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Abstract

The semifields of order ¢® which are two-dimensional over their left
nucleus and six-dimensional over their center have been geometrically par-
titioned into six classes by using the associated linear sets in PG(3,¢?)
[15]. One of these classes has been partitioned further (again geometri-
cally) into three subclasses [11]. In this paper algebraic curves are used
to construct two infinite families of odd order semifields belonging to one
of these subclasses, the first such families shown to exist in this subclass.
Moreover, using similar techniques it is shown that these are the only
semifields in this subclass which have the right or middle nucleus which is
two-dimensional over the center. This work is a non-trivial step towards
the classification of all semifields that are six-dimensional over their center
and two-dimensional over their left nucleus.

1 Introduction

A semifield S is an algebraic structure satisfying all the axioms for a skewfield
except (possibly) associativity. The subsets

N; = {a € S| (ab)c = a(bc), Vb, c € S},

N,,, = {b € S| (ab)c = a(bc), Va,c € S},
N, = {c e S|(ab)c = a(bc), Va,b € S},
K={aeN,NN,, NN, |ab = ba, Vb € S}

are skewfields which are known, respectively, as the left nucleus, middle nucleus,
right nucleus and center of the semifield. In the finite setting, which is the only
setting considered in this paper, every skewfield is a field and thus we may
assume that the center of our semifield is the finite field F; of order ¢, where ¢ is
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some power of the prime p. It is also important to note that a (finite) semifield
is a vector space over its nuclei and its center.

If S satisfies all the axioms for a semifield, except that it does not have an
identity element under multiplication, then S is called a pre-semifield. Two pre-
semifields, say S = (S,+,0) and §' = (§/,+, ), are said to be isotopic if there
exist three Fy-linear maps g1, g2, g3 from S to S’ such that

g1(z) - 92(y) = ga(w o y)

for all z,y € S. From any pre-semifield, one can naturally construct a semifield
which is isotopic to it (see [12]).

A pre-semifield S, viewed as a vector space over some prime field IF,,, can be
used to coordinatize an affine (and hence a projective) plane of order |S| (see [5]
and [10]). Albert [1] showed that the projective planes coordinatized by S and
S’ are isomorphic if and only if the pre-semifields S and S’ are isotopic, hence the
importance of the notion of isotopism. Any projective plane 7 (S) coordinatized
by a semifield (or pre-semifield) is called a semifield plane.

Semifield planes are necessarily translation planes, and the kernel of a semi-
field plane, when treated as a translation plane, is the left nucleus of the coordi-
natizing semifield. A semifield plane is Desarguesian (classical) if and only if the
coordinatizing semifield S is a field, in which case all nuclei as well as the center
are equal to S. As discussed in [2], any translation plane can be obtained from
a spread of an odd dimensional projective space. The translation planes are
isomorphic if and only if the corresponding spreads are projectively equivalent.

If the semifield is two-dimensional over its left nucleus, say Fg», then the
corresponding semifield plane will arise from a line spread of PG(3,¢™). This
spread can be represented by a spread set of linear maps, as described and fully
discussed in [6]. In short, such a spread of linear maps consists of a set S of ¢?"
linearized polynomials of the form

0s,c: Fgon — Fpan  via o+ 2+ Cad”,
for some 6, ( € Fy2n, with the following properties:

P1 S is closed under addition and F,—scalar multiplication, with the usual
point-wise operations on functions.

P2 T, is the largest subfield of Fy» with respect to which S is a vector subspace
of the vector space of all Fy»—linear maps of Fy2n.

P3 Every nonzero map in S is non-singular (that is, invertible).

Moreover, if we assume ¢ and ¢ are nonzero to avoid trivialities, it is straight-
forward to show that

0
©s,¢ 1s non-singular < N (C) # 1, (1)

where N is the norm from Fg2n to Fyn.



From the above properties for the ¢?* maps in S, we know that there is
a unique element ¢ € S such that ¢(1) = y for each element y € Fj2n. We
call this uniquely determined map ¢,, and thus there is a natural one-to-one
correspondence between the linear maps in .S and the elements of the field Fg2n.
If we now define an algebraic structure S = (Fg2n,+,0), where + is the sum
operation in the field Fy2» and o is defined as

Toy = py(x),

it turns out (for instance, see [11]) that S is a semifield with identity 1 and left
nucleus F,» that is isotopic to the semifield of order ¢*" which with we began.

The general classification of finite semifields appears to be way beyond reach
at this point in time. However, some progress has been made in the case when
the semifield is two-dimensional over its left nucleus Fy», where as always we
assume the center of the semifield F,. In fact, the complete classification for
n = 2 is given in [4]. For n = 3 ([15]), the semifields of order ¢® which are
two-dimensional over their left nucleus and six-dimensional over their center
have been geometrically partitioned into six classes Fy, F1,--- , F5 by using the
associated linear sets in PG(3,q3) (see [4] or [11] and see [17] for a more general
discussion on linear sets). In [15] the classes Fy, F1, and F are completely
characterized.

The class F; has been partitioned further (again geometrically) into three
subclasses, denoted fia), fib) and fic). In [7] the generic multiplication is
determined for each of these three subclasses, and several computer-generated
examples of new semifields are presented that belong to these subclasses. In the
present paper we use some ideas from algebraic curves to construct two infinite
families for odd prime powers ¢ belonging to the subclass fia), the first such
infinite families.

Precisely, for any u € F s \F, (¢ odd), with minimal polynomial 23 —oz—1 €
Fy[z], and for any b € F}; such that N(b) = b7+ = 52 4+ 9u + 30u2, we get a
semifield S, = (F6,+, 0) with multiplication given by

Toy = (a+6u+7u2)x+b7xq3,

where «, 3,7 € Fg2 are uniquely determined in such a way that y = a + Su +
7(b + u?). Moreover, with the same choices of u and b we get a semifield

Sup = (Fys,+,0) with multiplication given by

zoy = (a+ pu+yu?)x + b’yqa:q3,

where «, 3,7 € Fg2 are uniquely determined in such a way that y = o + Bu +
yu? + byd.

Also, we are able to show that, when ¢ is odd, up to isotopism, these are
the only semifields in ]—'ia) which have the right or middle nucleus of order ¢?.
In particular, we are able to show that no such semifields exist when ¢ is even.
Thus this work is bringing us closer and closer to a complete classification in
the case n = 3.



2 Two Infinite Families in Class fia)

From now on, N will denote the norm function from Fgs to Fgs. The following
theorem in [7] provides the generic multiplication for a semifield of order ¢%

belonging to class fia).

Theorem 2.1. ([7, Thm. 3.1]) Let Sfla) = (Fgs,4,0) be a semifield belonging

to fia). Then there exist u,v € Fgs \ Fq, A, D € Fyo \ Fys, and b, B,C € Fre
with

N () ¢ {N<a0 + aju+ A(ag + agv) + a4 B + a5C
aqg + asD

> ta; €Fq, (as,a5) # (an)}

such that {1,u, A, Av, B,C} is a basis for Fys over Fy and, up to isotopy, the
multiplication in Sfla) s given by
zoy = [(ag + aru) + A(az + azv) + a4 B + a5C)x + b(as + a5D)asq3, (2)

where ag, a1, -+ ,as € Fy are uniquely determined so that y = ap +aru+as A+
agA’U =+ 114(3 + b) + CL5(C + bD)

Conversely, Multiplication (2) subject to the conditions stated above defines
a semifield of order ¢%, with N; = Fys and center Fy, belonging to the Family

FY.

The next two results, also found in [7], determine precisely when such a
semifield has the right nucleus of order ¢? or the middle nucleus of order ¢2.

Theorem 2.2. ([7, Thm. 3.2]) Using the notation of Theorem 2.1, the right

nucleus of Sia) has order at most q>. Moreover, the right nucleus has order ¢>
if and only if the following conditions are satisfied:

(i) [1,u, A, Av]r, = [I,U]qu,
(ii) D € Fpe \ Fy,
(iii) C € DB+ [1,ulp,,.
In this case we have N, =2, N, =, and there exists some b e ]FZ6 with
N(') ¢ {N(a+pu+u?)|a,BeFgp} (3)
such that multiplication (2) may be rewritten as
zoy=(a+ Bu+yu)z+ bz, (4)

where a, 3,7 € Fp2 are uniquely determined so that y = o+ fu + y(V' + u?).

Conversely, Multiplication (4) subject to the conditions stated above defines
a semifield of order ¢ belonging to the Family fia) and having N; = Fgs,
N, =Fp, N, =K=F,.



Theorem 2.3. ([7, Thm. 3.3]) Using the notation of Theorem 2.1, the middle

nucleus of Sfla) has order at most ¢>. Moreover, the middle nucleus has order
q% if and only if the following conditions are satisfied:

(i) 1, u, A, Avlg, = [1,ulr ,,
(i) D € Fo \ F,,
(iii) C € DB + [L,u]s,.

In this case we have N, =F,, N,,, = F2 and there exists some b" € F;B with
N@G") ¢ {N(a+Bu+u®)|a,Be€Fe}
such that multiplication (2) may be rewritten as
zoy=(a+Bu+yu)z+y 2T, (5)

where o, B,y € Fp2 are uniquely determined so that y = o + Bu + yu® +y1b".

Conversely, Multiplication (5) subject to the conditions stated above defines
a semifield of order ¢ belonging to the Family fia) and having N; = Fgs,
Ny =Fp, N, =K=F,.

Moreover, it should be noted that semifields with operation (5) are the trans-
poses of semifields with operation (4) (see [7, Remark 3.4]).

In this section we show that there are two infinite families of semifields
belonging to class Fia), each semifield in the first family having right nucleus
of order ¢?, and each semifield in the second family having middle nucleus of
order ¢2. We begin with the following observation about finite fields.

Lemma 2.4. For any prime power q, there is an irreducible monic polynomial
in Fylz] of the form
f(x) =2 oz —1,

Jor some o € Fy.

Proof. The statement in the lemma is equivalent to the existence of an element
u € Fgs \ F; whose trace and norm over F, are 0 and 1, respectively. Namely,
the minimal polynomial for such an element w is the desired polynomial. And,
indeed, such an element exists for any prime power ¢ (for instance, see [16]). O

Now, we prove the following technical lemma, which will be used to show

the existence of semifields in class fia).

Lemma 2.5. Let PG(2,F) be the projective plane over the algebraic closure
F of Fy, with g an odd prime power. Let p be a nonsquare element of Fy and



o € F} as in Lemma 2.4. For each A', B',C" € ¥y consider the algebraic curve
F'=T(4",B',C") of PG(2,F) with affine equation

flx,y) = (@ = py?)® = 20" (2* = py®)? — 22202 — B')(2? — py®) — 8py*a
—p(C? —4ANy? + (C' + 20)*2? —2B'(C' +20)x + B? = 0. (6)

ThenT has no F,—rational point off the line y = 0 if and only if either (A, B',C")
(0,—1,—0) or (4',B',C") = (02,8,20). Moreover, I' has at most three F,—
rational points on the line y = 0.

Proof. By the previous lemma there exists an element v € Fgs \ F, such that
u® = ou + 1. Denoting by ® the semilinear collineation of the projective plane
PG(2,F) induced by the automorphism z — z, it is clear from Equation (6)
that I'® =T.

If y = 0, then Equation (6) becomes
(23 — (C' +20)x + B')?> = 0.

Thus there are at most three affine points on I' with y = 0, namely P,, = (1;,0),
where 77 — (C' + 20)n; + B’ = 0 for i € {1,2,3}. Moreover, either at least one
point P, is an IFg-rational point or P, , P, and P, are three distinct Fs—
rational points conjugate over IFy. In either case, a straightforward computation
shows that these points are double points for I'. Moreover, we see that I'" has at
most three F,-rational points on the line y = 0, proving the second assertion of
the lemma.

The curve I', expressed projectively, has two ordinary triple points, namely
Py = (£1,0) and Qoo = (—£,1,0), where & € Fp2 \ Fy and &% = p (hence
&1 = —¢). Note that these two points have coordinates in Fp2 and Qo = P2.
The tangents to I' at P, are

ti1:x—&y—u=0,
torx— &y —ul =0,
tg:w—fy—uq2 =0,
and hence
ty =102+ &y —u? =0,
ts :tg: x+§y—uq2 =0,
tﬁztg):x—l—fy—uzo
are the tangents to I' at Q. In particular, note that {t1,ts,ts,t4,5,t6} =
{tr, 0, 6274076 40"},

To prove the first assertion, we begin by assuming I' has no F,-rational point
with y # 0, and thus has at most three [F,-rational points in total by our work
above.



Suppose first that T is absolutely irreducible. Then I' has genus g < 1 (1).
From the Hasse—Weil lower bound, we thus have

My > q+1-2g/4> (v3—-1)%, (7)

where M, is the sum of the number of F,-rational simple points of I" and the
number of distinct tangents (over F,) to I' at the F,—rational singular points
([8, Section 10.23]). Since I" has at most three Fy-rational points (and they are
double points for I'), we have M, < 6. This contradicts (7) when ¢ > 13. As
Magma [3] computations show that the first assertion stated in the lemma holds
for ¢ < 13, we may assume for the remainder of the proof that I' is absolutely
reducible and g > 13.

Let C,, denote an absolutely irreducible component of I passing through the
point P., where C,, has order n for some 1 <n < 5.

Suppose first that there exists a line ¢ of PG(2,F) contained
in I and passing through the point P.,. Since ¢ is a tangent to the curve I' at
P, we know that ¢ = t‘fl for some i € {0,2,4}. Since I'* =T, necessarily I' =
t Ut Ut‘lbz U?f‘lI>3 UtclI>4 Ut‘lb5 and thus ¢; : ¢ = {y+u is a component of I', i.e. the
polynomial f(€y+u,y) is the zero polynomial. By direct computation, recalling
that u® = ou+1 and using the fact that {1, u,u?} are linearly independent over
[F,, we obtain in this case that (A4’, B’,C") = (0, -1, —0).

Suppose next that there is an absolutely irreducible conic Cy
in PG(2,F) contained in I and passing through the point P,,. There are many
subcases to be considered. If C§ = Ca, then Cz has ¢ + 1 F,-rational points,
a contradiction. Hence we may assume that C3 # Co. Moreover, if CS P = Co,
then Cy is represented by an equation with coefficients in 2, up to a nonzero
scalar. Hence, since P, is a simple point for Cs, one of the tangents to I' at
P, should be represented by an equation whose coefficients are in F2 (up to a
nonzero scalar), a contradiction.

It follows that, in the n = 2 case, we have Cy # C3 and Cy # (13’2. Again
using I'* =T and Q., = P2, we obtain

I=Cuctuct, C=0C¥, {Px,QutCCnCEnce,

where both P, and Q. are simple points of the conics Co, CF and C$ *. More-
over, in this case I' has no F,-rational point. Indeed, if at least one of the points
P,, (1 =1,2,3) were an F,—rational point, it would belong to all of the conics
Co, C2 and C¥* and so would be a triple point for I, a contradiction. Hence the
points P,, (i = 1,2,3) are three distinct [Fs—rational points of I' and they are

IRecall (see e.g. [18, Sec. 14]) that if C is an absolutely irreducible curve of degree n and
Py, ..., Py are its singular points with multiplicity 71, ...,rp, respectively, then the genus of
C is less or equal to the integer

(n—=1)(n—2) = S ri(ri = 1)
2




conjugate over ;. Also, since C; = C;I)B, if we denote by t the tangent to Co at

P, (respectively Qo ), then t%° is the tangent to Cs at Qoo (respectively Ps).
Thus we may assume that Co belongs to the pencil of conics passing through
P, and @ and whose tangents at P, and Q. are

ti1:x—E&y—u=0 and t?sz x+&y—u=0,
respectively. Hence, the conic Co has affine equation
Co:a®—py? —2uz +F=0
for some F' € s and, consequently,
Co:2? — py® — 2ulz + F1 =0,
(33)2: 2 — py® — 2tz + FT =0.

Now, observe that the line y = 0 intersects the conic Cg’i_(i =0,1,2) at the
affine points P = (u?" + Vu2¢' — F¢' 0) and Py = (u? — Vu2? — F7,0).
On the other hand, the line y = 0 intersects the curve I' in the three distinct

affine F s-rational points P,, Pfﬁ and P,;}; ’ as previously defined, where

s — (C" +20)m + B =0. (8)

It follows that {Py, Py, P?, P® P P} = {P,,,P2,P®"}, and by (8) we
know that )
Trgssq(m) =m +n{ +n{ =0. (9)

Hence we see that we must have P; = P, or P, = PQ‘I> or P = P2q’2. (Note
that if P = be or P, = sz, then P; is an [F -—rational point of I', a contra-
diction.) If Py = P, then F = u? and hence Co: (z — u)? — py? = 0. But then
Cy is a reducible conic, a contradiction. Thus P; # Ps, and so either P; = Pf
or P, = Py *UIf P, = P, since T has no F,—rational points, the three distinct
[F,s—rational intersection points of I' and the line y = 0 are {Py, P, PP }. Then
by (9) we obtain

(u+ Va2 = F) + (u = vu? = F) + (u? + V/u?t — F1) =0,

and thus
F= —4(uzq2 + uq2+1) = —qu?’ (uq2 +u) = Au?’ T = é’
U

recalling that N(u) = 1 and Trgs/q(u) = 0. Arguing in the same way, if Py =
P2q>2, then also F' = %.

In summary, if P; # Ps, then the conic Cs is absolutely irreducible and has
the affine equation

4
22 — py? —2uxr + — = 0.
u



Recalling that I' = Co UCS U ng, it is now easy to see that
C2NCYNCY = {Pu, Qo).

Since Cy is a component of I, we obtain from Equation (6) that (A’, B, C") =
(0%,8,20). It should be noted that this computation uses + = u? — ¢ and the
fact that {1,u,u?} are linearly independent over F,,.

Since T'® = T, the cubic C$ must be a component of T'. If

C$ = Cs, then C3 is an irreducible cubic over F,, and I' = C3 U C}, where C}
is another (possibly reducible) cubic over F,. Since Cs has genus g < 1, from
the Hasse-Weil lower bound (7) with ¢ > 13, we get a contradiction. It follows
that C$ # C3 and T' = C3 U CS, with 63?2 = (g, i.e. C3 is represented by an
equation with coefficients in 2, up to a nonzero scalar. Again, since the point
P, is an ordinary triple point for I and since C3 is absolutely irreducible, we
get that P, is a simple point of either C3 or CT. Hence one of the tangents to
I' at Py should be represented by an equation whose coefficients are in Fg2 (up
to a nonzero scalar), a contradiction.

Since I'* = T', we obtain I' = C4 U C, where C is a conic
(possibly reducible) of the projective plane PG(2,F), such that C®* = C and
C§ = Cy. Since P, and Qo are triple points of I and C, is irreducible, at least
one of Py, and (Q is on the conic C. Thus, if C is reducible, at least one of its
linear components must pass through Py or Qo and hence must be the line
t‘fz, for some i € {0,...,5}, i.e. T is the union of the six lines ¢;,t7,...,t¥", a
contradiction. Therefore C is absolutely irreducible, and thus since C® = C, it
must have q + 1 F,-rational points, again a contradiction.

Finally, suppose that I' is the union of C5 and a linear com-
ponent. Since I'® =T, the curve I has at least ¢ + 1 F,—rational points (which
belong to the linear component), again a contradiction.

Thus we have shown that if I' has no [ —rational point with y # 0, then
necessarily (A’, B',C") = (0, —1,—0) or (4, B",C") = (02,8,20).

Conversely, if (A', B',C") = (0, —1, —0), then T’ = t; UtPUt®* Ut®’ ut®* Ut?”,
where t; : 2 = &y +u. And if (A, B',C") = (62,8,20), then T = C, UCP UCE®,
where Cp : 2? — py? — 2uxz + 2 = 0. In both these cases the curve I' has no
F,-—rational point, and hence certainly no F,-rational point with y # 0. This
proves the first assertion and completes the proof of the lemma. O

We now use the above results to prove the following theorem.

Theorem 2.6. Assume that q is an odd prime power. Let u € Fgs \ Fy such
that u® = ou + 1 for some o € F, and let

P(u) = {N(a+ pu+u?): a,3 € Fp}.

Then there exists a unique non-zero element 1 in Fys \ P(u). In fact, n =
% + 9u + 3ou?.



Proof. Let n be an element of F;s and uniquely express n = A + Bu + Cu? for
some A, B,C € F,. Then n € P(u) if and only if

A+ Bu+ Cu? = (a2 + plu + u?) (a + fu + u?) (10)

for some a, 3 € F,2. Taking into account that u* = u+ou? and {1,u,u?} is an
F—basis of Fys, we see that (10) is satisfied if and only if the system

ot 4+ (B + B9) = A
apl+alf+o(f+69)+1 = B (11)
at+al+pit 4o = C

admits a solution (o, f) € Fp2 x Fje.

Now, let £ be an element of F2 \ F, such that &2 = p, where p is a nonsquare
in F,. Taking {1,{} as a basis for F,2 over F,, we may write o = w + 2§ and
8 =z + y¢ for unique choices of w, z, z,y € F,. Hence, System (11) becomes

w? — 22p + 2z = A
2(zw — zyp) + 200 = B’ (12)
2w + 22 — py? = ('

where A’ = A, B’ = B—1 and C' = C — ¢. That is, Equality (10) is satisfied
if and only if System (12) admits a solution (w, z, z,y) € IF;‘.

From the second and third equations of (12), we may solve for w and z in
terms of  and y, provided y # 0. Substituting into the first equation of (12), we
see that if (10) is satisfied for some o = w+ 2§ and 8 = x4+ y& with y # 0, then
the algebraic curve I';, of the projective plane PG(2,F) with affine equation

(2% — py?)® — 20" (2? — py?)? — 22(202 — B')(2? — py®) — 8py*x
—p(C"? — 4A"y? + (C" + 20)%2? — 2B'(C' + 20)x + B? =0

has the F,-rational point (x,y). Thus, for any choice of A’, B’,C” such that
the associated curve I';, has no F,-rational point with y # 0, we know that
n=A+Bu+Cu? €Fp\ P(u).

Conversely, if T, has an affine IF,-rational point (z,y) with y # 0, then we
may reverse the above steps to see that necessarily n = A + Bu + Cu? € P(u).

Hence the element 1 € Fys does not belong to the set P(u) if and only if the
algebraic curve I';, has no F,-rational point with ¢ # 0. From Lemma 2.5, this
occurs if and only if either (A’, B',C") = (0,—1,—0) or (4A’, B',C") = (02,8, 20);
that is, if and only if (A, B,C) = (0,0,0) or (4, B,C) = (¢2,9,30). Thus we
find that indeed there is a unique nonzero element 7 of Fys \ P(u), necessarily
the element 7 = 02 + 9u + 3ou. O

Using the above highly technical results, we are now able to show the exis-
tence of two infinite families of semfields belonging to fia).

Theorem 2.7. For any odd prime power q, there exists a semifield belonging
to class fia) with N, =Fp2 and N,,, = F,.

10



Proof. Choose u to be an element in Fgs \ F, whose minimal polynomial over
F, is of the form f(z) = 23 — oz — 1, for some o € [Fy, as in the proof of
Lemma 2.4. Let = 02 + 9u + 30u?, and choose b’ € F?s so that N(b') = n.
Defining multiplication as in Equation (4), we obtain a semifield of the desired
type by Theorem 2.6 and Theorem 2.2. In particular, we may choose v = u, A =
D eFp\F, B=u?and C = Du? in the notation of Theorem 2.1 to obtain
such a semifield. O

In a similar way, using Theorem 2.6 and Theorem 2.3, we obtain the following
result.

Theorem 2.8. For any odd prime power q, there exists a semifield belonging
to class fia) with N, =F, and N,;, = Fpe. O

We do not have similar construction for ¢ even since Theorem 2.6 does not
hold in this case, as we now show. We first prove the following lemma.

Lemma 2.9. Let PG(2,F) be the projective plane over the algebraic closure F
of ¥y, with q even. Let p be an element of Fy with Trq/s(p) = 1 and o € F
as in Lemma 2.4. For any A',B’,C" € F, consider the algebraic curve I' =
(A, B',C") of PG(2,F) with affine equation
(@? + 2y +12p)° + (B'y + o> + C?)(2® + 2y +1°p) +y°
+(?+C'o+ A)y? + B'C'y + B? = 0. (13)

Then T' has no Fy—rational point off the line y = 0 if and only if (A’,B’',C") =
(0,1,0). Moreover, T’ has at most three IF,—rational points on the the line y = 0.

Proof. The proof proceeds exactly as it did for Lemma 2.5. However, since all
fields under consideration now have characteristic 2, the computational results
are different.

Let & be an element of F 2 \ F, such that 2 + &+ p =0 (hence {7 = £+ 1).
The curve I" has two ordinary triple points, which now have coordinates P, =
(£,1,0) and Qo = (£ +1,1,0). As before, these coordinates are in F,2 and

o = Pf;. The tangents to I' at P, are

ti:x+E&y+u=0,
to: x4+ &y +ul =0,

t3: x+§y+uq2 =0,
and the tangents to I' at Qo are

ty=tT:x+(E+ D)y +ul =0,
t5:t§’:w—|—(§—|—1)y+uq220,

te =t x4+ (E+ 1)y +u=0.
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As in the previous proof, {t1,t2,t3,ts,t5,t6} = {t17t‘11’7t‘1b2,t‘11>3,t‘11’4,t‘11’5}.
Equation (13) reduces to

(3 +C'r+B)? =0
when y = 0. Hence I' has at most three F,-rational points on the line y = 0;
namely, the only possibilities are the points P,, = (1;,0,1) with n} +C'n;+ B’ =
0 (4 € {1,2,3}). This proves the second assertion of the lemma. Moreover, a

direct computation shows that each P,,, for i = 1,2, 3, is a double point of I'.

We now assume that I' has no F,—rational point with y # 0. In the present
setting (¢ even), the Hasse-Weil bound shows that T is reducible if ¢ > 16, and
Magma [3] computations show that the result stated in the proposition holds
for ¢ < 8. Thus, as in the previous argument, we are reduced to studying the
cases where I is either the union of the six tangents ¢1,...,tY or the union of
three absolutely irreducible conics which are conjugate over Fy (since the other
cases can be dealt with as in Lemma 2.5).

In the first case, exactly as in the proof of Lemma 2.6, requiring ¢; : = y+u
to be a component of ' implies from Equation (13) that

(u2+uy)3+(B’y+ay2+C'2)(u2+uy)—|—y3+(02+C’U+A’)y2+B’C’y+B’2 -0
for all y € F, and hence (using u® = ou + 1) we obtain the system of equations

1+ BYu+d?+Clo+A =0
(B'+1)u? + (C? +0?)u+ B'C'"=0
(C?+0%)u?+ B?+1=0.

From the linear independence of {1, u,u?} over F, we obtain the unique solution
(A", B',C") = (0,1, 0) to this system.

In the second case, I" is the union of three absolutely irreducible conics with
affine equations

Co: 2 +ay+py> +uy+F =0,
Ci: 22 4+ zy+ py? +uly+ F1=0,
632: B4 ay+py+uly+FC =0,

where F' is some element of Fys. As in the proof of Lemma 2.5, in this case the

curve T' has no F,-rational point whatsoever, and hence F ¢ F, (else (v/F,0)
would be an F,-—rational point).
Requiring Cs to be a component of I' implies that

(uy+F)* +(B'y+0y* +C")(uy+ F)+1y° + (0> +C'o+ A')y> + B'C'y+ B? = 0
for all y € F, and thus

(u? + ou+1)y* + BFu? + Bu+oF + 0%+ C'o + A')y?
+(3F%u+ B'F+Cu+B'Cy+ (F*+FC”+B?% = 0
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for all y € F. Hence

Fu> + B'u+oF + 0> +0C' + A =0, (14)
(F+C)(B' + (F+C'u) =0, (15)
F34+ FC”?+ B” =o. (16)

We now express F as F = a + Bu + ~yu?, for uniquely determined elements
a,B,v € Fq with («, 8,7) # (0,0,0). Since Trgs /q(u) = 0 by assumption, this
expression implies that Trgs ,(F) = 3a. However, as F' ¢ F,, Equation (16)
implies that Trgs,q(F) = 0, and therefore o = 0 as the characteristic of F, is
not 3.

Again using the facts that F' ¢ F, and ¢ is even, we see from Equation (15)
that Fu = B'+C’u and hence F = C'+B’c+ B'u?, since u® = ocu+1. It follows
from the uniquely determined expression for F' in the previous paragraph that
B=0,C"=Bo,and v = B' # 0. That is, F = B'u?. Since N(u) = 1 by
assumption, we have N(F) = N(B’) = B’®. However, we know that N(F) =
B"? from Equation (16) and thus B’ = 1. Hence F = u? and C’ = . Now
from Equation (14), using the fact that u® + ou + 1 = 0, we see that A’ = 0.
Substituting ' = w2 in the equation of Co we get that Co = t; U tg, ie. a
contradiction.

Thus we have shown that if I' contains no F,-rational point with y # 0, then
necessarily (4’,B’,C") = (0,1,0).

Conversely, if (A', B',C") = (0,1,0), then T’ = t; Ut? Ut®* Ut®* Utd* Ut?",
where t1 : © = £y + u, and direct computations show that I" has no F,-rational
point. Hence certainly I' has no F,-rational point with y # 0, completing the
proof of the lemma.

O

Now we can prove the following result.

Theorem 2.10. Assume that q is even, and let u € Fs\F, such that ud = ou+l
for some o € Fy;. Define P(u) as in Theorem 2.6. Then nonzero elements in
Fys \ P(u) do not exist.

Proof. The proof proceeds exactly as it did for Theorem 2.6. Choose £ to be an
element of F,2 \ F, such that €% + €+ p =0, where p is an element of F, such
that Try/5(p) = 1. Then, taking {1,£} as our basis for Fg> over F,, we write
o =w+ 2§ and B = = + y£ for uniquely determined elements w, z,z,y € Fy.
Hence, system (12) in the proof of Proposition 2.6 becomes

w>dwz+22p+y = A
wy + 2z + oy = B
22 tay+yip = O,

where A=A, B =B+1and C' =C +o.

13



Thus the associated algebraic curve I';, now has affine equation

(2® +zy +y°p)° + (B'y + oy® + C?)(2® + xy + y?p) + °
+(0?+C'o+ A)y? + B'C'y + B = 0.

As in the proof of Theorem 2.6, the element n = A + Bu + Cu? € Fs does not
belong to the set P(u) if and only if the algebraic curve I';, has at most three
affine F -rational points (all on the line y = 0). From Lemma 2.9, this occurs
if and only if (A’, B',C") = (0,1,0); that is, if and only if (4, B,C) = (0,0,0).
The result now follows. O

At this stage it seems conceivable that some approach other than the one
outlined in Theorem 2.7 and Theorem 2.8 might produce an even order semi-
field belonging to subclass fia) which is 3—dimensional over its right or middle
nucleus. However, in the next section we will show that this cannot happen.

3 Isotopy and Uniqueness

From Theorem 2.2 we know that any semifield belonging to subclass fia) which
is 3—dimensional over its right nucleus must have, up to isotopy, a spread set of
linear maps of the form

Sup ={z— (0 + Pu+ yu?)x + bfqugz a,B,7€Fpel,

for some u € Fys \ Fy and some b € Fys such that N(b) ¢ P(u) = {N(a+ fu+
u?): a, B, € Fe2}. As always, N denotes the norm function from Fge to Fgs.
We begin this section by showing that the number of isotopism classes of such
semifields depends only upon N (b).

Theorem 3.1. Let S, be the semifield defined by the spread set Sy above.
Then the following statements hold true:

i) For eachu’ € Fys\Fy, there exists some b' € Frs such that Sy 1 is isotopic
to Su,b-

i) If V' is an element of Fys such that N(b') = N(b), then Sy is isotopic to
Su,b-
Proof. i) We first note that if v = s + tu’ with s,¢ € F, and ¢ # 0, then
Sup = Su b, where b’ = t% Indeed, since
a+fu+yu? = a+ B(s+tu) +y(s® + 2stu’ + t2u'?)
= a4+ Bs+ s>+ (Bt + 2sty)u’ + t2yu'
— O/ —l—ﬂ/u’ _’_,y/u/Q’
where o/ = o+ (s + 782, 8/ = Bt + 2sty, and v = t2+, we see that (o/, 3',7')
vary over all of Fp2 x Fp2 x Fy2 as (a, 3, v) vary over Fg2 x Fp2 x Fp2. Thus,
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setting b’ = t%, we have

Sup = {zr (a+ Butyud)e +bya? s o, f,v € Fpe}

= {z— (o' 4 Fu +~u*)x + A2 o, B,y €Fpe} =Sy,
where necessarily N(b') ¢ P(u’) by Condition (1).

Now, suppose that v’ € Fgs \F, and u # f+gu’ with f,g € F,. Then by [11,
Lemma 2.3], there exist ¢,m, s, t € F, such that u = ;;%,. From our assump-
tion on u’, we know m # 0. Moreover, sm — £t # 0, since otherwise substituting
s = % into the expression for v shows that u = % € IFy, a contradiction.

First, let ¢ = 0. Since {1,v/,u/?} is an F,—basis of F s, there exist A, B,C €
Fy, with C' # 0, such that u = A+ Bu' + Cu/?. Let A = { + mu’ € Fys. Then
the spread set

ASup = {2 — (a+ B +yu*) Az + b)\vxq3 ca, B,y €Fp}
defines a semifield isotopic to S, . Now
(a+ Bu+yu*)A =o' + f'u’ +7'u?,

where o/ = af + s +vAs, 3 = am + Bt + yBs and v = vCs.
Thus we may write v = &~ and

,}//
_ — A
b/\'y—b)\cs b,

where b’ = %. That is,

ASup C {z i (o + B +'u)z + b'y2” s o, B, €Fg} = Sup.

Since the two sets contain the same number of maps, we obtain AS, , = Sy i
and S, p is isotopic to S,/ pr.

Finally, let ¢ # 0 and note that u = lﬂ:‘%u,, =L 4 mfﬁi;ffﬂ) = f+ gu”,

where f = L g= %_lt #0and v’ = Hﬁ By the previous cases there exist

b, v e F?s such that Sub = Sy pr and Sy pr is isotopic to S,/ . Hence S,
is isotopic to S, ;/, completing the proof of this part.

i) Let b' € Fys such that N(b') = N(b). Then V' = bu?’ =1, for some
wE ]FZG' Letting fi : * — px, we see that
——1 _— 2 @ -1,¢* _
i Supi = {z = (a+ Pu+yu)z +but al} = Sy,
and hence S, , and S, are also isotopic. This completes the proof. O

Corollary 3.2. For every odd prime power q, there is a unique semifield, up

to isotopism, of order ¢® in subclass fia) which is 3-dimensional over its right
nucleus and hence 6-dimensional over its middle nucleus.
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Proof. By Theorem 2.7, we know there is a semifield S of order ¢% in class F, ia)
which is 3-dimensional over its right nucleus and 6-dimensional over its middle
nucleus. In fact, from the proof of Theorem 2.7 we know that S = S, for
some u € Fys \ [, and some b € IE"ZG, using the notation established prior to the
statement of Theorem 3.1.

Now let S’ denote any semifield of order ¢° in class F, ia) which is 3-dimensional
over its right nucleus and 6-dimensional over its middle nucleus. By Theo-
rem 2.2, there exists some u’ € Fgs \ F, and some 0’ € IFZG such that S’ is
isotopic to the semifield S,/ s, whose multiplication is given by (4) subject to
Condition (3). By part (i) of Theorem 3.1, there exists some b € Fy, such that
Sur b is isotopic to Sy . But there is a unique nonzero element in F s \ P(u") by
Theorem 2.6, and hence we must have N (') = N(b"). Therefore by part (iz) of
Theorem 3.1, we know that S, s is isotopic to S,/ . Thus, by the transitivity
of isotopism, we have that S’ and S are isotopic, proving the result. O

Corollary 3.3. For every odd prime power q, there is a unique semifield, up to

isotopism, of order ¢® in subclass fia) which is 3-dimensional over its middle
nucleus and hence 6-dimensional over its right nucleus.

Proof. Recalling that Family fia) is closed under the transpose operation (see
[13, Theorem 4.2]) and that the transpose operation interchanges the sizes of
the right and middle nuclei (see [14, Prop. 4]), the result follows from Corollary
3.2. O

Corollary 3.4. Let q be an odd prime power and let S = (Fys,+,0) be a semi-
field of order ¢° with left nucleus F s and center F,. Assume that either N, = F
and N, =Fy, or N, =F, and N,,, 2 Fp2. If S does not not belong to class Fs,
then S is isotopic to either the unique semifield of Corollary 3.3 or the unique
semifield of Corollary 3.2.

Proof. Follows immediately from the above corollaries and [7, Thm. 3.5]. O

The situation for even ¢ is quite different.

Theorem 3.5. There is no even order semifield in subclass fia) which is either
3-dimensional over its middle nucleus or 3-dimensional over its right nucleus.

Proof. Using an argument similar to that given in the proof of Corollary 3.2,
the result follows from Theorem 2.2, Theorem 2.3, and Theorem 2.10. O

Corollary 3.6. Suppose that q is even and S = (Fye,+,0) is a semifield of
order ¢% with left nucleus Fs and center Fy. Assume that either N, =2 F 2 and
Ny, =Fy, or N, =F, and N,;, 2 Fp2. Then S belongs to class Fs.

Proof. Follows immediately from Theorem 3.5 above and [7, Thm. 3.5]. O

Remark 3.7. It is still unknown if there exist semifields in class fia) that have
both the right and middle nucleus equal to the center.
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The following table summarizes the state of the art on the classification project
for semifields of order ¢® with |N;| = ¢ and |[K| = q.

Semifields of order ¢° with |N;| = ¢® and [K| = ¢

Family | |N,,]| IN,.| Existence results
Fo q q Generalized Dickson semifields for ¢ odd, A for ¢ even
Fi q q Semifields associated with the Payne—Thas ovoid of Q(4, 3°)
Fa q q Semifields associated with the Ganley flock of PG(3,3?%)
F3 q q There exist semifields for ¢ = 2 (HJ semifields of type II, ITI, IV and V [9])
7> q 3 | semifield for ¢ odd, A semifields for ¢ even
fi“) q q> 3 | semifield for ¢ odd, A semifields for ¢ even
q q ?
]—"ib) q q There exist semifields for ¢ = 3 [7]
fzi(:) q2 q2 There e.xist seITliﬁelds for any ¢ [6]
q q Cyclic semifields for any ¢
7 @ Hughes Kleinfeld semifields
q> q Knuth semifields of type (17) for any ¢
q a3 Knuth semifields of type (19) for any ¢
Fs q> q 3 for any ¢ (e.g. Generalized Twisted Fields)
q q> 3 for any ¢ (e.g. Generalized Twisted Fields)
q q 3 for any ¢ (e.g. Generalized Twisted Fields)

Some explanatory comments on the above table are needed. All the possi-

bilities for the sizes of the middle and right nuclei of a semifield belonging to
one of the families Fy, Fi1, Fa, F3, Tia), ib), .7-2&0) and F5 are listed (these
are in the middle columns). The last column contains the known examples of
semifields with the given values for the parameters, i.e. with the given orders
for the nuclei. Some of them appear written in bold face, this notation meaning
that such examples, up to isotopy, are uniquely determined by the orders of the
nuclei. In the other cases the examples appearing are not necessarily uniquely
determined.

The following open problems remain.
e Are there semifields belonging to the Family F3 when ¢ > 2 ?

e Are there semifields belonging to the Family Fia) having N,. and N,,, both
of order ¢?

e Are there semifields belonging to the Family fib) when ¢ # 37

e Are there semifields belonging to the Family F5 having N,. and N,, of
order either g or g2 which are not isotopic to Generalized Twisted Fields?
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