MATH 672-010 Vector Spaces
Prof. D. A. Edwards Due: Sept. 29, 2008

Homework Set 3 Solutions (Revised)

1. (4 points) Let V' be a vector space with dim V = n. Prove that there exist
one-dimensional subspaces U; of V' such that

V= éU
=1

Solution. Let B = {b;}} be a basis for V, and let U; = Span b;. Since U; is spanned
by one vector, dimU; = 1 and clearly dimV = "7 | dim U;. By the definition of a basis,
any vector v € V' can be written as

n
VvV = E CzbZ
i=1

But ¢;b; € U;, so

n

V=> U
=1

We have now shown both hypotheses of Proposition 2.19, so by that proposition we have
that

V= ééU
=1

2. (4 points) Let V be a finite-dimensional subspace with subspaces U; such that

Show that

dimV = Z dim U;.
=1

Solution. We use induction on m, starting with m = 2. Since V = U; & Us,, by
proposition 1.9 V = U; + U, and U; N U = 0. Thus by Theorem 2.18, dim V' = dim U; +
dim Us —dim 0 = dim U; + dim U,. Now assume true for m. Let W =V & U,,, 11, where V
is the previously proven case with dimension m. Then by proposition 1.9 W =V + U, 11
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and V N U4 = 0. Thus by Theorem 2.18, dimV = dimV + dimU,,;+; — dim0 =
dimV + dim U,,+;. But by assumption

dimV = i dim U;,

=1

SO
m—+1

dimW =) dim U,
i=1
as required.
3. Let v = (v1,v2,...,v,) € R™, n> 1. Let

W:{VGR”

j;:vi::O}.
=1

(a) (3 points) Verify that W is a subspace of R".
Solution. Let v, w € W. Then checking the properties, we see that

D vAw)i=) vitw=0+0=0 = v+weW, (A1)
=1 =1
dev)i=e) vi=0 = cveW, (M1)
=1 =1

n(o)izo — cveW (A3)

=1

Therefore W is a subspace of R™.

(b) (5 points) Find a basis for W and determine dim W.
Solution. Let b, =e; —e;41,1=1,2,...n— 1.

> (b)) =1-1=0,

Jj=1

so b; € W. Checking to see if the set B = {b;}7 is linearly independent, we have

n—1 n—1
E cib; = cie; + E (ci — cit1)e; — cnep

Clearly ¢; = 0. Then checking the coefficient of ey, we see that co = 0. Repeating this
process, we see that we always obtain ¢; = 0, so the set is linearly independent. Thus
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dimW > n — 1 and Span B C W. But there exist v. € R" such that v. ¢ W, so
W £ R"™ dimW =n —1, and B is a basis for W.

4. Consider the following subspaces of Ps:
Vi = {p(z) € Ps|p(1) = 0}.

Vo = {p(x) € Ps|p(2) = 0} .

(a) (2 points) Find a basis for V7.

Solution. A basis for V; should contain polynomials of all degrees for which p(1) =0
nontrivially. Thus we let By = {(x — 1)*}3. Clearly the set is linearly independent, since
each basis vector is of a different degree than the previous ones. dim Span B; = 3, but
dim V; < 4 since there are constant polynomials not in V;. Thus V; = Span B;.

(b) (2 points) Find a basis for V5.

Solution. A basis for V5 should contain polynomials of all degrees for which p(2) =0
nontrivially. Thus we let By = {(z — 2)*}3. By the same arguments as in part (a), B is a
basis for V5.

(c) (4 points) Find a basis for V3 N V,.

Solution. A basis for V3 N V5 should contain polynomials of all degrees for which
p(1) = 0 and p(2) = 0 nontrivially. Thus we let Bz = {(z — 1)(z — 2), (z — 1)(z — 2)?}.
These are linearly independent because they are of different degree. Vi # V5, so we know
that dim(V; N'V3) < 3. dim(Span Bs) = 2, so B3 is a basis for V3 N V5.

(d) (3 points) Find a subspace V3 such that P3 =V, @ Vs.

Solution. V5 contains no constant polynomials, so let V3 = Py. Then Vo N V3 = 0,
and we just have to check if P3 = V5 + V5. We need to verify that any polynomial may be
written in the following way:

ao + a12 + asx® + azx® = ag + by(z — 1) + ba(x — 1)® + bg(z — 1)3.

But this is equivalent to just letting x = x — 1 in the original polynomial. Since every
polynomial can be shifted in this way, the result holds and P3 = V5o @ V3.

5. Consider the subspace of P3 spanned by
V={1+2z+32>—2°2—a+2°+22° 4+ 3z + 72,1 + Tz + 82° — 52°} .

(a) (2 points) Find a basis for Span V.

Solution. We simply need to reduce V' to a linearly independent set. Clearly the
second polynomial is not a multiple of the first. Constructing the next test, we have

Cl+262:4

2c1 —cp =3
c1(1 422+ 322 — %) + (2 — 2 + 2% + 22%) = 4 + 32 4 722 — P

3c1 +c =7

—C1 +262 =0
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From the last equation, we have that ¢y = 2¢,. Substituting this result into the remaining
equations yields co = 1, ¢; = 2 as a consistent solution. Moreover, doing the next balance,
we have that

c1+2c =1

200 —cp =17

3c1+cy =8
—c1 +2co = =5

c1 (14224322 —23) 4-co(2— 2z +22 +223) = 1+ T2 +82% —52° =

Solving the middle two equations together yields ¢; = 3. Substituting this result into
the remaining equations yields co = 1 as a consistent solution. Therefore, the latter two
vectors are linearly dependent on the first two. Hence, a basis B for SpanV is given by
the first two vectors, namely

B={1+42z+32% —2° 2 —x+ 2%+ 22°}.

(b) (4 points) Extend your answer to (a) to find a basis for Ps.

Solution. We shall try By = {1,z}. We simply need to confirm that BU B is linearly
independent, since |B U B;| = 4 = dim P3. Thus we solve the following equation:

c1(1+20+32% —2%) 4 c2(2 — 2+ 22 +22°) + 3+ ez = 0.

Since the first two vectors are linearly independent, the only way to make the coefficients
of x5 and 3 equal to zero is to take ¢; = c; = 0. This trivially forces c3 = ¢4 = 0, so
B U B is linearly independent.

6. Determine the conditions (if any) under which of the following are linear trans-
formations:

(a) (2 points) Let A € R™*™. Define T': R™*" — R"*™ by T(A) = AB — BA
for a particular B € R™*".

Solution: Checking the linear conditions, we have

T(A1+A3) = (A1 + A3)B—B(A;+ A3) = A1B— BA; + AsB — BAy
= T(A) +T(Ag),
T(CAl) = (CAl)B — B(CAl) = CAlB — CBA1 = CT(Al),

and so the transformation is linear for any B € R™*".

(b) (2 points) Let f(z) € C"(R) (the vector space of nth continuously differen-
tiable functions defined on R). Define T': C"(R) — P, by

() = F0) + 3 T
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Solutions: Checking the linear conditions, we have

Tt 1) = [0+ 0]+ 3T L) )

=1

- f1<o>+20§{-1< 0+ 100)+ Y GO =T 4701

Teh) = (ch) Z L) i = o f1(0)+2;£(0)56i — T(f),
=1

and so the transformation is always linear.

(c) (3 points) Let x € R™. Define T' : R* — R" by T(x) = Ax + b for a
particular A € R™*™ b € R".

Solution. Checking the linear conditions, we have

T(Xl —+ Xg) = A(Xl —+ Xg) + b = AX1 + AX2 —+ b = T(Xl) —+ T(Xg) —-b
T(cx1) = A(ex1)+b=cAx; +b=cT(x1) — (c—1)b,

so the transformation is linear only if b = 0.



