MATH 672-010 Vector Spaces
Prof. D. A. Edwards Due: Sept. 22, 2008

Homework Set 2 Solutions

1. (4 points) Let W be a finite subset of P, the vector space of all polynomials.
Furthermore, let no two elements of W have the same degree. Show that W is
linearly independent.

Solution. Let W = {p;(x)}{, and let d; be the degree of p;. Furthermore, order the
elements such that d; < dy < --- < d,. To check if the set is linearly independent, we

examine
n
E Cip; = 0.
=1
Matching powers of z, we have

cnandnfnd” + lower order terms = 0.

Therefore, we see that ¢, = 0, since a4, # 0 or d,, would not be the degree. But then the
sum to check is

n—1

> cpj =0,

=1

which is of the same form with n replaced by n — 1. Therefore, working backwards, we see
that ¢; = 0 for all j and hence W is linearly independent.

2. (2 points per part) Determine whether each of the following sets is linearly inde-

0 5506 8))

Solution. We use the linear combination test. Using the zero entries in the second
and third matrices, we see that to match up the entries in the first column, we must have

that
-1 2\_ 170 2y (16
1 -5) 2\-2 1 0 3/
But then the entries in the second column do not match. Thus the set is linearly indepen-
dent, since trivially the second and third matrices are not multiples of each other.
(b) {sin®z, sinz, sin3z}

Solution. Using trigonometric identities, we have that

(a)

sin® (sinz)(1 —cos2x) sinz sin3z +sin(—z) 3sinz — sin 3z
in®z = — - —
2 2 4 4
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Thus the set is linearly dependent.
(C) {<1> 3a 2)7 (27 _17 4)7 (_4, 9, _8)}
Solution. If the set is linearly independent, the following equations have a nontrivial

solution:
c1+2cg—4cs = 0
361 — Co + 963 = 0
2c1 +4c0 — 83 = 0

But the third equation is a multiple of the first, so the equations are redundant and
the set is linearly dependent.
3. (5 points) Show that a finite set of vectors S is linearly independent if and only
if every subset of S is linearly independent.
Solution. Assume that S = {s;}7] is linearly independent. Let T" be a subset of S.

By the definition of linear independence of S, we have that

C;S; = E CiS; + E CiS; = 0

n
=1 s; €T s; &T

implies that ¢; = 0 for every ¢. Using this fact in the second sum above, we have
ZCiSZ':O — c; = 0 Vi.
s; €T

Since T is arbitrary, one direction is proved. Now assume that every proper subset of .S is
linearly independent, and assume that S is linearly dependent. Then we have that

Z C;S; = 0
i=1
with not all the ¢; = 0. Let T be the set of vectors s; such that ¢; # 0. But then we have

Z CiS; = 0, C; 7& 0 \V/'i,

s; €T

and hence T is linearly dependent, a contradiction.
4. (3 points) Let S1, S2 be two subsets of a vector space V. Prove that Span(S; U
Sy) = Span(S7)+ Span(Ss).
Solution. Solution. Let Sy = {v;}1,5 = {vi};', 1 <p<n <m, w € Span(S; U Sz).
Then

m n n m n m
W = E CiV; = E diVi + E (Ci — dZ)VZ + E C;V; = E diVZ' + E Q; Vi,
=1 =1 1=p i=n =1 1=p
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where «; = (¢; — d;) for p < i <n, and ¢; otherwise. Hence w € Span(.S7) + Span(.S3) and
Span(S1 U S2) C Span(S7)+ Span(Sz). Now assume that u € Span(S;)+ Span(Sz2). So

n m m
W = E CiV; + g div; = E Q; Vi,
i=1 i=p i=1

where a; = ¢; + d; for p < i < n, and ¢; otherwise. Hence u € Span(S; U S3) and
Span(S1) + Span(S2) C Span(S; U Sz). Hence Span(S; U Sy) = Span(Sy)+ Span(Ss).
5. Let S1,55 be two subsets of a vector space V.
(a) (3 points) Prove that Span(S; NS2) C Span(S1) N Span(Ss).
Solution. Let S1 = {v;}T,S2 = {vi};’, 1 <p <n <m. Let x € Span(S; N S3). Then

x € Span{v;},

n p—1 n n m
X = Z CiVi = (Z Ov; + Z civi) = |:Z v + Z Ovi] .
1=p =1 1=p 1=p

1=n-+1

But the parenthetical expression is in Span(S;), and the bracketed expression is in
Span(S2), so x € Span(S1) N Span(Sz). Therefore Span(S; NS2) C Span(S7) N Span(Ss).

(b) (4 points) Give an example where Span(.S; N.Sy) = Span(S7) N Span(Ss) and
one where Span(S; N S2) C Span(S1) N Span(Sz).

Solution. Let S; = S3. Then in that case we have
Span(S; N Sy) = Span(S7) = Span(S2) = Span(S7) N Span(Ss).
Now let S1 = {x,y}, Sz ={y,x +y}, where y # ax. Then

Span(S; N S2) = Spany,
Span(S7) = Span{x,y} = Span{x,y} = Span(S2) = Span(S;) N Span(S2)
Span(S1 NS2) C Span(S1) N Span(Ss).

6. (2 points per part) Given a particular A € R™*", and let

W ={b € R"|Ax = b for some x € R"}.

(a) Show that W is a subspace of R".

Solution. Let by, by € W so Ax; = by and Axs = by. Then checking the properties,
we see that

b; + by = Axy + Axy = A(Xl —+ XQ) — b;+byc VV, (Al)
cb; = cAx; = A(ex1) = by € W, (M1)
0=40 — O0ecW. (A3)
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Therefore W a subspace of R"*".
(b) Find a set of vectors that spans W.
Solution. Another way of writing W is

W={Ax|x e R"} = ijaj :
j=1

where using the definition of matrix-vector multiplication, a; is the jth column of A. But
in this consideration the x; are arbitrary constants, so

W = Span{a;}7.

7. (2 points per part) Determine which of the following are bases for the listed vector
spaces:

(a)

0 -1 2 0 3 -1 0 2 1
1 0 3|,[-3 0o 2 ].,{-2 o0 1 , M_ e R3*3
-2 =30 1 -2 0 -1 -1 0

Solution. The diagonal entries of any antisymmetric matrix must be zero, so every
antisymmetric matrix is of the form

0 a2 a3
—a12 0 a3
—a13 —azz 0

Every matrix in the listed set is antisymmetric, so we need to see if the following set of
equations has a unique solution:

a2 = —c1+3ce + 2c3,
a3 =  2c¢1 —cy +c3,
ag23 = 361 + 262 + C3.

Since there are three equations to determine the three constants, from elementary matrix
theory we know that there will be a unique solution for all possible matrices if there is a
unique solution for the zero matrix:

—c1 + 3co + 2¢3 =0,
9co + dc¢ = 0,
2C1—CQ+03 = 0, e 1102 +703 -0 — 01202263:0,
301+262+63:0. 2 3 ’

and hence the set is a basis.
(b) {e®, coshz, 3}, solutions of y®) — 3/ =0
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Solution. We solve the equation by letting y = e** to obtain
MoA=AxN—-1)=2xA+1)A-1)=0.
Thus the general solution is given by
y=cre® +coe” " +ec3=(c1 —ca)e” +ca(e” +e )+ c3 = die” + dgcoshx + c3.

Thus the set spans the space. We know that y = 0 is a solution of the equation. Plugging
x = 0, = £+1 into the above, we have

d1 + d2 + c3 = 0
die+docoshl+c3 = 0
die ' +dscoshl+c3 = 0.
Solving the last two equations together gives d; = 0. Solving the first two equations

together with d; = 0 gives do = c3 = 0, so the set is linearly independent.
(c) {(1,0,1),(-2,0,3),(0,1,1)}, R3

Solution. For this to be a basis of R?, we need to see if the following set of equations
has a unique solution:

r1 = c¢1—2c
1 1 2 T3 — I 3:13‘1 —|—2$‘3
T2 = C3, - C=—F7—, (1= 5

xr3 = cC1+ 302.
and hence the set is a basis.

8. (5 points) Let B, = {p;(z)}, be a set of polynomials in P,,, where p; has degree
1. Show that B,, is a basis for P,,.

Solution. We proceed by induction. Clearly any constant polynomial is a basis for
Po. Suppose B,,_1 is a basis for P,,_1. First, we check linear independence. If

n

Z Czpl(x) = 07

i=0
we see that ¢, = 0 because all the other polynomials have degree less than n, so our check

reduces to .
Z CiPi (.fl?) = Oa
i=0

which by B, _1 being a basis must imply that all the ¢; = 0 for ¢ < n. Thus the set is
linearly independent. Checking the spanning, we have

n n—1
Span B, = > cipi(z) = capn(@) + Y cipi(2).
i=0 i=0

The first term takes care of all possible coefficients of the 2™ term. By B,,_1 being a basis

for P,,_1, all possible coefficients of the lower-order terms are covered, so B, is a basis for
P



