MATH 672-010 Vector Spaces
Prof. D. A. Edwards Due: Oct. 20, 2008

Homework Set 6 Solutions

1. (5 points) Suppose S, T € L(V) and S is invertible. Prove that if p(x) is a
polynomial, p(STS™1) = Sp(T)S~1.
Solution. As a preliminary step, we prove that (ST'S™!)" = ST"S~! for any n. We
proceed by induction. Clearly it is true for n = 1. Assume it is true for n. Then

(STS—Hntl = (sSTS H"(STS ) = ST (S~'S) TS~ = ST 571,

as required. Then

p(STS™! Zaj (STS™'Y =) a;STVS =8| Y 0,77 | S = Sp(T)S ™.
J=0 j
2. (8 points) Two operators S and T" € L(V) are said to be simultaneously diago-

nalizable it M(T,Z,Z) and M(S, Z,Z) are diagonal for the same basis Z of V.
Prove that if S and T are simultaneously diagonalizable, ST =T'S.

Solution. From notes in class, we know that Z = {z;}} is an eigenvector basis for
V. Denote the entries of M(T, Z, Z) by t;; and the entries of M(S, Z, Z) by s;;. Defining

v eV by
n
VvV = E CiZy,
=1
we obtain
n n n n n

(ST)V =5 ZCjT(Zj) =5 Cj tz'jZi =5 chtjjzj = chtjjs(zj)
j=1 j=1 =1 j=1 j=1

n n n

- chtjj Zsijzi = citijsiiz, (A1)

7j=1 i=1 J=1

where we have used the fact that S and T are diagonal, so only s;; and t;; are nonzero.
Similarly,

(TS)v = chS(zj) =T chzswzz =T Zc]s”zj :chsjjT(zj)
j=1

=1 j=1 =1
n n n
=D eisig >tz =Y ¢isitiizg. (A.2)
j=1 i=1 j=1

Since equations (A) agree and v is arbitrary, ST =T'S.
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3. (5 points) Let T' € L(V') be an invertible operator such that M(T, Z, Z) is diag-
onal for some basis Z of V. Find a basis B of V such that M(T~1, B, B) is also
diagonal. If the diagonal entries of M(T, Z, Z) are given by t;;, find the diagonal
entries of M(T~1, B, B).

Solution. We note that if Tz = Az and T is invertible, we have

z=T"'Tz)=T"'(z) = \(T"'2)
AMT7' =AYz =0,

so A~! is an eigenvalue for T—! corresponding to z. Therefore eigenvectors of T—! are
eigenvectors of T, and hence M(T !, Z, Z) is diagonal. Letting the diagonal entries of
M(TY,Z, Z) be given by s;;, we see that s;; = ti_il, since the eigenvalues are reciprocals
of one another. (We see that since T is invertible, it has no zero eigenvalues, so ti_il always
exists.)

4. (8 points) Let T € L(V), dimV = n, X be an eigenvalue of 7. Furthermore,
assume that the dimension of the eigenspace of T' corresponding to A is m. Show
that there exists a basis W for V' such that

A B

MEWWF(OC?

) , Be Rmx(n—m), C e R(n—m)x(n—m),
where I is the identity matrix in R™*™, and O is the zero matrix in R(»=)xm,

Solution. Let By = {w,}1" be a basis for the eigenspace of T' corresponding to A.
Extend it to a basis W for V' by adding S = {s;},, ;. Then since T'(w;) = Aw;, we have

T(WJ) = mewl + Z m;;jS; = )\Wj + ZOWZ + Z Os;,
i=1 i=1

1=m-+1 1=m-+1
1#]

where m;; is the ijth entry of M(T', W, W). Since m;; = 0 for ¢ # j in the first m columns
of M(T, W, W) and m;; = A, these columns form

A

O 9
where [ is the identity matrix in R"*™, and O is the zero matrix in R™"~™*". The other
entries are arbitrary, so

M B

M@WWF(Ocj

) 7 Be Rmx(nfm)’ C e R(nfm)x(nfm),

as desired.

5. (10 points) Let T' € L(V),V a vector space over R, p(z) a polynomial in R, and
a € R. Show that the following statement is false:
a is an eigenvalue of p(7T') if and only if a = p(\) for some eigenvalue A of T
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Rather than simply providing a counterexample, prove as strong a statement as
possible.

Solution. We begin by proving the statement in the reverse direction. Let A € R be
an eigenvalue of T', so Tz = Az for some vector z € V. Moreover, let

n

p(T) = _¢T7, a=p).
=0

Then

n

p(T)z = Z c;Tz = ch)\jz =p(\)z = az.

=0 =0

Thus a is an eigenvalue of p(T'). Now suppose that p(T)z = az. The converse is clearly
false, since an operator on a vector space over R is not guaranteed to have an eigenvalue.
By factoring as we did in class, we have that

[p(T") —alz=0
en [[(T = 6D [[(T° + :T + diI) | z =0,

=1 1=1

where J; are the eigenvalues of T'. So z is in the null space of one of these operators. If
z € N(T — §;I), then z is an eigenvector for T' with eigenvalue ¢;, and we have

n n

p(T)z = chsz = Zcﬂgz = p(d;)z = az, (A)

J=0 J=0

so a = p(d;). Thus if T has all real eigenvalues, the result holds. Note that equation (A)
holds even if §; is complex. Thus if T" (as considered as an operator over a vector space over
C) has even one complex eigenvalue, then the result does not hold, because it is possible
that a = p(9;) for that complex eigenvalue.

6. (4 points) Suppose V is a real vector space and T € L(V) has no eigenvalues.
Prove that every subspace of V' invariant under 7" has even dimension.

Solution. Proof by contradiction. Suppose W is an odd-dimensional invariant sub-
space of T. Then W is also invariant under T|y, so by Theorem 5.26, T|y has an
eigenvalue, so T'|ywz = Az for some z € W. But T|wz = Tz for all z € W, so Tz = )z,
which is a contradiction.



