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Abstract

Hegedus and Cowin [2, 3] considered an adaptive elasticity model for bone

remodeling in 1970s. Based on Hegedus and Cowin’s model, I. Figueiredo and

L. Trabucho [5] recently studied a asymptotic model of a adaptive elastic rod.

Recent studies have suggested that dissipation of acoustic energy is not due

primarily to the viscous properties of interstitial blood and marrow, but rather

the trabeculae. Based on this we consider the trabeculae to be modeled as a

Kelvin-Voigt viscoelastic solid. We apply the asymptotic expansion method as

developed by Figueiredo and Trabucho to obtain a nonlinear adaptive visco-

elastic rod model. It is shown that a similar analysis holds in the Kelvin-Voigt

viscoelastic case.
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1 Introduction

In a series of papers Hegedus and Cowin [2, 3] developed a theory of thermomechanical

adaptive elasticity. In a second paper these results were specialized to the isothermal

quasi-static case. As the general reader may not be acquainted with this theory we

summarize it here. Cowin assumes that the bulk density ρ of the porous body may

be written in the form ρ = γ v, where γ is the density of the material forming the

matrix and v is the volume fraction of material present. The motion of the material,

expressed in Eulerian coordinates is given in the form xi = Ξi(X, t), where X = (Xk)

are the reference (Lagrangian) coordinates. The gradient of the deformation tensor

is given in the form

Fik =
∂xi

∂Xj

.

Let the volume fraction of the reference coordinates be denoted by ξ; then

ξ = v [detF + detḞ].

If T := (Tij) is the stress tensor and b := (bi) are the body forces then quasistatic

equilibrium is specified as [6]

Tij,j + γ V bi = 0.

The constitutive equation for stress is given in terms of the specific free energy, Ψ

which we propose to depend on Ḟ also, as

Tij = γ v

[

∂Ψ

∂Fik

Fjk +
∂Ψ

∂Ḟik

Ḟjk

]

;

whereas the conservation of mass is expressed in the form

ξ̇ =
c

γ
[detF + detḞ],

where c is the rate at which mass per unit volume is added or subtracted from the

porous matrix structure. We now consider the restriction to small strains. The

right Cauchy-Green dilation tensor may be defined in terms of the gradient of the

deformation tensor as

C := FTF;

whereas the right Cauchy-Green dilation tensor is defined as

B := FFT
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and the Green-Lagrange strain tensor becomes

E =
1

2
(C − I) .

It is convenient to use displacement u := x − X. We denote ξ0 as a reference volume

fraction and

φ = ξ − ξ0

as the change in volume fraction from the reference volume fraction.

In terms of the displacement the tensors F, C, E, take the forms [6]

F = I + ∇u,

C = FF = I + ∇u + ∇uT + ∇uT∇u,

E =
1

2

(

∇u + ∇uT + ∇uT∇u
)

.

The constitutive relation for the stress tensor then takes on the form

Tij =
γ(ξ0 + φ)

(det(I + 2E)
1

2

[

FimFjp

∂Ψ

∂Emp

+ ḞimḞjp

∂Ψ

∂Ėmp

]

.

The rate of change of mass equation may now be written as

φ̇ =
c

γ

[

(I + 2E)
1

2 +
(

I + 2Ė
)

1

2

]

.

If the displacement gradients are small we can linearize the theory leading to the

strain tensor taking on the form

E =
1

2

(

∇u + ∇uT
)

By using the constitutive relations we may then truncate, to second order terms, the

remodeling equation may be written as

φ̇ε = aε(φε) + Aε
kl(φ

ε)eε
kl(u

ε) + Āε
kl(φ

ε)eε
kl(u̇

ε)

+Bε
ijkl(φ

ε)eε
ij(u

ε)eε
kl(u

ε) + B̄ε
ijkl(φ

ε)eε
ij(u̇

ε)eε
kl(u̇

ε).
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2 the Nonlinear Adaptive Visco-elastic Rod Prob-

lem

We adopt the same notation as in [5] and [7]. Let ω be an open, bounded, connected

subset of R2. We study a cylindrical rod which we identify with a solid occupying

the reference configuration

Ω̄ε = ωε × [0, L] (2.1)

where ε is very small with respect to the length of the rod L, ωε = εω.

Let

Γε = ∂ωε × (0, L), Γε
0 = ω̄ε × {0}, Γε

L = ω̄ε × {L}, (2.2)

An arbitrary point of Ω̄ε will be denoted by xε = (xε
1, x

ε
2, x

ε
3) the unit outer nor-

mal vector to the boundary by nε = (nε
i) and the differential operators ∂/∂xε

i and

nε
i(∂/∂xε

i) by ∂ε
i and ∂ε

n respectively.

The three-dimensional problem is stated as follows.

Find uε = (uε
i) : Ω̄ε × [0, T ] → R3, φε : Ω̄ε × [0, T ] → R such that:

Equilibrium Equation

−∂ε
jσij = γ(ξ0 + Pη(φ

ε))f ε
i , (2.3)

Constitutive equation (Kelvin-Voigt):

σε
ij = cε

ijkl(φ
ε)eε

kl(u
ε) + dε

ijkl(φ
ε)ekl(u̇

ε)

cε
ijkl = (ξ0 + Mρ · Pη(φ

ε))aε
ijkl(Mρ · Pη(φ

ε)),

dε
ijkl = (ξ0 + Mρ · Pη(φ

ε))bε
ijkl(Mρ · Pη(φ

ε)),

eε =
1

2
(∂ε

ju
ε
i + ∂ε

i u
ε
j)

(2.4)

Boundary Conditions (Pure Traction)

σε
ijn

ε
j = gε

i , in Γε × (0, T ),

σε
ijn

ε
j = hε

i , in (Γε
0 ∪ Γε

L) × (0, T )
(2.5)

Remodeling Rate Equation

φ̇ε = aε(φε) + Aε
kl(φ

ε)eε
kl(u

ε) + Āε
kl(φ

ε)eε
kl(u̇

ε)

+ Bε
ijkl(φ

ε)eε
ij(u

ε)eε
kl(u

ε) + B̄ε
ijkl(φ

ε)eε
ij(u̇

ε)eε
kl(u̇

ε), in Ωε × (0, T )
(2.6)

Initial Condition

uε(xε, 0) = 0, φε(xε, 0) = φ̄ε(xε) (2.7)
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The unknowns of the above system are the displacement vector field uε(xε, t), corre-

sponding to the displacement of the point xε of the rod at the time t, and φε(xε, t)

which stands for the measure of change in volume fraction of the elastic material from

a reference volume fraction configuration ξ0. (σε
ij) is the stress tensor and eε

ij is the

linear strain tensor.

The data of the system are the following: the density γ of the full elastic material is

a constant and independent of ε;the body load f ε = (f ε
i ) depends only on t; the normal

tractions on the boundary gε and hε;the coefficients aε
ijkl(φ

ε), bε
ijkl(φ

ε), aε(φε), Aε
ij(φ

ε), Bε
ijkl(φ

ε)

are all material coefficients depending on the change in volume fraction; η and ρ are

small parameters; the truncation operator Pη(·) and the mollification operator Mρ

are defined as:

Pη(φ)(x) =



















−ξ0(x) + η

2
, if φ(x) ≤ −ξ0(x) + η

2

φ, if η − ξ0 ≤ φ ≤ 1 − ξ0 − η

1 − ξ0, if φ ≥ 1 − ξ0

(2.8)

and satisfies

0 <
η

2
≤ (ξ0 + Pη(φ)) ≤ 1 (2.9)

Mρ(g)(x) =

∫

R3

wρ(x − y)ḡ(y)dy (2.10)

where the function ḡ is the extension of g to R3;wρ is a mollifier,

wρ(x) =

(
∫

R3

w(y)dy

)

−1
1

ρn
w(

x

ρ
), (2.11)

where w is the function defined by

w(x) =







exp(1/(|x| − 1)), if |x| < 1,

0, if |x| > 1
(2.12)

The coefficients aε
ijkl(φ

ε), bε
ijkl(φ

ε) are elasticity and viscosity coefficients, cε
ijkl(φ

ε), dε
ijkl

are the modified elasticity and viscosity coefficients ; aε
ijkl(φ

ε), bε
ijkl satisfy the following

symmetric and ellipticity conditions

aε
ijkl(φ

ε) = aε
jikl(φ

ε) = aε
klij(φ

ε),

aε
αβγ3(φ

ε) = aε
α333(φ

ε) = 0,

(ξ0 + φε)aε
ijkl(φ

ε)τijτkl ≥ c1τijτij

(2.13)
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bε
ijkl(φ

ε) = bε
jikl(φ

ε) = bε
klij(φ

ε),

bε
αβγ3(φ

ε) = bε
α333(φ

ε) = 0,

(ξ0 + φε)bε
ijkl(φ

ε)τijτkl ≥ c2τijτij

(2.14)

where c1, c2 are positive constants independent of ε. Obviously, cε
ijkl, d

ε
ijkl satisfy (2.13)

and (2.14) respectively.

Aε
ij(φ

ε),Āε
ij(φ

ε),B̄ε
ijkl and Bε

ijkl are the remodelling rate coefficients.

3 Asymptotic Expansion Method

A major geometric feature of a three-dimensional rod is the fact that the measure

of the largest cross sectional dimension is very small when compared to its length

(ε << L). This fact has driven mechanists to search for simpler models. Based on a

priori hypotheses from experience, lower dimension models were derived such as the

classical Bernoulli-Navier equations. One of the purposes in this section is to study

the behavior of the solution (uε, φε) as ε → 0.In order to do so we use an asymptotic

expansion method with respect to the small dimension as in the elastic rod case [8].

The dependence of the solution (uε, φε) with respect to ε is rather complex. The

technique of change of variable to a fixed domain (reference rod) and the subsequent

rescaling of the displacement and the change in volume fraction allows us to define an

equivalent problem to (2.3)-(2.7) where ε shows up in an explicit way in the rescaled

equations.

The reference domain is

Ω = ω × (0, L) (3.1)

and the corresponding boundary subsets are

Γ = ∂ω × (0, L), Γ0 = ω̄ × {0}, ΓL = ω̄ × {L}, (3.2)

where ∂ω is the boundary of ω.

With every point x ∈ Ω̄ we associate the point xε ∈ Ω̄ε through the following trans-

formation:

Πε : x = (x1, x2, x3) ∈ Ω̄ → xε = (xε
1, x

ε
2, x

ε
3) = (εx1, εx2, x3) ∈ Ω̄ε (3.3)

Consequently we have

Γε = Πε(Γ), Γε
0 = Πε(Γ0), Γε

L = Πε(ΓL). (3.4)
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In order to get an equivalent problem to (2.3)-(2.7) in set Ω, we associate with the

displacements uε and with functions vε the scaled displacements u(ε) and scaled func-

tions v through the following scalings for all xε = Πε(x), x ∈ Ω̄:

uα(ε)(x) = εuε
α(xε), vα(x) = εvε

α(xε)

u3(ε)(x) = uε
3(x

ε), v3(x) = v3(x
ε).

(3.5)

We associate with the change in volume fraction φε the scaled change in volume

fraction φ(ε) through

φ(ε)(x, t) = φε(xε, t) (3.6)

We assume the data satisfy

f ε
α(xε, t) = εfα(x, t), gε

α(xε, t) = ε2gα(x, t), hε
α(xε, t) = εhα(x, t),

f ε
3(x

ε, t) = f3(x, t), gε
3(x

ε, t) = εg3(x, t), hε
3(x

ε, t) = h3(x, t),
(3.7)

where fi, gi and hi are independent of ε.

We suppose that the scaled displacement u(ε) has a formal asymptotic expansion:

u(ε) = u0 + εu1 + ε2u2 + · · · (3.8)

where ui depend on x, t and are independent of ε. We also assume

φ(ε) = φ0 + εφ1 + ε2φ2 + · · · , (3.9)

We also assume that

Pη(φ
ε)(xε, t) = Pη(φ

0)(x, t)

aε
ijkl(φ

ε)(xε, t) = aijkl(φ0)(x, t), cε
ijkl(φ

ε)(xε, t) = cijkl(φ0)(x, t),

bε
ijkl(φ

ε)(xε, t) = bijkl(φ0)(x, t), dε
ijkl(φ

ε)(xε, t) = dijkl(φ0)(x, t),

Aε
ij(φ

ε)(xε, t) = Aij(x, t), aε(φε)(xε, t) = a(φ0)(x, t), Bε
ijkl(φ

ε) = Bijkl(φ0)

(3.10)

where Pη, aijkl, bijkl, cijkl, dijkl, a, Bijkl and Aij are independent of ε. Using these scal-

ings and hypotheses, we reformulate the rod problem in the fixed reference domain:

Theorem 3.1. The scaled displacements u(ε) and the scaled change in volume frac-

tion d(ε) satisfy the following equations:

− ∂jσij(ε) = γ(ξ0 + Pη(φ0))fi, in Ω × (0, T ),

σij(ε)nJ = gi, in Γ × (0, T ),

σij(ε)nj = hi, in (Γ0 ∪ ΓL) × (0, T )

(3.11)

7



φ̇(ε) =ε−4Bαβγµ(φ0)eαβ(ε)eµγ(ε)+

+ ε−2(Aαβ(φ0)eαβ(ε) + Āαβ(φ0)ėαβ(ε) + 2Bαβ33(φ
0)eαβ(ε)e33(ε)

+ 2B̄αβ33(φ
0)ėαβ(ε)ė33(ε) + 4B3αβ3(φ

0)e3α(ε)e3β(ε) + 4B̄3αβ3(φ
0)ė3α(ε)ė3β(ε))+

+ ε−1[(A3α(φ0) + Aα3(φ
0))e3α(ε) + (Ā3α(φ0) + Āα3(φ

0))ė3α(ε)]

+ a(φ0) + A33(φ
0)e33(ε) + Ā33(φ

0)ė33(ε) + B3333(φ
0)e33(ε)e33(ε) + B̄3333(φ

0)ė33(ε)e33(ε), in Ω̄ × [0, T ]

(3.12)

uε(x, 0) = 0, φ(ε)(x, 0) = φ̄(ε)(x), in Ω̄ (3.13)

where φ̄(ε) is the scaled initial condition.

Proof. The proof is follows as in [8], if one takes into account the following relationship

between the linearized strain tensor eε(uε) and the scaled linearized strain tensor

e(u(ε)):

eαβ(u(ε))(x) = ε2eε
αβ(uε)(xε), e3β(u(ε))(x) = εeε

3β(uε)(xε), e33(u(ε))(x) = eε
33(u

ε)(xε).

(3.14)

and it follows that

σαβ(ε)(x) = ε−2σε
αβ(xε), σ3β(ε)(x) = ε−1σε

3β(xε), σ33(ε)(x) = σε
33(x

ε) (3.15)

According to [8], it can be proved that the asymptotic expansion (3.8) does not

contain odd powers of ε, that is

u(ε) = u0 + ε2u2 + ε4u4 + · · · (3.16)

This gives the following expansion on the scaled strain tensor

eij(u(ε)) = eij(u
0) + ε2eij(u

2) + ε4eij(u
4) + · · · = e0

ij + ε2e2
ij + ε4e4

ij + · · · (3.17)

Consequently, we have

σαβ(ε) = ε−4σ−4
αβ + ε−2σ−2

αβ + σ0
αβ + · · ·

σ3β(ε) = ε−2σ−2
3β + σ0

3β + ε2σ2
3β + · · ·

σ33(ε) = ε−2σ−2
33 + σ0

33 + ε2σ2
33 + · · ·

(3.18)
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where

σ−4
αβ = cαβγµeγµ(u0) + dαβγµeγµ(u̇0)

σp
αβ = cαβγµeγµ(up+4) + cαβ33e33(u

p+2) + dαβγµeγµ(u̇p+4) + dαβ33e33(u̇
p+2) for p ≥ −2

σp
3β = 2c3β3µe3µ(up+2) + 2d3β3µe3µ(u̇p+2)

σp
33 = c3333e33(u

p) + cαβ33eαβ(up+2) + d3333e33(u̇
p) + dαβ33eαβ(u̇p+2) for p ≥ 0

(3.19)

Using the same techniques as in [8], we can prove that

σp
ij = 0, for p < 0 (3.20)

so the asymptotic expansion for the scaled stress tensor is

σ(ε) = σ0 + ε2σ2 + ε4σ4 + · · · (3.21)

We introduce the coefficients Dijkl(φ
0) of the inverse matrix defined by the viscoelastic

coefficients dijkl(φ
0), that is

τij = Dijklτ̄kl, τ̄ij = dijklτkl (3.22)

for any tensors τ and τ̄ .

From (2.4 ), we have

d ekl

dt
+ Dijkl(φ

0)cijmp(φ
0)emp = Dijkl(φ

0)σij (3.23)

In the above system of ordinary differential equations, solving for ekl, we obtain

ekl(t) = ekj(0) +

∫ t

0

exp

(
∫ s

t

Dijklcijmpdτ

)

Dijmpσmpds (3.24)

since we have ekl(0) = 0, we can define Tklnq(t) so that

Tklnq(t, s) =
[

e
R s

t
dijkl(τ)cijmp(τ) dτ

]

Dnqmp(s) (3.25)

Then we have

ekl(t) =

∫ t

0

Tklij(t, s)σij(s) (3.26)

We introduce the following functions of x3

l(x3, t) =

∫

ω

1

T3333

dω, eα(x3, t) =

∫

ω

xα

T3333

dω, hαβ(x3, t) =

∫

ω

xαxβ

T3333

dω, (3.27)

We have the following theorem
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Theorem 3.2. The first term u0 = (u0
1, u

0
2, u

0
3) in the asymptotic expansion (3.16)

satisfies

u0
α = u0

α(x3, t), u
0
3 = ū0

3(x3, t) − xα∂3u
0
α (3.28)

where u0
α and ū0

3 depend only on x3 ant t, and satisfy the following generalized evolu-

tionary Bernoulli-Navier model

− ∂3[l∂t(∂3ū
0
3 − eα∂33u

0
α)] =

∫

ω

γ(ξ0 + Pη(φ
0))f3dω +

∫

∂ω

g3d∂ω

∂33t(−eβ∂3ū
0
3 + hαβ∂33u

0
α) =

∫

ω

γ(ξ0 + Pη(φ
0))fβdω +

∫

∂ω

gβd∂ω

+

∫

ω

xβ∂3[γ(ξ0 + Pη(φ
0))f3]dω +

∫

∂ω

xβ∂3g3d∂ω

(3.29)

Boundary conditions for {x̄3} × (0, T ), with x̄3 = 0, L

(∂tl∂3ū
0
3 − eα∂33u

0
α)(x̄3) =

∫

ω

h3(x̄3)dω

∂t(eβ∂3ū
0
3 − hαβ∂33u

0
α)(x̄3) =

∫

ω

xβh3(x̄3)dω

∂t∂3(eβ∂3ū
0
3 − hαβ∂33u

0
α)(x̄3) =

∫

ω

hβ(x̄3)dω −

∫

ω

xβγ(ξ0 + Pη(φ
0))f3dω −

∫

∂ω

xβ∂3g3d∂ω

(3.30)

and initial condition

u0|t=0 = 0 (3.31)

Moreover the term σ0
33 satisfies

σ0
33 =

1

T3333(φ0)
∂t(∂3ū

0
3 − xα∂33u

0
α) =

1

T3333(φ0)
∂t(∂3u

0
3) =

1

T3333
e33(∂tu

0) (3.32)

Proof. We are going to use the mixed displacement-stress approach as in [8]. Using

equation (2.3) and (3.26), we have

∫

Ωε

∫ t

0

Tklnqσnqdsτkl
εdxε −

∫

Ωε

eε
ij(u

ε)τkldxε = 0 (3.33)

∫

Ωε

σε
ije

ε
ij(v

ε)dxε =

∫

Ωε

γ(ξ0 + Pη(φ0))f
ε
i v

ε
i +

∫

Γε

gε
iv

ε
i +

∫

Γε

hε
iv

ε
i (3.34)

where τkl and vε
i are test functions.

Introducing the same change of variable and scalings of (3.3) and (3.5) we have

a0(σ(ε), τ) + ε2a2(σ(ε), τ) + ε4a4(σ(ε), τ) + b(τ, u(ε)) = 0 (3.35)
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for all test tensor τ .

b(σ(ε), v) =

∫

Ω

γ(ξ0 + Pη(φ0))fivi +

∫

Γ

givi +

∫

Γ

hivi (3.36)

for all test functions v.

where the following bilinear forms are defined:

a0(σ, τ) =

∫

Ω

(
∫ t

0

T3333σ33ds

)

τ33dx (3.37)

a2(σ, τ) =

∫

Ω

[

4

(
∫ t

0

T3α3βσ3α

)

τ3β +

(
∫ t

0

Tαβ33(σ33ταβ + σαβτ33

)]

dx (3.38)

a4(σ, τ) =

∫

Ω

(
∫ t

0

Tαβnqσnq

)

ταβ (3.39)

b(τ, v) = −

∫

Ω

τijeij(v)dx (3.40)

From (3.37) -(3.40) and , we obtain the following:

∫

Ω

(
∫ t

0

T3333σ33

)

τ33dx −

∫

Ω

∂3u
0
3τ33dx = 0 (3.41)

∫

Ω

(∂3u
0
β + ∂βu0

3)τ3βdx = 0 (3.42)

−
1

2

∫

Ω

(∂αu0
β + ∂βu0

α)ταβdx = 0 (3.43)

∫

Ω

(σ0
33∂3v3 + σ0

3β∂βv3)dx =

∫

Ω

γ(ξ0 + Pη(φ0))f3v3 +

∫

Γ

g3v3 +

∫

Γ

h3v3 (3.44)

∫

Ω

(σ0
αβ∂αvβ + σ0

3β∂3vβ)dx =

∫

Ω

γ(ξ0 + Pη(φ0))fβvβ +

∫

Γ

gβvβ +

∫

Γ

hβvβ (3.45)

∫

Ω

(
∫ t

0

T3333σ
2
33ds

)

τ33dx −

∫

Ω

∂3u
2
3τ33dx = −

∫

Ω

(
∫ t

0

Tαβ33σ
2
αβds

)

τ33dx (3.46)

∫

Ω

(∂3u
2
β + ∂βu2

3)τ3βdx =

∫

Ω

4

(
∫ t

0

T3α3βσ2
3αds

)

τ3βdx (3.47)

1

2

∫

Ω

(∂αu2
β + ∂βu2

α)ταβdx =

∫

Ω

(
∫ t

0

Tαβ33σ
0
33ds

)

ταβdx (3.48)

∫

Ω

(σ2
33∂3v3 + σ2

3β∂βv3)dx = 0 (3.49)

∫

Ω

(σ2
αβ∂αvβ + σ2

3β∂3vβ)dx = 0 (3.50)
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Now (3.42) and (3.43) warrant (3.28); (3.32) is a direct consequence of equation (3.41).

The first equations of (3.29) and (3.30) follow from (3.44) and (3.32). To obtain the

second one, plugging v3 = xβ∂3vβ into (3.44), vβ = ∂v0
β into (3.45), we obtain, after

subtraction, that

−

∫ L

0

[
∫

ω

xβσ0
33

]

∂33vβdx3 =

∫

Ω

γ(ξ0 + Pη(φ0))f3v3 +

∫

Γ

g3v3 +

∫

Γ

h3v3 (3.51)

The above equation and (3.28) implies the second equation of (3.29) and the second

and third equtions of (3.30)

Now we can identify and derive some conclusions about the terms in the expansion

of φ(ε). Assume that the scaled initial condition φ̄(ε) is of the following form

φ̄(ε) = φ̄0 + φ̄1ε + φ̄2ε2 + · · · (3.52)

where φ̄k, k = 0, 1, 2 · · · are functions defined in Ω̄ but independent of ε.

Theorem 3.3. The terms φ0, φ1 and φ2 of the asymptotic expansion satisfy the fol-

lowing ordinary differential equations:

φ̇0 = BαβγµE
0
αβE

0
γµ + B̄αβγµĖ

0
αβĖ

0
γµ + AαβE

0
αβ + Āαβ Ė

0
αβ

+ 2Bαβ33E
0
αβe2

33 + 2B̄αβ33Ė
0
αβĖ

0
33 + A33e

0
33 + Ā33ė

0
33 + B3333e

0
33e

0
33 + B̄3333ė

0
33ė

0
33 + a

(3.53)

φ0(0) = φ̄0 (3.54)

where E0 is defined by

E0
αβ =

∫ t

0

T33αβ(t, s)[−c3333e
0
33(s) − (d3333 −

1

T3333

)ė0
33(s)]ds (3.55)

Proof. The initial condition follows from (3.13) and (3.52).
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Plugging (3.17) into (3.12) we have

ε4φ̇0 + ε5φ̇1 + ε6φ̇2 + · · · = Bαβγµ(e0
αβ + ε2e2

αβ + ε4e4
αβ + · · · )(e0

γµ + ε2e2
γµ + ε4e4

γµ + · · · )

+B̄αβγµ(ė0
αβ + ε2ė2

αβ + ε4ė4
αβ + · · · )(ė0

γµ + ε2ė2
γµ + ε4ė4

γµ + · · · )

+ε2[Aαβ(e0
αβ + ε2e2

αβ + ε4e4
αβ + · · · ) + Āαβ(ė0

αβ + ε2ė2
αβ + ε4ė4

αβ + · · · )

+2Bαβ33(e
0
αβ + ε2e2

αβ + ε4e4
αβ + · · · )(e0

33 + ε2e2
33 + ε4e4

33 + · · · )

+2B̄αβ33(ė
0
αβ + ε2ė2

αβ + ε4ė4
αβ + · · · )(ė0

33 + ε2ė2
33 + ε4ė4

33 + · · · )

+4B3α3β(e0
3α + ε2e2

3α + ε4e4
3α + · · · )(e0

3β + ε2e2
3β + ε4e4

3β + · · · )

+4B̄3α3β(ė0
3α + ε2ė2

3α + ε4ė4
3α + · · · )(ė0

3β + ε2ė2
3β + ε4ė4

3β + · · · )]

+ε3[(A3α + Aα3)(e
0
3α + ε2e2

3α + ε4e4
3α + · · · ) + (Ā3α + Āα3)(ė

0
3α + ε2ė2

3α + ε4ė4
3α + · · · )]

+ε4[a + A33(e
0
33 + ε2e2

33 + ε4e4
33 + · · · ) + Ā33(ė

0
33 + ε2ė2

33 + ε4ė4
33 + · · · )+

+B3333(e
0
33 + ε2e2

33 + ε4e4
33 + · · · )(e0

33 + ε2e2
33 + ε4e4

33 + · · · )

+B̄3333(ė
0
33 + ε2ė2

33 + ε4ė4
33 + · · · )(e0

33 + ε2ė2
33 + ε4ė4

33 + · · · )]

(3.56)

From Theorem 3.2, we have

e0
αβ = eαβ(u0) = 0, e0

3α = e3α(u0) = 0, (3.57)

Using (3.57), we obtain that the coefficients of ε0 on the right hand side of (3.56) are

equal to 0, so are the coefficients of ε2 on the right hand side of (3.56).

For the coefficients of ε4 we obtain

φ̇0 = Bαβγµe2
αβe2

γµ + B̄αβγµė2
αβ ė2

γµ + Aαβe2
αβ + Āαβ ė2

αβ

+ 2Bαβ33e
2
αβe2

33 + 2B̄αβ33ė
2
αβ ė2

33 + A33e
0
33 + Ā33ė

0
33 + B3333e

0
33e

0
33 + B̄3333ė

0
33ė

0
33 + a

(3.58)

Now using the fourth equation of (3.19) with p = 0, we have

dαβ33ė
2
αβ + cαβ33e

2
αβ = σ0

33 − c3333e
0
33 − d3333ė

0
33 (3.59)

From (3.24) and (3.26), we obtain

e2
αβ =

∫ t

0

T33αβ(t, s)[σ0
33(s) − c3333e

0
33(s) − d3333ė

0(s)ds (3.60)

Using (3.60),(3.32) and (3.58), we obtain (3.53) and (3.55).
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