Journal of Computational Acoustics, Vol. 12, No. 2 (2004) 99{126
¢ IMACS

INTERNATIONAL ASSOCIATION
FOR MATHEMATICS AND
COMPUTERS IN SIMULATION

DETERMINATION OF THE PARAMETERS OF
CANCELLOUS BONE USING LOW FREQUENCY
ACOUSTIC MEASUREMENTS

JAMES L. BUCHANAN
Mathematics Department, United States Naval Academy Annapolis MD, USA

ROBERT P. GILBERT
Department of Mathematical Sciences, University of Delaware, Newark DE, USA

KHALDOUN KHASHANAH
Department of Mathematical Sciences, Stevens Institute of Technology, Hoboken NJ 07030, USA

Received 29 May 2002

The Biot model is widely used to model poroelastic media. Several authors have studied its ap-
plicability to cancellous bone. In this article the feasibility of determining the Biot parameters of
cancellous bone by acoustic interrogation using frequencies in the 5{15 kHz range is studied. It is
found that the porosity of the specimen can be determined with a high degree of accuracy. The
degree to which other parameters can be determined accurately depends upon porosity.

Keywords: Osteoporosis; cancellous bone; poroelastic media; Biot model; inverse problem, nite
elements; simplex method.

1. Introduction

Cancellous bone is a two component material consisting of a calci ed bone matrix with
interstial fatty marrow. Hence mathematical models of poroelastic media are applicable.
McKelvie and Palmer,® Williams,” and Hosokawa and Otani® discuss the application of
Biot’s model for a poroelastic medium to cancellous bone. Use of this model requires deter-
mination of the parameters upon which it depends. This can be an expensive process. In this
article we investigate whether these parameters can be ascertained by acoustic interrogation.

2. The Biot Model Applied to Cancellous Bone

The Biot model treats a poroelastic medium as an elastic frame with interstial pore uid.
Cancellous bone is anisotropic, however, as pointed out by Williams, if the acoustic waves
passing through it travel in the trabecular direction an isotropic model may be acceptable.
We will simulate a two dimensional version of the experiments described in McKelvie and
Palmer and Hosokawa and Otani. The motion of the frame and uid within the bone are
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tracked by position vectors u = [u; v] and U = [U; V]. The constitutive equations used by
Biot are those of a linear elastic material with terms added to account for the interaction
of the frame and interstial uid

xx =2 exx+ €+Q ;

yy =2 &y + e+Q
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=Qe+R
where the solid and uid dilatations are given by
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The stress-strain relations are
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The parameter , the complex frame shear modulus is measured. The other parameters
; R and Q occurring in the constitutive equations are calculated from the measured or
estimated values of the parameters given in Table 1 using the formulas
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Table 1. Parameters in the Biot model.

Symbol Parameter
£ Density of the pore uid
r Density of frame material
Kp Complex frame bulk modulus
Complex frame shear modulus
K¢ Fluid bulk modulus
Kr Frame material bulk modulus
Porosity
Viscosity of pore uid
k Permeability
Structure constant
a Pore size parameter
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The bulk and shear moduli K, and  are often given imaginary parts to account for frame
inelasticity. Equations (1), (2) and (3) and an argument based upon Lagrangian dynamics
are shown in Ref. 2 to lead to the following equations of motion for the displacements u; U
and dilatations e; ,

2
o

2

r[Q6+R]=%( LU+ 2U) b%(u U):

Here 11 and ,, are density parameters for the solid and uid, 1, is a density coupling

parameter, and b is a dissipation parameter. These are calculated from the inputs of Table 1
using the formulas

rlu+rf( + )e+QJl=_—5( uu+ 12U)+b%(u V)

(6
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where

and the multiplicative factor F( ), which was introduced in Ref. 3 to correct for the inva-
lidity of the assumption of Poiseuille ow at high frequencies, is given by

_1_ 1O
FO= 3 7 0A )

where T is de ned in terms of Kelvin functions
ber’( ) + ibei’
T(y=berQ)+ibei()
ber( ) + ibei( )

The bone specimen is assumed to oscillate harmonically in time: u(x; y; t) = u(x; y)e''t,
U(x; y; t) = U(x; y)e!'t. Substituting these representations into (6) gives

riu+r[( + )e+QJ]+ppu+ppU=0

_ )
r[Qe+R ]+ ppu+ppU=0

where

p11 == !2 1 1'b; P12 := !2 12 +ilb; P22 = !2 2 ilb: (9)

The article of McKelvie and Palmer contains estimates of the Biot parameters of can-
cellous bone in the human os calcis (heel bone) for the normal (= 0:72) and severely
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Table 2. Estimated values of some Biot parameters at di erent porosities taken from
McKelvie and Palmer or Hosokawa and Otani. The second set of values for the perme-
ability were calculated from the indicated value of the pore size parameter using the
Kozeny{Carmen equation.

k a Re K, Re
072 5 10 %799 10 ° 471 104 110 318 10° 1:30 10°
075 7 10 ;240 108 800 10 * 1:08 269 10° 1:10 10°
0.81 2 108 120 10 ® 1:.06 1:80 10° T7:38 108
083 3 10875 108 135 10°% 105 155 10° 627 108
095 5 10 ;230 10 7 220 10 % 1:00 2557 108 1:.05 108

osteoporotic (= 0:95) cases while the article of Hosokawa and Otani has estimates for
bovine femoral bone for porosities of = 0:75; 0:81 and 0:83. The question we shall address
is whether these parameters can be recovered by acoustic interrogation of the specimen.
Table 2 contains estimates of these six Biot parameters for ve bone specimens. In obtain-
ing them we have followed the estimation procedures used by McKelvie and Palmer and
Hosokawa and Otani:

The real parts of K, and  were calculated using the formulas of Williams

E
ReKp= — V7
o= 3@ 2)'f
£ (10)
Re =——VI"
M T
used by Hosokawa and Otani. Here V¢ =1 is the bone volume fraction. Theoretically

n = 1 for waves travelling in the trabecular direction and is between 2 and 3 for transverse
waves, however there is enough randomness in the trabecular direction in bone that
authors have empirically adjusted the exponent to agree better with experiment. Williams
arrived at a value of n = 1:23 based on comparing the Biot predictions for Type |
compressional and shear wave velocity assuming the form (10) to the measured speeds
obtained from experiments conducted on samples taken from bovine tibia. Hosokawa
and Otani found that n = 1:46 agreed well with their data from experiments on bone
specimens from bovine femora. We shall use the exponent of Hosokawa and Otani and
also their values E = 2:2 10%; = 0:32 for the Young’s modulus and Poisson ratio of
solid bone.

The imaginary parts of K, and  were calculated using a log decrement “ . ImK, =
‘ReK,= ,Im =‘Re = witha value = 0:1 which is typical of that used in under-
water acoustics. There appears to be little sensitivity to these parameters, however.

The structure factor was calculated using the formula of Berryman =1 r(1 1=)
with r = 0:25, again following Williams and Hosokawa and Otani.

The pore size parameter was estimated by McKelvie and Palmer using electron microscopy
and by Hosokawa and Otani using x-ray examination. Figure 1 shows that their estimates
indicate that pore size is approximately a linear function of porosity.
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Fig. 1. Estimated values of the pore size parameter ( ) for ve bone specimens along with the regression
line.

Permeability is a di cult parameter to estimate. Figure 2 shows the values for the ve
specimens of McKelvie and Palmer and Hosokawa and Otani. The estimates indicate that
permeability is approximately a log-linear function of porosity. However McKelvie and
Palmer characterize their values without elaboration as \estimates™ and Hosokawa and
Otani state that their estimates are based upon those of McKelvie and Palmer. Hence
the apparent log-linear relation should be regarded circumspectly. Indeed according to
the Kozeny{Carmen formula
a2

k= K (11)
where K 5 is an empirical constant, the relation is not log-linear. Figure 2 shows that if
pore size is indeed a linear function of porosity as indicated by Fig. 1, then permeability,
as predicted by (11), will deviate signi cantly from log-linearity.

Table 3 gives the values we shall use for the other Biot parameters. The value for ¢
is from McKelvie and Palmer, but the value used by Hosokawa and Otani, 930, is similar.
Likewise both sets of authors used about the same value for viscosity . The uid bulk
modulus Kg is from Hosokawa and Otani. The frame material densities used by McKelvie
and Palmer and Hosokawa and Otani were somewhat di erent. Williams reports a range of
estimates for bovine cortical bone of , =1930 ¥ 2000. We follow Williams and Hosokawa
and Otani in using = 1960. The frame material bulk modulus was calculated from (10)
with Ve = 1.
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Fig. 2. Estimated values of permeability ( ) for ve bone specimens. Dashed line: regression line. Solid line:
Value of premeability predicted by the Kozeny{Carmen equation assuming a linear relation between pore
size and porosity.

Table 3. Parameters for cancellous bone to be used for all

specimens.

Parameter Symbol Value
Pore uid density £ 950
Fluid bulk modulus K¢ 2:00 10°
Pore uid viscosity 1.5
Frame material density r 1960
Frame material bulk modulus Kr 2:00 10%°

The question we shall address is whether it is feasible to recover some of the Biot
parameters by measuring the acoustic eld arising from a point source placed in a tank
of water containing a specimen of bone. Based on the discussion above the parameters we
shall seek to recover are the ones concerning which there is the most uncertainty: porosity

, permeability k, pore size a, structure factor and the real parts of the bulk and shear
frame moduli K, and

3. Finite Element Formulation of the Problem

A bone specimen is placed in a water tank. The region occupied by the bone specimen
and the water are  and  respectively. In ,, we have in the two-dimensional case the



