MATH 672-010 Vector Spaces
Prof. D. A. Edwards Due: Nov. 24, 2008

Homework Set 10 Solutions

1. (6 points) Suppose U is a finite-dimensional real vector space and 7' € L(U).
Prove that U has a basis consisting of eigenvectors of T' if and only if there is an
inner product on U that makes T self-adjoint.

Solution. If there is an inner product on U that makes 7' self-adjoint, then U is a real
inner-product space and the result follows trivially from the Real Spectral Theorem. Now
suppose that U has a basis Z = {z;} consisting of eigenvectors of 7. Let

n n
v = E cjzj, W= E d;z;,
i=0

Jj=0

and let us construct the following function:
F(v,w) =) ¢jdj = [V]z - [w]z.
§=0

We know that the transformation T' € L(V,R"™), T(v) = [v]z, is invertible. Since the
dot product in R™ is an inner product, so is F'(v, w) by Homework Set 7, #1(b). But then

F(TV,W) =F Z CjT(Zj), Zdej = F Z )\jCij, Zdj Z; = Z()‘jcj)dj
=0 =0 — ; —

3
3
3
3

F(v,T*w) =) ¢;(\jd;) = F cizg ) Nidizg | = F (Y iz, ) diT(z))
~ : _ : —
=F(v, Tw),

so T' is self-adjoint.

2. Let V' be a complex vector space, T' € L(V') be normal, W; be the eigenspace of
T corresponding to A\;, 1 < i < m, where each of the \; is distinct.

(a) (4 points) Show that

T(v)= Z AiDIOjyy, V.

=1

Solution. By hypothesis, there exists an orthonormal basis Z = {z;}} for V consisting
of eigenvectors of T'. Let
n
VvV = Z CiZj.
j=1
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Then
T(v)=T ¢izj | =D (2, V)T(z) =Y N D (z5,V)z
7j=1 =1 =1 T(Zj):)\iZj
=» A\ Z (zj,V)z; = Z)\iprojwiv,
=1 ZjEWi =1

where in the last line we have used the fact that W, is an invariant subspace of V' under
T, so the set of z; € W; form an orthonormal basis for W;.

(b) (3 points) Show that projw, = g;(T") for some polynomial g;.

Solution. First, we note that

n n

TH(v) =T% [ D cjzy | =) (2, v)T*(z;) = > Mproju, v,
j=1 j=1 i=1

m m

g(T) = axT* = ar Y  Aproju, = Y _ g(Xi)projy,.
k=0 k=0 i=1 i=1

As written, we can specify n+ 1 points g(\;) and still have a well-defined polynomial.
Thus as long as n > m — 1, we can create a polynomial g;(\) such that g;(Ax) = d;x. Then
we would have

g:(T) = 9i(\)projyy, = projyy, -
k=1

3. (7 points) Let T € L(V') be normal, dim V = n, Tz; = \;z;, where the z; are
orthonormal and A\; < Ay < --- < \,,. Define the Rayleigh quotient

(Tv, v)
V]2

Show that A\; < R(v) < \,,. For what values (if any) of v does equality hold?
(Consider each inequality separately.)

Solution. Let .
VvV = Z Cij.
i=1

R(v) =

Then

1
R(v) = <ﬂ:]|:> _ Z Cj2) <Z ch(Vj), chvk>
j=1 k=1

3
3
3
3

n

= (DIl | DTG Y e (Avi,vi) = el | D Alesl

j=1 j=1 k=1 j=1 j=1
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Writing in a convenient form for the first inequality, we have

—1
n n

)\.
R(v) =X | D leil? > )\—J!Cj\2

Jj=1 Jj=1

But A1 < ), so each of the fractions is greater than or equal to 1. Thus each summand in
the numerator is larger than the corresponding summand in the denominator, so R(v) >
A1. Equality holds when ¢; = 0 for A; # A, so v is in the eigenspace corresponding to A;.

Similarly,
-1

>\.
R(v)=Xn [ D lesl? > )\—]\lez

j=1 j=1

But A, > ), so each of the fractions is less than or equal to 1. Thus each summand in the
numerator is smaller than the corresponding summand in the denominator, so R(v) < A;.
Equality holds when ¢; = 0 for A\; # A,,, so v is in the eigenspace corresponding to A,,.

4. Find the conditions (if any) under which each of the linear transformations are
isometries.

(a) (3 points) Given a particular u € C", consider S € L(C") defined by S =
I —2uu*.

Solution. Let v € C", ||v||* = v*v. Then

|Sv|]? =||v — 2uu*v|? = (v — 2(u*Vv)u)*(v — 2(u*v)u)
=v'v = 2(u*v)u'v — 2(u*v)viu + 4(u"v)(u*v)u*u
=[v]* = 4lu*v]* + 4ju*v]*|[u]?
=[[v[* + 4(lul* - Duv]*.

Thus for S to be an isometry, |[ul|> = 1 (to make the parenthetical term zero) or u =0
(to make the inner product zero).

(b) (4 points) Given a complex-valued polynomial h(t) € C[0,1], let S(f) = hf.
Use the inner product

1
(f.9) = /0 fgdt.

Solution.

1_

1
2 1f12 — CFra— 2 I\F
IS = I£] / hIh — Ff dt / (B2 = 1)FF dt.

For this to be true for every f,|h(t)|*> =1 for all ¢t € [0, 1].

5. (2 points) Let S € L(V') be an isometry, u, v € V. Show that the angle between
u and v is the same as the angle between Su and Sv.
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Solution. Using the definition of the angle, we have

(Su, Sv) (u, v)
angle between Su and Sv = = = angle between u and v,
[SulZ[[Svi> [[all?[lv]]?

where we have used properties of isometries.
6. Let T e L(V), dim V = n. Let zgp = 0 and define z;, j > 0 by the following
recurrence relation:
(T — /\I)Z]’ =Zj_1. (1)
(a) (3 points) Show that z; (if defined) is an eigenvector for T" and A of order j.
Solution. Proof by induction on j. For j = 1, we have (T' — A\I)z; = 0, which implies
that z; is an eigenvector for 1" and A, which means it is a generalized eigenvector of order
1. Assume true for j — 1, prove for j. In this case, we have (T'— A )z; = z;_;. Since z;_;
is an eigenvector of order j — 1, we have that (T — A )/z; = (T — X )?"'z;_1 = 0, so z;
is a generalized eigenvector of order no larger than j. But since z;_; is an eigenvector of
order j — 1, (T — A)*z;_1 #0 for k < j — 1,50 (T — AI)*z;_1 # 0 for k < j.
(b) (2 points) Show that there will be no solution z; to (1) for j > m, where
m < n.

Solution. By part (a), equation (1) is equivalent to solving
z; EN((T = XI)Y),  2; @N((T =A™, (A)

But by Proposition 8.5, there exists a non-negative integer m at most n such that
N{(T — XI)™) = N(T — XI)™*1). Therefore, there would be no solution of (A) for
J=>m+ 1.

7. For each of the following operators, find an eigenvector and generalized eigenvec-
tors for each distinct order corresponding to the sole eigenvalue.

(a) (3 points) V = R?, T(x1,x2) = (21 + 2w2, —231 + 5x2).

Solution. Solving for the eigenvalue and eigenvector, we have

T(x1,22) = M1, 22)
(1 =Nz +222=0
—221+ (5= ANz =0
(1-=N6E-N)+4=X-61+9=(\1-3)>=0
—2x1 4+ 229 =0
z1 = (2,2).

Using our result from (1), we know that for the generalized eigenvector, we must solve

(T - SI)ZQ =7
—2.’131 + 211}'2 =2
Zy = (0, 1)
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(b) (3 points) V =Py, T(p(z)) =2p —p'.

Solution. Solving for the eigenvalue and eigenvector, we have

T(ag + a1z + azz?) = 2(ag + a1z + asx?) — (a1 + 2a9z) = Mag + a1z + agz?)

A=2 O(x?)
(a1 + 2@233) =0
p1=2.

Since we found A = 2 by assuming that as # 0, we rework with as = 0 to see if we obtain
another eigenvalue:

T(ag + a1x) = 2(ap + a1z) — (a1) = Aag + a1 )
2, O(x)

and hence we see that A = 2 is our only eigenvalue. Using our result from (1), we know
that for the generalized eigenvectors, we must solve

(T —2)p2 = —ph =p1 =2
p2 = —2x
(T'—2I)ps = —p3 = p2 = —2x

b3 = 2°.



