MATH 810-010 Asymptotics and Perturbation Methods
Prof. D. A. Edwards Due: Apr. 12, 2010

Homework Set 7 Solutions

1. (5 points) Find the leading-order asymptotic behavior of solutions to

y" — (logz)?y = 0. (7.1)

as r — oQ.

Solution. Substituting y = % into (7.1), we obtain

e [(Sh)? + Sy] e — (logz)2e™ =
(85)% + Si = (logx)?.

Since this is in standard form, we assume that (S§)? > SjJ, so we obtain

Sy = tlogx
So = £(zlogx — x),

where we suppress the constant since it is absorbed into the final solution. Now letting
y = %0151 we obtain

eSot51 (S5 +51)> + Sy + 57 e 51 _ (log z)2e™0 51 =0

1
j:; +2logxS] + (S7)? + S = 0. (A)

Note that S§ < (S})?, as assumed. Now assuming that the first two terms dominate, we
obtain

1
[ —_
51 2z logx
S, — _log(120g fc)’

where we have again absorbed the constant. Note that the first two terms in (A) really do
dominate. Therefore, we have that our solutions are of the form

log(log a:))

y ~ Cq exp (ﬂ:(mlogx—x)— 5
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2. (9 points) Find the leading-order asymptotic behavior of solutions to

1

y' = (z+a%)y, (7.2)

as r — oo and show that the leading-order behavior is exactly that of the Airy
functions whenever o < —1/2.

Solution. Substituting y = €% into (7.2), we obtain
S0 1(S0)2 + Sp] e — (v +a)e =0
(S5)? 4+ Sy = (x + ).
Since this is in standard form, we assume that (S§)? > Sj, so we obtain

Sp = £V + a2
_i/ VTt dt,

where we suppress the constant since it is absorbed into the final solution. Now letting
y = e%0151 we obtain

e (S+ 51)2 + Sy + 57] e — (x4 2%)e® 5 =0

1+ aze!
20/ + 2 + 28]V + 2%+ (81)* + 57 =0. (B)

Note that S < (S§)?, as assumed. Now assuming that the first two terms dominate, we
obtain

Sl = Lo
4(x + z@)
S, — _10g(x4—|— a:o‘)’

where we have again absorbed the constant. Note that the first two terms in (B) really do
dominate. Therefore, we have that our solutions are of the form

4
Cy
~ 1/4exp( / \/t—l—to‘dt)

(x + z2)

xX 1 o
y ~ Cyexp (i/ \/t—i—to‘dt—M)

Now the Airy functions don’t have the z® term, so they behave like

Cy 21:3/2
f(x)wmexp <j: 3 :
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It should be clear that we won’t get this behavior if & > 1. In the other case, we expand
the roots using the Binomial Theorem to obtain

~ Cy exp(+ [ 02 (1+ PN
Yy 2VA(1 4 go-1)1/4 p 5
a—1 2 3/2 a+1/2
~ (“;—;{1 17 exp [+ 4+ 7
z 1 3 2(a+1/2)

~ f(z)exp (iz(zé%ll/;gg ’

where we have assumed that o # —1/2. We now note that for the behavior to be the same
as f, the argument of the exponential must be o(1), which means that o < —1/2. For the
case a = —1/2, we would have obtained a logarithm as the argument of our exponential,
and hence the behavior would be an algebraic power of x larger (smaller) than the Airy
functions.

3. (13 points) Find the general solution of

w” + [kZ + } w= —k? (7.3)

k(x? +1)

for large k. Construct enough terms so that your error is o(k~3).

Solution. We begin by constructing the homogeneous solution. If we work in the
standard way by letting

wn(z) = exp (ik (¢o(z) + k™ p1(x) +--)),
the expansions of the various terms in the second derivative will become tedious. However,
we know from notes in class that the ¢;(x) term typically becomes a coefficient of the
exponential. Hence instead of the above we assume a form

wy, = D(x; ket

Substituting this form into the homogeneous form of (7.3), we obtain

d . . .
“ (I)/ ikd(x) ik /q) itkp(x) ]C2 S I iko(x) —
£ (P kg aeito®) 4 pre g 0
. 1 .
. . . 2 ik (x 2 ikp(x)
(9" + 2ik¢/ ¥’ + k¢ ® + (ik¢')2®) ) 4 [kz + m} et = 0
®
K21 — (¢)?] @4+ ik(20' + ¢/ D)+ " + ————— =0
[ (gb)] +1k(290'®" + ¢"®) + +k($‘2—|—1)
S =t = 2k 1+ —— 0. ()

k(z? +1)
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Then letting

O(wsk) = kIP;(x)
§=0
in (C), we obtain, to appropriate orders,
. _ _ _ _ _ P —I—k?_lq)l
£2ik(Bo + kT By 4+ k20 + k3D) + (Pg + k1 By + kT20y) + —— - L —
ik(®o + 1+ 2+ 3) + (®o + 1+ 2)" + PCESY 0

+2ik®) =0 = Dy=A
+2i®, =0 =  ®y=B.

But this gives us two degrees of freedom. How can this be?

Note that the subsequent terms are going to depend on the combination ®q + k~1®;
through the fractional term in the equation. Hence our solution will be proportional to
A+ k7!B. Hence we may treat this term as a single constant in our expansion. Hence
without loss of generality we may set A = 1, B = 0 (which is equivalent to dividing our
solution by A + k~1B). Continuing to simplify, we obtain

1
+£2ik™10) + ————= =0
et T
i i
Ph=t—— ®y =+ tan"!
2 2($2+1) — 2 2 an X

+2ik 104 + k29L =0
1 1 i 1
@ e —@l = - - e
3T T2 T Ty (2(a;2+1)) 21 1)

where we can take any constants of integration equal to zero for the same reasons we took
B =0.

Next we turn our attention to the particular solution. This corresponds to the steady
state, so we do not expect rapid oscillations. Hence we let

o
wp = Y k7 Py(x).
§=0
Substituting this expression into (7.3), we obtain, to appropriate orders,

(Po+ k7 'P) + (Py+ kPl + k2P, + k3P3) [sz + = —k?

k(x? + 1)}
Py=-1

—
P, 1
Pk=0, P,=0, k:_l(P3+20>:0 =  Py=-
e+ 1

Pok® = —k?
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Therefore, our solution is given by

w(z) = wn () + wp(z)

— Aot (14X tanle— —
e ( Tt T )

ke (g 4o Ly 1
+ A e (1 2k2tan T 4k3(1'2+1)) {14—]{3(332_'_1)].

4. (13 points) Consider the system

22y'V2 = [(z + 1)y + z2], (7.4a)
222"'V2 = —[zy + (x + 1)z], (7.4Db)

Show that

25/8  1/8 N
oy~ (20 v

5/8 1/8
z(x) ~ (—% + %) e%0(®),

as x — oo, and determine Sy(z). Why is it not appropriate to naively approximate
the x + 1 terms in (7.4) by x?

Solution. If we take the sum and difference of (7.4), we obtain
22u"'V2 = v, (D.1)
20"V2 = (2z + 1)u, (D.2)
where
u=y-+z, V=Y — 2.

Then combining equations (D), we have

1
? (:1:2u”\/§> V2= (2z+1)u
20 +1

22u® + 22003 + 20" —
222

u=0. (E)

Substituting v = €% into (E), we see that the fourth derivative will yield a large number
of terms. Each of these will be a product of derivatives, where the sum of the orders is
equal to 4. Following the reasoning for second-order problems, we assume that Sj, is a
larger term. If we do that, then the dominant two terms are going to be

y = S(')eso,
y" = (502 + 54 €%,
y® ~ [(Sh)® + 3558y e, (F.1)

y @~ [(S5)* +6(5p)?S5] €. (F.2)
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(S5)* is the largest term. Then (E) becomes, to leading order,

1
22(Sh)ted0 — Ze%0 =0
T
w

4
pCy7E w* =1,

Sh= (%) =
So = dwz/*.

Since S(gj) x z1/477 we see that the jth power of S} is much larger than the the jth
derivative of Sy, 5 > 1. Therefore, our assumption checks.

Now we let y = e%+51. Following the previous reasoning, we see that the next-order
terms we should consider would be

2(Sh)% = O(x™/*) (F.1), 2%(S))2S! = O(z~%/%) (F.1), 2%(S5)%S; (F.2).

Note that these terms are all larger than the —u/2z? term in (E). Extracting these terms
from (E) (with their proper coefficients), we have

x° [4(5(’))351 + 6(5(/))256/} eSot+S1 4 21,(56)3650+51 —0

3 2 3
w? w 3w w
i 4msl+6x3/2 <_4$7/4>:| +2W_0

9

1

1 8x
log x

Sy = §
oSt — 21/8

u(z) ~ 28 exp <4wx1/4> :

Then using (D.1), we have

d2
v(z) ~ xQﬁﬁ [ml/s exp <4ww1/4>] ~ 22 (734221 /82 exp <4wx1/4>
x
~ /82 exp <4wx1/4>
Py $1/8+$5/8\/§

y(z) = 5 5 exp <4wx1/4> )
_ 1/8 _ ..5/8 2
z(x) = “ 5 C 296 V2 exp <4wx1/4> .

With some reworking, we have the desired result.
Note that if we had replaced z + 1 with = in our original system, (D.1) would have

become
2u"V2 =0,

which would have yielded the wrong behavior for v (and hence y and z).



