MATH 672-010 Vector Spaces
Prof. D. A. Edwards Due: Oct. 6, 2008

Homework Set 4 Solutions

1. Let T € L(V,W), Sy = {s;}] € V, Sw = {T(s;)}] € W. For each of the
following statements, provide a proof or counterexample.

(a) (2 points) If Sy is linearly independent, so is Sy .

Solution. This is false. For instance, let T be the zero transformation. Then Sy =
{0}, which is linearly dependent.

(b) (2 points) If Sy is linearly independent, so is Sy .
Solution. This is true. Suppose Sy is linearly dependent. Then

n
E CiS; = 0
i=1

for not all of the ¢; = 0. Then applying the transformation, we have
T <Z cisi> = ZClT(SZ) =0
i=1 i=1

for not all of the ¢; = 0. But this contradicts Sy, being linearly independent, so Sy must
be linearly independent.

2. (5 points) Let U and V' be finite-dimensional vector spaces and S € L(V, W), T €
L(U,V). Prove that

dim NV (ST) < dim N (S) + dim N (T).

Solution. Define a new map S, € L(R(T),W) to be the same as S where both are
defined:
S,v=Sv VYveR(T)CV.

We note that
R(S,) ={SveW|v=Tuforsomeuec U} ={(ST)u for someu e U} = R(ST),
so from Theorem 3.4 we have that
dim R(T) = dim N (S,) + dim R(S,) = dim N (S,) + dim R(ST). (A)
T and ST are both maps from U, so we have from Theorem 3.4 that

dimU = dim N(T) + dim R(T) = dim N'(ST') + dim R(ST)
dim NV (T) + dim N (S,) = dim N(ST),
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where we have used (A). Since there may exist v € V, v ¢ R(T') such that Sv = 0, we see
that AV (S,) C N(S), so dim N (S,) < dim N (S). Thus

dim NV (ST) < dim N(T') + dim N (S),

as required.
3. For any polynomial p(t) € Ps, let D(p) =p'.

(a) (2 points) Show that if we consider D : P3 — Pa, D is onto, but not one-
to-one. In the process, calculate the dimensions necessary to verify Theorem
3.4.
Solution.
D(ag + a1z + azx® + azx®) = ay + 2azx + 3azz?.

Since there are three undetermined constants in the range, we see that dim R(D) = 3 =
dim Ps, so D is onto. However, the derivative of any constant polynomial is zero, so D is
not one-to-one. N (D) = Span{ag}, so dim N (D) = 1. Thus Theorem 3.4 checks, since

dimP; = dimN(D)+ dim R(D)
4 = 1+3.

Now let S = {p € P3| p(1) = 0}.

(b) (2 points) Show that if we consider D : S — Ps3, D is one-to-one, but not
onto. In the process, calculate the dimensions necessary to verify Theorem
3.4.

Solution. A basis for S is given by {(x — 1)*}3, and so dim S = 3. Thus we have that
D(ai(z — 1) 4 ag(xz — 1)* + az(x — 1)®) = a3 + 2as(x — 1) + 3as(x — 1)%.

Since there are three undetermined constants in the range, we see that dim R(D) = 3 <
dim P3, so D is not onto. Since the constant polynomials are not in S, we see from part
(a) that N (D) = 0, so dim A (D) = 0. Thus Theorem 3.4 checks, since

dimS = dimN(D)+ dim R(D)
3 = 0+3.

4. Consider the following transformation T : R® — R3:

T(l’l,l‘g,xg) = (1'2,33'2,113'2).

(a) (2 points) Calculate N (T).

Solution. T'(x) = 0 implies x5 = 0, so N (T) = {(x1,0,z3)}.
(b) (2 points) Calculate R(T).

Solution. By construction, R(T) = {(x2,22,22)} = Span(1,1,1).
(c) (2 points) Verify Theorem 3.4.
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Solution. By part (a), we have that dimN(T) = 2. By part (b), we have that
dim R(T") = 1. Thus Theorem 3.4 checks, since

dimR?* = dimN(T)+ dim R(T)
3 = 241

(d) (2 points) Is T' one-to-one? Onto? Invertible?

Solution. T is not one-to-one because dim N(T") > 0, so it is not invertible. It is not
onto because dim R(T") < 3.

5. Consider the following transformation 7" € L(V, W):
fEC*R): T(f)=t*f"—6tf +12f.

(a) (4 points) Let V = W = C?*(R). Calculate N(T). Is T one-to-one? Invert-
ible?

Solution. T(f) = 0 is an Euler equation, so the solution is given by f = t*. Substi-
tuting this in, we have

AN = DA 2 -6t + 1288 = 0
AN —TA+12=(A—-4)(A-3) = 0
T(Clt4 + Cgtg) = 0,

and hence N(T) = Span{t*,t3}. T is neither one-to-one nor invertible because it has a
nontrivial null space.

(b) (3 points) Let V=W = Py(R). Calculate N'(T') and R(T). Verify Theorem
3.4 and determine whether T is one-to-one, onto, or invertible.

Solution. Since t* and ¢3 are not in V, we see that when restricted to these vector
spaces, N (T) = 0, so T is one-to-one. To calculate the range, we note that

T(a,() + alt + a2t2) = t2(2a2) - 615(&1 + QCLQ'LL) + 12(@0 + alt + a2t2)
= 2ast? + 6a;t + 12ap.

Since there are three degrees of freedom on the right-hand side, we see that R(T) = Ps.
Thus T is also onto, so it is invertible. Also, Theorem 3.4 checks, since

dimPy = dimN(T)+ dim R(T)
3 = 0+3.

6. Let By = {cosz,sinz} and By = {cosz +sinz,cosx —sinz} be two bases for
the same subspace V of C1(R), and let D € L(V) be defined by D(f) = f' for
any f € V. Compute the following:

(a) (2 points) M(D, By, By)
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Solution. Taking the transformation of each of the basis vectors in the domain, we
have

D(cosz) = —sinz = ay1(cosx) + agi(sinx) = a11 =0, ag = —1
D(sinx) = cosx = ay2(cos z) + age(sinz) — a2 =1, ass =0

1
M. = (1) 5)

(b) (2 points) M(D, By, Bs)
Solution. Taking the transformation of each of the basis vectors in the domain, we
have

D(cosz) = —sinx = ajj(cosz + sinx) + agy(cosx —sinz) = a3 = —5 as] =

D(sinz) = cosz = aja(cosx 4 sinx) + agz(cos z — sin x) — alg = 37 Qo9 = 3

1 /-1 1
M. =5 (7 1)

(c) (2 points) M(D, Bs, By)
Solution. Taking the transformation of each of the basis vectors in the domain, we

have

D(cosx +sinx) = sinx 4 cosz = aj1(cosx) + ag1(sinx) = a1 =1, ap = —1
D(cosx —sinx) = —sinz — cosz = aja(cosx) + ag(sinx) =  aja = —1, ag = —1

1 -1
M.~ (L 7))

(d) (2 pOiIltS) M(D, BQ, BQ)
Solution. Taking the transformation of each of the basis vectors in the domain, we
have

D(cosx +sinx) = —sinx+ cosz = ajy(cosz + sinx) + azi(cosz — sinx)
a1 = 0,a2 =1

D(cosx —sinxz) = —sinz —cosz = aja(cosx + sinx) + ass(cosx — sinx)
a2 = —1,a2=0

0 -1
M(D,B27B2):(1 O)

7. Let T : Py — R? be defined by
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(a) (2 points) Calculate M(T') for the standard bases.

Solution. Taking the transformation of each of the basis vectors in the domain, we have

= | ) = (i) e
ey 1

e /1$2d3: :<1/3>:el+§e2
0

M(T):G 1}2 1}3)

(b) (2 points) Is T one-to-one? Onto? Invertible?

Solution. To check if T' is one-to-one, we note that p(1) =0,s0p = a1(x — 1)+ az(x —
1)2. Then checking the remaining condition, we obtain

a(r —1)2 N as(x —1)3 ay as
2 3 0 2 3

/01 ar(z — 1) + as(z — 1)%dx = {

Thus we have a one-dimensional null space, so T is not one-to-one, and hence is not
invertible. From Theorem 2.4, we know that dim R(7") = dim Py —dim N(T) =3 -1 = 2.
Since dim R(T) = 2 = dim R?, we have that T is onto.



