MATH 810-010 Asymptotics and Perturbation Methods
Prof. D. A. Edwards Due: Feb. 22, 2010

Homework Set 1 Solutions

1. (3 points) Verify that zsinz = O(z) as x — 0 and as x — oo.

Solution. )
rsinx

lim = lim sinx = 0,
z—0 €T z—0

so xsinz = O(x) as ¢ — 0 (actually it is o(x)).

. xsinx ) .
lim = lim sinz,
T—00 €T T—00

which does not exist. However, it varies in a bounded range. Using the more formal
definition, we have that z sinx = O(z) because

|z sinz| < |z| for all z,

and so in the definition k(z) = 1.
2. Verify the following equalities. « and § be are positive O(1) constants and all
calculations should be made in the limit that e — 0%.
(a) (2 points)
e=o (¢ 10ge|’8) .

Solution.

€
lim ——— = lim |loge|™? = 0.
e—0+ €|logelf ot [ log |

(b) (2 points)
e|logel’ = o (7).

Solution.

elloge® . |logel® . Blloge[""
e—0t €7@ e—0t € ¢ e—0t —qe %
Repeated use of I’'Hopital’s Rule shows that the numerator will eventually vanish, while
the denominator grows without bound. Hence, the limit is 0, as required.

(c) (2 points)

A (65) )
Solution. Let
efa/e
lim = A.
e—0t G/B
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Then

log A = lim e Bloge = lim RN —00,
e—0t € e—0t €

where we have used (b). Therefore, we have that A = 0, as required.
3. Let f(z) and g(z) be functions at least as large as O(1). (In other words, let
[f()]~" and [g(2)] 7" be O(1).)
(a) (5 points) Show by counterexample that f(z) ~ g(x) does not necessarily
imply that
f @) po(@) (1.1)

Solution. Let f(x) = x? + z, g(z) = x2. Then, taking the behavior as x — oo, we
have

. f(x) . 1?4z
:clggo m - mli)n;o 2 L — J(@)~g(@).
But )
f(=) z
lim & = lim 6—2 = lim e* = oo — ef @) ot 9@,
T—r00 eg(m) r—oo el T—r00

(b) (3 points) Show that (1.1) does indeed hold if f(z) = g(x) + o(1).
Solution. Let f(z) = g(z) + o(1). Then, taking the behavior as  — oo, we have

lim ﬂ) = lim —g(:c)+0(1)

z—oo g(x)  w—oo g(z) =1 = f(x) ~ g(z).
Also,

/(@) ¢9(@)+o(1)

lim —— = lim —— = lim ¢°M =1 — ef @)~ e9(@)
T—00 eg(m) —00 6g(x) T—+00

4. (5 points) Find the first three nonzero terms in the expansion of the solution of
2% — 2.0004z + 0.9998 = 0

using a perturbation approach. Compare your solution to that obtained from the
exact root. Why does the straightforward analysis fail?

Solution. Let € = 0.0002. Then our equation becomes
22 —2(1+e)z+(1—¢)=0. (A)

As a first guess, we try the following form:

o0
T~ E Tne".
n=0
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Upon substitution into (A), we obtain, to leading orders,

(g +ex1)? —2(1 4+ €)(zo +ex1) + (1 —€) =0

(22 + 2ex1) —2(1 4+ €)xg —2ex1 + (1 —€) =0

(o — 1) —€(2x0 +1) =0
Because of the cancellation of the two z1 terms, the first two orders of the equation yield
two inconsistent equations for xy. This cancellation is a function of the equation, rather

than the series. The most straightforward way to demonstrate this is, motivated by the
next exercise, to let z =2 — 1 in (A), which yields

(z+1)2=21+e)(z+1)+(1—¢€) =0
242241 -202+1)+1—€22+2+1)=0
2% —€(22+3) = 0. (B)

Since 22 = O(e), we try the following series:

o0
Z o~ E 2ne™2.
n=1

Substituting this series into (B), we obtain, to leading orders,

(€221 + €23)? — €[2(e"/%21 + €22) + 3] = 0

€[22 + 262212 —3— 26221 =0
22 =3 — z14 = +3
2129 = 21 - zo=1

Now substituting our value of € into the above, we have

x4 = 1.024694897, x_ = 0.9757051026,
while the “exact” answers from Maple are given by

ry = 1.024695714, x_ = 0.9757042861.

If we didn’t see the z substitution, we can try the following series:

o0
€T~ E L€,
n=0



M&810S10Sol1.4

If we substitute this series into (A), we obtain, to leading orders,

(zo + €21 + %o + ¥w3)? — 2(1 + €) (w0 + ¥y + %wy + %a3) + (1 —€) =0

(22 + 2¢%x1 + 2%(2] + 2w0w2) + €3Y(221 22 + 27073)]
— 2[330 —+ EaJJl + €2a5132 —|— €3a$3 —|— 6(330 + eo‘:cl + €2a{132 —|— €3a5173)] —|— (1 — E) = 0
(xo — 1)2 + 620‘(:1:% + 22019 — 220) + €%(2x1 29 + 2T0x3 — 223) — €(2z0 + 1) — 2 T2y = 0.

Therefore, from the leading order we have that £y = 1 and to obtain a balance at next
order we must have o = 1/2. Making these substitutions, we have

€[r? 4+ 2x9 — 229 — (24 1)] + /222129 4 223 — 225 — 221) = 0
2
T

3
xIo 1,
as obtained above.

5. (7 points) Formulate a perturbation procedure to solve the equation (z+1)" = ex.
How rapidly do the roots vary with €7 Why?

Solution. Motivated by our work that led to (B), we let z = x + 1 to obtain
2" =e(z—1).

Clearly the leading order term for z is O(e'/™). Therefore, the roots vary like z = —1 +
O(e'/™).

6. Consider the function
erfc z = 2 /OO et dt.
VT s
(a) (9 points) Using repeated integration by parts, show that
e
Ve
Solution. We begin by defining the integral I,,(z):

I(2) = / T ety

2nt2n—|—1 E

erfc z ~

1+i(—1)“(1)(3)(m(2”_1>], 00 (L2)

222)n

Hence, we see that erfcz = Iy(z)/+/m. Integrating by parts, we have

(~pe ] = ()T
2

(_1)ne—z /OO (_1)n+2 d 2
= 2 1 _ dt
2(222)n +(@2n+1) . ontl2nts dt(e )

_ % + 20+ Do (2).

2
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Using this recursion relation, we have

e % 1 1 1
%“):z7TP+(—52+3(22+5<—55+“'L

and hence we obtain (1.2).
To prove that this series is asymptotic, it suffices to show that I,,11 = o(I},) as z — oo.
We note that for large z, we have

o d, L[ 1 d, e |L(2)
s = | e @S g [ e e D=5

and hence the result is proven.

(b) (2 points) Using the ratio test outlined in class, estimate the optimal number
of terms in the expansion for z = 2, z = 3, and z = 4.

Solution. From examination of (1.2), one sees that

2n+1

ez %)

|ant1] =

where a,, is the nth term in the expansion. Examining where this ratio is greater than 1,
we see that the estimate for the optimal value n is the first one for which

2, (2) +1 > 222,

where n,(z) is our estimate for the optimal value of n for a given value of z. Hence, we
have that
n.(2) =4, n.(3) =9, n.(4) = 16.

Since we’re starting from n = 0, the actual number of terms is one more.



