also, as

ov ov .
Ty = vv | =—Fj+—F|;
U TR LT
whereas the conservation of mass is expressed in the form

§ = S[detF + detF,
gl

where ¢ is the rate at which mass per unit volume is added or subtracted from the
porous matrix structure. We now consider the restriction to small strains. The
right Cauchy-Green dilation tensor may be defined in terms of the gradient of the
deformation tensor as

C = FTF;

whereas the right Cauchy-Green dilation tensor is defined as

B := FF”



and the Green-Lagrange strain tensor becomes

E- % 1.
It is convenient to use displacement u := x — X. We denote £, as a reference volume
fraction and
¢ =& — &

as the change in volume fraction from the reference volume fraction.

In terms of the displacement the tensors F, C, E, take the forms [6]
F=1+ Vu,
C=FF =1+ Vu+ Vu! + Vu'Vu,

E = % (Vu + Vu" + Vu'Vu).

The constitutive relation for the stress tensor then takes on the form

Gt g o OV g 00
Y (det(T+2E): | OB, " POE,,

The rate of change of mass equation may now be written as

¢ = % {(I+2E)%+ <I+2E)1.

If the displacement gradients are small we can linearize the theory leading to the

strain tensor taking on the form
1 T
E = 5 (Vu + vu')

By using the constitutive relations we may then truncate, to second order terms, the

remodeling equation may be written as
¢ = a(¢°) + Ao )efy(u) + Afy () e (@)

+ijkl(¢6)efj(ue)eil(ue) + ijkz(ﬁbe)ef‘j (1) e ().



2 the Nonlinear Adaptive Visco-elastic Rod Prob-

lem

We adopt the same notation as in [5] and [7]. Let w be an open, bounded, connected
subset of R?. We study a cylindrical rod which we identify with a solid occupying
the reference configuration

0F = w x [0, L] (2.1)

where € is very small with respect to the length of the rod L, w® = ew.
Let
[ =0w x (0,L), T = x {0}, = x {L}, (2.2)

An arbitrary point of Q¢ will be denoted by x¢ = (x5, 25, 25) the unit outer nor-
mal vector to the boundary by n® = (nf) and the differential operators 0/0z§ and
n$(0/0z5) by 0f and 0, respectively.

The three-dimensional problem is stated as follows.

Find u¢ = (uf) : Q° x [0,T] — R, ¢° : Q x [0,T] — R such that:

Equilibrium Equation

—0;0i; = (& + Py () fi (2.3)

Constitutive equation (Kelvin-Voigt):

Ufj = Czﬁ'jkl(gbe)eZl(ue) + dgjkz(ﬁbe)ekl(ue)
ngkl = (§o+ M, - Pn(¢6))a§jkl(Mp ) Pn(¢e)>>

€ € € € (24)
dijra = (§o + M, - Py(¢))bj00 (M, - Py(99)),
€ 1 €, € €, €
e = §(ajui + Ofus)
Boundary Conditions (Pure Traction)
o;n; =g;, in ' x (0,7),
i =4 0.1 (2.5)
oyng = hi, in (TGUTE) x (0,T)
Remodeling Rate Equation
¢ = a(¢) + Ag(¢)ef (u) + Agy(¢°)egy () (2.6)
+ ijkl((lse)ezﬁ'j(ue)e%(ue) + Biﬁjkl(?be)efj (u)eg (u), in Q° x (0,T)
Initial Condition
u(z5,0) =0, ¢ (a%,0) = ¢ (x°) (2.7)
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The unknowns of the above system are the displacement vector field u¢(z<,t), corre-
sponding to the displacement of the point z¢ of the rod at the time t, and ¢(x¢, )

which stands for the measure of change in volume fraction of the elastic material from

a reference volume fraction configuration §y. (of;) is the stress tensor and ef; is the

linear strain tensor.

The data of the system are the following: the density v of the full elastic material is

a constant and independent of €;the body load f¢ = (ff) depends only on t; the normal
tractions on the boundary g© and h¢;the coefficients af;;, (¢°), b5, (9°), a“(¢°), A (¢°), By (6°)
are all material coefficients depending on the change in volume fraction; n and p are

small parameters; the truncation operator P,(-) and the mollification operator M,

are defined as:
~ola) + 1, i 6la) < —€olc) +
By(0)(x) = (¢, ifn—&<op<1—-& -1 (2.8)
1—&, ifp>1-¢&

and satisfies
0< 3 < (G+Py0) <1 (2.9)

Mylo)a) = [ wyle = p)atu)dy (2.10)

where the function g is the extension of g to R*;w, is a mollifier,

-1
1 =z
we) = ([ wtoan) S, 2.11)
R3 p P
where w is the function defined by

exp(1/(|x| — 1)), if |x| < 1,

o fet/te =), it o1
0, if |z| > 1

The coefficients ag;;, (¢°), b, (¢°) are elasticity and viscosity coefficients, cf;,(¢°), df;y,

are the modified elasticity and viscosity coefficients ; af;;,(¢°), b§;, satisfy the following

symmetric and ellipticity conditions
agjkl(¢6) = a;'ikl(¢6) = ailijwe),
a2673(¢6) = a2333(¢€) =0, (2.13)

(o + 0°)ai;1 () TijThe > C1745Tij



Ejkl(ﬁbe) - e'ikl(ﬁbe) - 2lz’j(¢e)a
2573(456) = b2333(¢6) =0, (2~14)
(o + )i () Tij Tt > CoTiyTij

where ¢y, ¢; are positive constants independent of e. Obviously, cf;y;, d5;;, satisfy (2.13)

and (2.14) respectively.
A5 (¢9),A5(¢°), By, and B, are the remodelling rate coefficients.

3 Asymptotic Expansion Method

A major geometric feature of a three-dimensional rod is the fact that the measure
of the largest cross sectional dimension is very small when compared to its length
(e << L). This fact has driven mechanists to search for simpler models. Based on a
priori hypotheses from experience, lower dimension models were derived such as the
classical Bernoulli-Navier equations. One of the purposes in this section is to study
the behavior of the solution (u€, ¢¢) as € — 0.In order to do so we use an asymptotic
expansion method with respect to the small dimension as in the elastic rod case [8].
The dependence of the solution (uf, ¢¢) with respect to € is rather complex. The
technique of change of variable to a fixed domain (reference rod) and the subsequent
rescaling of the displacement and the change in volume fraction allows us to define an
equivalent problem to (2.3)-(2.7) where € shows up in an explicit way in the rescaled
equations.
The reference domain is

Q=wx(0,L) (3.1)

and the corresponding boundary subsets are
'=0wx(0,L),Tg=0wx{0},T', =w x {L}, (3.2)

where dw is the boundary of w.
With every point = € Q we associate the point 2¢ € Q¢ through the following trans-

formation:
[z = (21,79, 23) € Q — 2 = (2], 25, 25) = (€21, €19, 73) € Q° (3.3)
Consequently we have
D¢ =TI4T), TS=T1T,), I¢=IT). (3.4)
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In order to get an equivalent problem to (2.3)-(2.7) in set §2, we associate with the
displacements uf and with functions v¢ the scaled displacements u(¢€) and scaled func-

tions v through the following scalings for all ¢ = I1¢(x), x €

ua(€)(7) = eug (), va() = vy (z9) (3.5)
ug(€)(w) = uz(a), vs(x) = vs(2).

We associate with the change in volume fraction ¢¢ the scaled change in volume
fraction ¢(€) through

¢(e)(x,t) = ¢*(a*,1) (3.6)
We assume the data satisfy
fo(a,t) = efa(w,1), 95(2%,t) = €gal(x, 1), h (25, 1) = eha(z, 1),
f5(a,t) = fs(x,1), g5(a%, 1) = egs(x, 1), h5(a, 1) = ha(z,1t),

where f;, g; and h; are independent of .

(3.7)

We suppose that the scaled displacement u(e) has a formal asymptotic expansion:
ule) = u® + eu' + Eu + - (3.8)
where u* depend on z,t and are independent of e. We also assume
o(e) = ¢+ €' + ¢+ - - -, (3.9)

We also assume that

Py(6°) (2, t) = Py(d°)(x, 1)

g () (2 ) = @irr(Po) (1), j1a () (25, ) = Cijha(o) (2, 1),

0wt (9) (2, 1) = bijra(Po) (2, 1), dijp (9) (2, 1) = dijra(do) (2, 1),

A5 (¢9) (a5, 1) = Ay (@, 1), a%(¢) (2%, 1) = a(¢°) (2, 1), Bfju(¢°) = Biju(do)

where P, aiji, bijri, Cijii, dijris @, Biji and A;; are independent of €. Using these scal-

(3.10)

ings and hypotheses, we reformulate the rod problem in the fixed reference domain:

Theorem 3.1. The scaled displacements u(e) and the scaled change in volume frac-
tion d(€) satisfy the following equations:
— 00ij(€) = v(§o + Pydo)) fi, in 2 x(0,T),
oij(eny =g, in I x (0,T), (3.11)
O'ij(E)?’Lj = hi, m (FO U FL) X (O,T)
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$(€) =€ Bapyu(d0)€as(€)ens (€)+
+ € *(Aap(8”)eap(€) + Aap(8°)éap(€) + 2Bapas(¢°)eas(e)ess(€)
+ 2Bagss(0°)eas(€)éss(€) + 4Bsags(0°)esa(€)ess(€) + 4Bsaps(¢°)ésal€)ésp(€))+
+ € (Asa(0°) + Aas(0°))esal€) + (Asa(0°) + Aas(6°))ésa(e)]

+ a(¢°) + As3(¢”)ess(€) + Ass(0°)éss(€) + Basss(0”)ess(€)ess(€) + Basss(0°)éss(e)ess(e), in
(3.12)
u(x,0) =0, é(e)(w,0) = ¢(e)(x), in (3.13)
where ¢(€) is the scaled initial condition.
Proof. The proof is follows as in [8], if one takes into account the following relationship

between the linearized strain tensor ef(u€) and the scaled linearized strain tensor

e(u(e)):

cap(u(e))(x) = e*eqa(u)(29), esp(ule))(z) = eely(u)(2%), ess(ule))(x) = egs(u)(a).

(3.14)

and it follows that
Tap(€)(2) = € 2055(x9), a3p(e)(x) = € og4(ac), oss(e)(x) = o8, (a) (3.15)
O

According to [8], it can be proved that the asymptotic expansion (3.8) does not

contain odd powers of ¢, that is
ule) = u® + u? + fut + - (3.16)
This gives the following expansion on the scaled strain tensor
eij(u(e)) = e;;(u°) + €%ei;(u?) + e*ey;(ut) + - = e?j + 626?]- + 646?]- +--- (3.17)
Consequently, we have

ouple) = 6_40;3 + 6_20;52 + Ugg +oe

o3s(€) = (—:_203_52 + 045+ €055+ - (3.18)

-2 -2 0 2 2
0—33(6)26 033 +U33+€ 033+"'



where

Uojé = CapynCyn(U’) 4 dogyueqp(@°)

Top = CapruCon(UPT) + Capszess(uPH?) 4 dagyuy (W) + dapssess (0PH?) for p > —2
Ugﬁ = 203,53H€3,u(up+2> + 2d3ﬁ3u€3u(up+2)

08y = C333333(U) + Capzzlas(UPT?) + dszzzess (W) + dapszeas(iF?) for p >0

(3.19)
Using the same techniques as in [8], we can prove that
op; =0, forp<0 (3.20)
so the asymptotic expansion for the scaled stress tensor is
ole) =0’ +o® + ot + - (3.21)

We introduce the coefficients Dijkl(qﬁo) of the inverse matrix defined by the viscoelastic
coefficients d;jx(4°), that is

Tij = DigaiTor,  Tij = dijriTh (3.22)
for any tensors 7 and 7.
From (2.4 ), we have
d €Ll 0 0 . 0
di + Dijri(@°) Cijmp(@°)emp = Dijri(¢”) 0 (3.23)

In the above system of ordinary differential equations, solving for e;;, we obtain

t s
en(t) = ex;(0) + / exp ( / Dijrcijmpdt ) DijmpOmpds (3.24)
0 ¢
since we have ey(0) = 0, we can define Tjy,,(t) so that
Tklnq(ta 3) fd |:efts dijkl(T)Ciij(T) dT:| anmp(s) (325)

Then we have .
ekl(t) = / Tklij(t> s)aij(s) (326)
0
We introduce the following functions of x3

1 Lo Lalp
l t) = d (o3 ) l) = d ) hoz ) t) =
(‘T?” ) /w T3333 e (xg ) /u; T3333 . 6(x3 ) /u:' T3333

We have the following theorem

dw, (3.27)



Theorem 3.2. The first term u® = (uf,u3,ul) in the asymptotic expansion (3.16)

satisfies

ud = ul(23,1),u) = u3(w3,t) — 1,05ul (3.28)

where v and u3 depend only on x3 ant t, and satisfy the following generalized evolu-

tionary Bernoulli- Navier model

— 83 [l@t (63112 - 6016331]“21)] = /

w

V(€ + P(6°)) faduw + / G5O

Ow
aggt(—egagﬂg + haﬁaggug) = /

w

v(&o + P, (%)) fadw + /a gpdow (3.29)

" / 150511 (€ + Py(6%)) foldw + / 250900

ow

Boundary conditions for {Zs3} x (0,T), with T3 =0, L
(atlagﬂg — Gaaggug)(i’g) = / hg(i’g)dw
at(EQagl_Lg — hagaggug)(a_}g) = / l’ghg(a_}g)dw

&63(6@83112 — haﬁaggug)(fg) = / hﬁ(fg)dw — /

257(&o + Pn(¢0))f3dw — / x303g3d0w

w w Ow
(3.30)
and initial condition
u’|—o =0 (3.31)
Moreover the term o3, satisfies
0% = = 0,048 — D) = —— By () = ——en(O®)  (3.32)
T5333(°) T5333(¢°) T3333

Proof. We are going to use the mixed displacement-stress approach as in [8]. Using
equation (2.3) and (3.26), we have

t
//Tklnqanqumlﬁdate—/ e (u)Tdz® =0 (3.33)
€ 0 Qe

/Q 0%, () da = / (€0 + Py(do)) fif + / gout + / - (3.34)

where 7, and vf are test functions.

Introducing the same change of variable and scalings of (3.3) and (3.5) we have
ag(o(€),7) + 2az(a (), 7) + *ag(o(e), 7) + b(T,ule)) = 0 (3.35)
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for all test tensor .

bo(e),v) = / (6o + Pylco) v + / givi + / hev,

for all test functions wv.

where the following bilinear forms are defined:

t
ao(O', T) :/ </ T33330’33d$) ngdﬂf
Q 0

t t
as(o,7) = / {4 (/ T3a3,803a) T35 + (/ Top33(033Tap + Uaﬁ7'33)] dx
Q 0 0
t
as(o,T) :/ (/ Tagnqanq) Tof
a \Jo

b(r,v) = —/aneij(v)dm

From (3.37) -(3.40) and , we obtain the following:

t
/ (/ T3333U33) Ty3dx — / OsulT33dr = 0
o \Jo Q

/ (O + D) rypde = 0
Q
—1/(3 W+ 950 ) rosdr = 0
2 o a3 BUa)TaB
/(03(,)353@3 + Uggaﬁvs)dil? = / Y(&o + Py(eo)) fsvs + /9303 + / h3vs
Q Q r r

/(Ugﬁaoﬂiﬁ —|—0§5031)5)da: = / 7(50 +P,7(¢0))f51)5 + /gﬁvﬁ —|—/hﬁyﬁ
Q Q T I

t t
/ (/ T33330'32)3d8) ngdﬂ?— / Bg,unggdm = —/ (/ Taﬁggaiﬁds) ngdl’
Q 0 Q Q 0
t
/(831/% + Ogu3)T3pdx = / 4 (/ TgaglgUgadS) T3pdx
Q Q 0

t
1/(6au%+8@ui)7a5dx :/ (/ Ta5330§3d8) Tapdx
2 Ja o \Jo

/Q(0§383U3 + agﬁﬁﬁvg)dx =0

/(aiﬁ&lv@ + 03505v5)dz = 0
Q
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(3.39)
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(3.41)

(3.42)
(3.43)
(3.44)
(3.45)
(3.46)
(3.47)
(3.48)
(3.49)

(3.50)



Now (3.42) and (3.43) warrant (3.28); (3.32) is a direct consequence of equation (3.41).
The first equations of (3.29) and (3.30) follow from (3.44) and (3.32). To obtain the
second one, plugging vs = 050 into (3.44), vg = 8112 into (3.45), we obtain, after

subtraction, that

L
_/0 M 935033} 833Uﬁdx3:/Q’Y(ﬁo—i-Pn(Cbo))f?,Ug-i-/rggvgﬂL/thvg (3.51)

The above equation and (3.28) implies the second equation of (3.29) and the second
and third equtions of (3.30)
U

Now we can identify and derive some conclusions about the terms in the expansion

of ¢(¢€). Assume that the scaled initial condition ¢(e) is of the following form
d(e) = ¢° + e + ¢%e® + - - (3.52)
where ¢* k' =0,1,2--- are functions defined in  but independent of e.

Theorem 3.3. The terms ¢°, ¢' and ¢* of the asymptotic expansion satisfy the fol-

lowing ordinary differential equations:

q.bo - Balg«f“ggﬁgﬂ?“ + Baﬁ«f“ggﬁgﬂ?“ + Aaﬁggﬁ + AO&,BEQOIB

+ 2Ba5335256§3 + QBaggggaoﬁggg + A336g3 + Aggégg + B33336g36g3 + 33333ég3ég3 +a

(3.53)
#(0) = (3.54)
where £V is defined by
! 1
&5 = [ Tonaalt, )l-cuael(s) — (doma = - )olds (359
0 3333

Proof. The initial condition follows from (3.13) and (3.52).
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Plugging (3.17) into (3.12) we have
100 + Pt + 997 + - = Bugu(edy+ ey +eteds + 0 )(
2l

+Ba57ﬂ(€gﬁ + EQéiﬁ + €4éiﬁ + - )

0 2 2 4 4
ew—i-e ew+6 ew—i—

-0
¥

2.2 4.4
eu—i-e ew+e ew—i—

+€ [Aa@(egﬁ + 62625 + 6463[5 + - ) + flag(égﬁ + eQéiﬁ + e4éi5 +---

)
)
)
+2Bogs3(eog + ety + €leng + -+ ) (€33 + €e35 + €legg + -+ +)
+2Bags3(cop + €€os + €' éag+ -+ ) (€33 + €35 + €'égg + -+ +)

+4B3a35(€9, + €3, + €tes, + - -)(egﬁ + 62635 + e4e§5 +--4)

+4Bsa35(€5, + €654 + €' €5 + -+ ) (€35 + 2655 + 'ég + - +))]

+63[(Aze + Aaz) (€3, + 23, + €'es, + ) + (Azq + Auz) (€3, + €265, + €*és, + )]
+etla+ Agg(efy + el + ey o) + Agg(eny + €¥ély ety )+

+ Baszz(€35 + €2e5; + tesy + - ) (9 + 2eds +etegy + o)

+ B33 (€9; + €753 + € €55 + - -+ )(€9y + €2¢55 + € €535 + - -+ )]

(3.56)

From Theorem 3.2, we have

Using (3.57), we obtain that the coefficients of €® on the right hand side of (3.56) are
equal to 0, so are the coefficients of €2 on the right hand side of (3.56).

For the coefficients of €* we obtain
10 2 2 5 2 .2 2 T2
¢ = Baﬁweaﬁew + Baﬁweaﬁew + Aaﬁeaﬁ + Aageaﬁ

2 9 5 2 .2 0 T -0 0 .0 5 -0 -0
+ 2Bapsscyp€ss + 2Bapasc,pss + Assesy + Aszézs + Basszeszess + Basgafaséas +a

(3.58)
Now using the fourth equation of (3.19) with p = 0, we have
daﬁ33éiﬁ + Caﬁ33635 = 093 — C3333€55 — 3333655 (3.59)
From (3.24) and (3.26), we obtain
t
eiﬁ = / ngag(t, 8)[033(8) — 633336g3(8) — d3333é0(8)d5 (360)
0
Using (3.60),(3.32) and (3.58), we obtain (3.53) and (3.55).
0

13



References

1]

[6]

[10]

P.G. Ciarlet, Mathematical Elasticity, Vol. 1: Three-Dimensional Elasticity,
Studies in Mathematics and its Applications, Vol. 20, North-Holland, Amster-
dam, 1988.

S.C. Cowin, D.H.Hegedus, Bone remodelling I: theory of adaptive elasticity, Jour-
nal of Elasticity, 6(3), 313-326, 1976.

S.C. Cowin, D.H.Hegedus, Bone remodelling II: small strain adaptive elasticity,
Journal of Elasticity, 6(4), 337-352, 1976.

S.C. Cowin, R.R. Nachlinger, , Bone remodelling III: Uniqueness and stability
in adaptive elasticity, Journal of Elasticity, 8(3), 285-295, 1978.

I. Figueiredo, L. Trabucho, Asymptotic model of a nonlinear adaptive elastic
rod, Math. Mech. Solids no. 4, 331-353, 2004.

W. Maurel, Y. Wu, N. Magnenat Thalmann, D. Thalmann, Biomedical Models
for Soft Tissue, Springer (1998) Berlin.

J. Monnier, L. Trabucho, An existence and uniqueness result in bone remodeling
theory, Computer Meth.. Applied Mech. Eng., 151, 539-544, 1998.

L. Trabucho, J.M. Viano, Mathematical modelling of rods, in Handbook of nu-
merical analysis, p487-974, ed., P.G. Cialet, J.L.Lions, North-Holland, Amster-
dam, 1996.

L. Trabucho, Non-linear bone remodeling: an existence and uniqueness result,
Math. Meth. Appl. Sci. 23, 1331-1346 (2000).

T. Valent, Boundary value problems of finite elasticity, Springer Tracts in Natural
Philosophy, Vol 31, Springer-Verlag, New York, 1988.

14



