MATH 810-010 Asymptotics and Perturbation Methods
Prof. D. A. Edwards Due: Mar. 22, 2010

Homework Set 5 Solutions

1. Consider the following problem:
i +u+teu? =0, 0<ex 1, u(0) = a, u(0) = 0.

(a) (4 points) At what order of € do secular-causing terms first appear? You need
not work through all the details.

Solution. (Here more detail is shown than was necessary for full credit.) Letting
u(t;€) ~ up(t) + eur (t) + e2ua(t) + - - -, we have

d2
w(uo + euy + €2uy) + (ug + euy + 2uy) + €(ug + euy)? =0
ug + ug = 0, Uo(O) = «, UO(O) =0 O(l)
iy +uy +ul =0, u1(0) = 0, u1(0) =0 O(e)
ﬁg + us + 2u0u1 = 0, UQ(O) = O, UQ(O) =0 0(62)
Solving our equations in turn, we have
Uy = . cost,
2 2 2t
iy +u1:—a20082t:—a——ﬂ (A)
2 2
2 2 2
Uy = —% + % + Acost+ Bsint
B a?  o?cos2t n a? cost
2 6 3 7
. 3 cos2t  2cost
Ug + Uy = o’ cost |1 — —
3 3
ol
=% cost + acceptable terms

So we see that the first secular-causing term occurs at O(e?). This happens because in (A)
we see that squaring a trigonometric term does not cause a problem. (The solution would
still be okay at O(e) if we had both sin and cos terms.)

(b) (11 points) Show that the O(1) uniformly valid approximation for this prob-

lem is 9
5)
Fo(T,T) = aecos (T — ?27)
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for appropriately chosen T and 7.

Solution. We see from (a) that our choice of 7 should be 7 = €?t. As in class, we let
y(ti€) = Fo(T,7) + eF1(T,7) + € F5(T, ) + o(€?), T=t[14we+ 0(62)} :

d

0 0
7 = (1 +wie) == + &= +o(e?).

oT or
Substituting this expression into (1), we have, to leading orders,

9 sy 20F] | 20 (OF,
grifotefitef)+ey }* 87’(8T)

+ Fy+eFy +EF +e(Fo+ eFy)? = 0.

(1+W16) 0 (1—}—&]16)

orT

Expanding and taking only the terms to O(€?), we have

0% Fy
572 +Fo =0, 0(1)
8T2 +F1+QW1W+FO :0, O(G)(B)
0% F 0% Fy 0% F, 5 02
a7 P 2 2 + 2R+l =0 O(€)

We need only the leading order of our boundary conditions:

0Fy

S (0.0 =0.

Fp(0,0) = «

Now we solve our equations one at a time:

Foy = Ap(1)cosT + By(7)sinT, Ao(0) = «, By(0) = 0.

0’F

@Tzl + F) = —2wq (AgcosT + BysinT) — (Ag cos T + By sin T)2

2E A2 1+ B2 A2 _ B2 o
%T; + F, = —2w, (AocosT—{—BosinT)—%_AOBOQHZT_ (A5 g)cos .

We see that in order to suppress secularity we must have w; = 0, and then we have

A2+ B2 AygBysin2T A2 — B2 2T
0; 0 4 20 O;m +( 0 g)cos + Ai(1)cosT + By(7)sinT. (C)

Fi=-
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Going to the next order and recalling that w; = 0, we have

0*F, 0% Fy
grz T2 = "2, — 20k )
92 F,

Sz TP =—2(BycosT — AysinT) —2(Agcos T + BosinT)

A2+ B AgBysin2T (A2 — B2)cos2T
{_ 0_|2_ 0 n 0 0381n +( 0 g)COS }—}—acceptable terms

(E)
_, [_Bé N Ao(A32+ B§) Ao(A?i; Bf) Ao(ngl cos T
By(A2 + B? By (A2 — B? A2B
+2{A6+ o 02+ 0)+ o 22 0) 06 O}S T

+ acceptable terms.

Therefore, we see that both bracketed terms must be set equal to zero to suppress
secularity:

(F.1)
12
5Bo(A2 + B2
Al =— o 102 0). (F.2)

Combining equations (F), we see that we have

ApA) + BoB) = (A2 + B2) =0 — Aj+ BE = a.

Therefore, we may write

Ao(T) = accos oo (1), By(1) = asin ¢g(7), ®0(0)

in which case (F.1) becomes

5a cos ¢y
/ _
QP €OS o = 10
5a?
I
5a%T
(bO(T) = 12 ’
SO
2 2

)
Fyo(T,7) = aecos ar

cosT + asin

12
2
= . cos T—5a T ,
12

sinT’
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as required.

2. (25 points) For the following problem:

2

i +u — eu” = ecost, 0<ex 1, (5.1)

calculate the following;:

(a) the proper expansion for u(t;€),
e proper slow-time scale 7, an
b) th low-ti 1 d
(c) the proper evolution equations for Ag(7) and By(7).

Solution. The key to this problem is to balance the effects of the nonlinearity on the
left-hand side with the forcing on the right-hand side. It should be clear that a regular
perturbation expansion of the form

U= Uy + €Uy +---

will fail at O(e) due to the forcing on the right-hand side. This might lead one to conclude

that
u(t;€) = Z "Fo,(T,7), T = €t, T=t (1 + Z e"wn> )
n=2

n=0

As in class, we let

y(t;e) = Fo(T,7) + eF1(T,7) + o(e), T=t [1 + 0(62)] ,

Substituting these expressions into (5.1), we have, to leading orders,

i 0 oFy 0 ([ 0F,
oT | 0T or or \ 0T

—(Fo+eFy)+e— | +e— —) + Fy+ el + Fy — e(Fy + el)? = ecosT.

Expanding and taking only the terms to O(e), we have

0 F,

8720 + Fy =0, o(1)
R2F,  _ O*F
8T21 + 28T807 + Fy — F2 = cosT, O(e)

Solving our equations one at a time, we have

Fo = Ao(1)cosT + By(7)sin T,

O°F

8T21 + Fy = (AgcosT 4 BysinT)? 4 cos T — 2(— Al sin T + B cos T)

0*F A2 + B? . A2 — B2)cos2T )
6T21 + Fy = (1 —2B})cosT + % + Ag By sin 2T + (49 3) + 2A}sin T.
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Therefore, we see that we have no way to suppress secularity, since to do so would make
By blow up as 7 — oc.

Hence we try to scale the problem. Since By blew up in our first try, we expect large
oscillations, so we let u = e~ “y, where we expect a > 0:

_ 1202

€ “§g+e “y y“ = ecost

j+y—e %% =t cost.
We now closely examine the operator on the left-hand side. Since a@ < 0, e!™® <« 1. Our
work in problem 1 convinces us that if we have an equation

F+x+0z?=0,

where 0 < § < 1, an expansion that allows the nonlinearity to suppress any secularity is
given by

x(t;0) = Z " Fo(T,7), T = 6%t T=t (1 + Z (5”wn> :
n=0 n=3

Note that we have used the fact that we derived that w; = 0. This expansion has terms
which allow one to suppress secularity in the equation for Fy at O(62). The equation for
Fy at O(6) has no secular terms.

What we wish to do now is to ensure that the forcing term on the right-hand side
appears where the expansion has terms which can suppress it, namely at O(52). Of course,
in our problem, § = ¢! =, so we have that

€ =€ — a=1/3.
Therefore, we see that § = €2/3 and the correct expansion is given by
oo oo
u(t;e) = e /3 Z e3FE (T, 7), T = '/, T=t (1 + Z 62"/3wn> :
n=0 n=3

Now the problem is like problem 1 in that the equations at each order are similar (off
by simply a minus sign in the nonlinear term). Therefore, we immediately see that we
have

Fy = Ao(7) cosT + By(7)sinT, O(e=1/3)
O*F
e tE=F O(e!/?)

Since the forcing is exactly the negative of that in (B), we see that our particular solution
for F; should be the negative of (C):

A%+ Bj§ _ AoBosin2l' (A3 — B3)cos2T

5 3 G + Ay (1) cosT + By(7)sinT. O(e'/?)

Fy
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O*Fy 0*Fy

—— + 5, =cosT — 2

orz oToT
We note the similarity between the above equation and (D). But the particular solution
for F; (which is the only part that contributes to the secularity) is negative the result in
problem 1, so the two minus signs cancel. Hence, equation (E) holds with the addition of
the cosT term, and so we have

+ 2FOF1. O(E)

O Fy 1 Ao(A3+ B3) Ao(A% — BE) AoB?
F — 2 - B/ 0 0 o 0 0 _ 0 T
orz T {2 0t 2 12 6 |
AQ 2 2 2 AQ
o2l By (A§ + Bj) n By(Aj — Bj)  AiBo sin T
2 12 6
+ acceptable terms,
and equations (F) from the key to HW 5 become
1 5A¢(A4% + B?)
By == b0 G.1
0=3 " 12 (G-1)
Bo(A% + B2
A = 2Bl ot 0). (G-2)

Equations (G) cannot be easily solved in closed form; the phase plane is given below.
The coordinates of the center are given where both A{, and B are zero, so we have

1 5A40(A%+ BY)

2 12
B 5Bo(A3 + B3)
N 12 '
Hence the solutions
6\ 1/3
wn=-(3) . B =0

are steady-states, as suggested in the remarks. The phase plane is shown below. Note that
even when we start at the origin, we obtain a large oscillation.
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Phase portr



