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Abstract

In this paper we develop general techniques for enumerating orthog-
onal Buekenhout unitals embedded in two-dimensional translation
planes. We then apply these techniques in the regular nearfield planes,
the odd-order Hall planes, and the odd-order flag-transitive affine
planes. Stabilizers of the resulting unitals also are computed.

1 Introduction

A wunital is any 2—(n® + 1,n + 1,1) design, for some integer n > 2. The
classical example is a Hermitian curve in the square order Desarguesian plane
PG(2,¢%), where we take n = ¢ and the blocks become the intersections of
the Hermitian curve with its “secant” lines. This example is often called the
classical unital.

If we restrict to the family of translation planes which are two-dimensional
over their kernels, and hence arise from line spreads of ¥ = PG(3, q), there
are some general techniques for constructing unitals embedded in such planes.
These were developed by Buekenhout [9], and use the Bruck-Bose [7, 8] rep-
resentation. Namely, let S be a spread in ¥ = PG(3,¢), and embed ¥ as a
hyperplane at infinity in ¥ = PG(4,¢). Then the two-dimensional (affine)
translation plane of order ¢? corresponding to S is the incidence structure
whose points are the points of 3\ 3, whose lines are the planes of 3 which
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meet the hyperplane ¥ in a line of the spread S, and whose incidence is
inherited from . This affine plane is completed to a projective plane 7(S)
by adding the spread lines of S as the points at infinity. The plane 7(S) is
Desarguesian (that is, isomorphic to PG(2,¢?%)) if and only if the spread S
is regular (see [8]).

Buekenhout gave two configurations in this Bruck-Bose model that rep-
resent unitals in the associated two-dimensional translation plane. One con-
figuration is a nonsingular (parabolic) quadric in ¥ that meets ¥ in a regulus
of the spread S. In this case the resulting unital, which we call a nonsingular
Buekenhout unital, meets the line at infinity in g+ 1 points. This construction
is valid only for those two-dimensional translation planes whose associated
spread contains at least one regulus. In [5] such unitals are carefully stud-
ied and completely enumerated in the regular nearfield planes and the Hall
planes of odd order.

The other Buekenhout configuration is an ovoidal cone of ¥ (that is, the
point cone over some 3-dimensional ovoid) that meets ¥ in a line of S. The
resulting unital, which we call an ovoidal Buekenhout unital, meets the line
at infinity in one point. If the ovoidal cone is an orthogonal cone (with an
elliptic quadric as base), then we call the unital an orthogonal Buekenhout
unital. In this paper we analyze the orthogonal Buekenhout unitals embedded
in odd-order regular nearfield planes, Hall planes, and flag-transitive affine
planes.

It should be noted that the only nonsingular Buekenhout unital embed-
ded in the Desarguesian plane PG(2,¢?) is the classical unital (see [6]), and
the orthogonal Buekenhout unitals in PG(2,¢?) have been enumerated in
[3] and [12], where the full stabilizers of these unitals are also computed.
No previous attempts, other than those mentioned above, have been made
at enumerating Buekenhout unitals embedded in various families of two-
dimensional translation planes.

2 General Results

Using the Bruck-Bose model, we let (Xo, X, Xo, X3, X4) denote homoge-
neous coordinates for ¥ = PG(4, q), where the hyperplane at infinity, 3 &
PG(3,q), has equation X, = 0 and contains the given spread S. Points are
always represented by row vectors, and we freely identify actions on m(S)
with the associated action on ¥. Throughout this paper ¢ = p” will be an



odd prime power, and we always denote a primitive element of GF(q) by w.
For any matrix (or row vector) A, we let AT denote the transpose of A.

We represent Aut(w(S)) as in [5]. Briefly, any automorphism of 7(S) is
represented by a field automorphism applied to the -coordinates followed
by right multiplication of a 5 x 5 “normalized” nonsingular matrix M over
GF(q), where the first column of M may be assumed to be (1,0,0,0,0)” and
the 4 x 4 lower right submatrix M induces a collineation of > which stabilizes
the spread S. The four components of the first row of M, other than the first
component, are arbitrary elements of GF(g), indicating the ¢* translations
of m(8S). If these four components are all zero, then M represents an element
in the linear translation complement of 7(S). In any case, one sees that
|Aut(7(S))| = ¢*(¢ — 1)|Aut(8S)|. Tt is important to note that replacing the
lower right submatix M by kM, for some k € GF(q)* = GF(q) \ {0} with
k # 1, produces a new collineation in Aut(m(S)) even though M and kM
induce the same collineation of ..

Consider an orthogonal Buekenhout unital embedded in 7(S), and thus
represented by some ovoidal cone in ¥ that meets ¥ in a spread line of S,
necessarily one of the generators of the cone. We refer to this line as the
generator spread line of the cone. In particular, the vertex of the cone lies on
this spread line. Moreover, since ¢ is odd, the ovoidal cone is necessarily an
orthogonal cone. We begin by showing that there is a convenient collection of
certain orthogonal cones which are representative, up to equivalence, of the
set of all orthogonal cones with a given vertex on a given generator spread
line. This equivalence is obtained by using only the translation subgroup,
and hence is valid in any (two-dimensional) translation plane.

Theorem 2.1. Let q be any odd prime power, and let S be any spread of
Y. = PG(3,q). Let V and P be any two distinct points on some spread
line, and let C be an orthogonal cone of ¥ = PG(4,q) with vertex V that
meets Y in the line PV. Let B = {bg,by,ba, bz, by} be a basis for the
underlying vector space of ¥, chosen such that bs represents V , by represents
P, and Span{b1,ba, bs, by} represents . Then C is translation-equivalent
to an orthogonal cone whose associated quadratic form has Gram matriz with



respect to B given by

0 0 0 0 —1
0 2a b 0 0
A=10 b 20 0], (1)
0 0 0 0 0
~1.0 0 0 0

for some a,b,c € GF(q) with b* — 4ac € 4.
q

Proof. Consider some quadratic form representing C, and let 1 denote the
orthogonal complement with respect to the (degenerate) symmetric bilinear
form associated with this quadratic form. Since V' is the vertex of C, all
bs-row and bz-column entries of the Gram matrix are zero. Since P € C, the
(by, by)-entry is also zero. Let 3 be some hyperplane which contains a base
of the cone, and suppose ¥’ meets PV in the point P’. Then 7 = X N Y is
a plane of ¥’ meeting this base elliptic quadric only in P’, and thus 7 is the
tangent plane to this elliptic quadric at P’. Since X contains this tangent
plane 7 as well as the point V & 7, we see that ¥ = (P’)*. Now both
the vertex V and P’ are orthogonal to all points of ¥, and hence P € Y+
as P € P'V’'. This shows that the Gram matrix with respect to B of the
quadratic form for C looks like

Sop S1  So 0 S4
s1 2 b 0 0O
A=]sy, b 2¢ 0 0
0O 0 0 0 O
s 0 0 0 O

Moreover, since none of the points of Span{bi, by} lie in C, necessarily
f(X1,Xs) = aX? + bX1 Xy + X7 is an irreducible binary quadratic form
over GF(g), and hence a,b,c € GF(q) satisfy b*> — 4ac € [J,. Moreover,
s4 # 0 since P+ =13 and (bg) ¢ 3.

Now consider a translation 75 whose matrix representation with respect
to the basis B is of the form

1 & ta 0 4
01 0 0 O
M=|0 0 10 0
00 01 0
0 0 0 01



The image C' of C under 75; has Gram matrix with respect to B equal to

\ r—1 \—1\T : : __ —2cs1+bsa _ bs1—2cso
M A(M ) . In partlcular, if we let tl = T2—_dac t2 = 2 "dac and

t, = 50(b274“;)81(211(26?4;3132”83), then the Gram matrix of C’ with respect to B
is
0 0 0 0 s4
0 2¢ b 0 O
A=10 b 2¢ 0 0
0O 0 0 0 O

ss. 0 0 0 O

Since we may replace the form by any nonzero scalar multiple of it, we may
instead use the Gram matrix A = —s;'A’, which completes the proof. n

When dealing with orthogonal Buekenhout unitals, we always assume
that the underlying vector space for 3 has a basis B as described in The-
orem 2.1, and we let C,;. denote the orthogonal cone of Y. whose Gram
matrix respect to B is the matrix given in the statement of this theorem.
Thus, once a vertex and its generator spread line are given, we have a family
Q = {Cape: a,b,c € GF(q) | b* — 4ac € [,} of representative orthogonal
cones from which we may sort out equivalence. It is important to note that
all cones in this family contain the affine “origin” Py = (byg).

Sorting out equivalences will become easier if we can identify a natural
subgroup of Aut(m(S)) that acts on the orthogonal cones in this collection
Q). For instance, suppose that in addition to the generator spread line PV,
the stabilizer H in Aut(mw(S)) of the vertex V' fixes another spread line ¢. In
the notation of Theorem 2.1, we may then select by, by as representatives
of distinct points P;, P, on this spread line ¢, and let Hy be the subgroup
of H whose translations are only in the “direction” of the vertex V = (bg).
That is, the 5 x 5 matrix representation M with respect to B for any linear
collineation in Hy will have its first row of the form (1,0,0,¢,0) for some
t € GF(q), and will have its lower right 4 x 4 submatrix M block diagonal
with 2 x 2 blocks. Moreover, the (bs, bs)-entry of M will be zero, and the
(byg, by)-entry of M will be nonzero. Straightforward matrix computations
then show that Hj acts on the set €. In fact, we can say a bit more.

Corollary 2.2. Suppose that the stabilizer H in Aut(w(S)) of the vertex V
fizes some spread line { in addition to the generator spread line PV'. Let Hy
denote the subgroup of H with all translations in the direction of V' as defined
above. If 7 € Aut(m(S)) is any collineation that maps some orthogonal cone



Cape € Q to another (possibly the same) cone Cyy o € S, then T € Hy. In
particular, the stabilizer of Cyp . in Aut(m(S)) is a subgroup of Hy.

Proof. Let 7 be any collineation of Aut(n(S)) which maps Cype to Copy o
Since 7 must fix V (and S), necessarily 7 € H. Choose a basis B for the
underlying vector space as described in the above paragraph, and let PJ be
the image of Py = (bg) € Cup. under 7. Then, since P} ¢ 3, we know
Pj has homogeneous coordinates bg + t1by + toba + tsbs + t4by, for some
t1, 1, 13,14 € GF(q) . From the quadratic form for C,; ., we know that Fp is
orthogonal to all points of the line P, P,. Moreover, by the assumption on
H and the choice of the basis B, this line is fixed by 7. Since the orthogonal
complement of Py (respectively, P}) consists of all generators and tangent
lines of C,p. (respectively, Co p ) through this point, we see that P} must
also be orthogonal to P, P,. Straightforward matrix computations using the
Gram matrix for Cy p » now show that ¢; = 0 = t,, since the determinant
for the resulting linear system of equations is 4ac — b* # 0. As P} € Cyr py o1,
it follows that f’(t;,ts) — t4 = 0, where f/(X1, Xo) = d/ X2 + VX1 Xs + ¢ X3,
and hence t, = 0. We conclude Pj has homogeneous coordinates bg + ¢3bs,
and therefore 7 € Hy by definition. O]

We now apply these general results to some well-known families of two-
dimensional translation planes.

3 Regular Nearfield Planes

We model two-dimensional regular nearfield planes exactly as in [5]. That is,
we utilize the quadratic extension field GF(¢?) of GF(q) whenever convenient.
Let 3 denote a primitive element of GF(¢?), so that w = $¢™! is a primitive
element of GF(g). Using the ordered basis {1,e = ﬂ%l} for GF(q?) over
GF(q), we identify ordered pairs (s1,s2) from GF(q) with the element s =
s1 + sge in GF(q?).

Let Sg = {loo} U{ls | s € GF(¢*)}, where ¢, = {(0,0,0,1),(0,0,1,0))
and

ls = lis, 50 = ((1,0,51,52), (0,1, wss, 51)).

Then Sy is a regular spread of PG(3,q), and {R; | t € GF(¢)*} is a linear
set of ¢ — 1 mutually disjoint reguli in Sy with carriers ¢, and /., where



R; = {l, | s = t}. Straightforward computations show that R;*® = {m, |
5?71 =t} is the opposite regulus to R;, where

Ms = My(sy,s9) = <(1, O, S1, 82), (O, 1, —WwSag, —81)>.
Hence

S - (So \ UtquRt> U ( UtGDq Rgpp)
= {lo, by U{ls | s €,y U{m, |7 €O}

is a regular nearfield spread of 3 (see [13]), unique up to equivalence.

We now describe our model for Aut(S). For ¢ = p™ > 5 it is well known
(see [1], for instance) that |Aut(S)| = 4n(q®> — 1)(g + 1). It should be noted
that for ¢ = 3, the regular nearfield spread and the Hall spread of PG(3,3)
are equivalent. The automorphism group of this spread has order 1920,
and it acts transitively on the 10 lines and 10 reguli of the spread. The
corresponding translation plane is called the exceptional nearfield plane. We

thus assume for the rest of this section that ¢ > 5.
If o is an automorphism of GF(¢?), say given by x — 2", where r = p' for
some 0 < i < 2n, we let 1, (or ¥, for emphasis) denote the map which takes

r—1 T

(X1, X5, X5, Xy) to (X7, w"® X5, X5, w's XJ). Then 1, is an automorphism
of S and
¢J : gs = 6807 }

¢0 : mg — Mgo,

for any choice of o.

For each e = e; + eqge, f = f1 + fae € GF(¢?), with ef # 0, let ¢, ; denote
the linear collineation of ¥ induced by right multiplication (on row vectors)
by the matrix

€1 62(567f 0 0
wey ey 0 0
0 0 A f
0 0 wfo fi

where 6, ; is the quadratic character of ef in GF(q¢?); namely

{1, if ef €0,
Sey =

My =

—1, ifef e qu.



As shown in [5], if ef € Oy, then

¢e,f : gs Heisa }

by 1 ma

while if ef € 4., then

qbe,f . Esngy }

Ge g msr—>€eiqs.

Moreover, one sees that ¥,¢. i, = Gpr1 jo-1, and thus
K = {{ses | 0 € Aut(GF(¢?)) and e, f € GF(¢*)*}

is a subgroup of Aut(S) which stabilizes ¢, (and ¢y). The description of
Aut(S) is completed by defining v to be the linear collineation of 3 induced
by the mapping

(Xla X27 X37 X4> = (X?n X47 Xla XZ)

v o by L,
S
v mgrmoa

sq

Then

for any s # 0, and v interchanges ¢y and {,. One checks that vi,¢. jv =
Ve@se When ef € Op, and v, ¢c sV = VyoPfaca When ef € U 2.

Elementary counting shows that G = K x J is the full automorphism
group of &, where J is the cyclic subgroup generated by the involution v.
Moreover, the previously described group actions show that Aut(S) has two
orbits on the lines of S, namely {{y, -} and S\ {fo, {x}-

Next Aut(m(S)) is obtained from Aut(S) as described in Section 2. Field
automorphisms are accounted for by

QZT‘ : (X07X17X27X37X4) = (Xgaxfaw%lxganaw%lXZ%

which lifts the action of 1, on ¥. Defining linear collineations ¢, s and v in
a similar fashion (bordering the associated matrices with a 1 in the (1,1)-
position and 0’s elsewhere in the first row and column), we see that every
element of the translation complement can be written uniquely as ¥,¢. ; or
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as Y, ¢. v, for some e, f € GF(¢?)* and some integer r = p* with 0 < i < 2n.
In particular, the translation complement of 7(S) has order 4n(¢* —1)? since
Ge.f # Ger.p whenever (e, f) # (¢, ).

We now turn our attention to the enumeration of the orthogonal Bueken-
hout unitals embedded in the regular nearfield plane 7(S), and the com-
putation of their stabilizers. As discussed in Section 2, these unitals are
represented by orthogonal cones in ¥ that meet ¥ in a spread line of S, nec-
essarily one of the generators of the cone. Thus the vertex of the cone lies
on this generator spread line.

Recall that Aut(S) has two orbits on its lines, {fy, {o} and S\ {fo, lo}.
Moreover, the subgroup {¢..: e € GF(¢?)*} of order ¢ + 1 in Aut(7(S))
acts (sharply) transitively on the points of each line /,, while the subgroup
{¢eca: e € GF(g?)*} of order ¢ + 1 in Aut(n(S)) acts (sharply) transitively
on the points of each line m,. Thus it suffices only to consider cones C with
vertex V' = (0,0,0,1,0) and cones C" with vertex V/ = (0,1,0, 1,0).

First we consider orthogonal cones with vertex V' = (0,0,0,1,0), thus
having /, = ((0,0,0,1,0),(0,0,0,0, 1)) as the uniquely determined generator
spread line. Choose bg = (1,0,0,0,0), by = (0,1,0,0,0), by = (0,0,1,0,0),
bs = (0,0,0,1,0), by = (0,0,0,0,1) and apply Theorem 2.1 with basis
B = {bg, by, ba, bz, bs}. Since B happens to be the standard basis used in
describing 7(S) above, we may restrict our attention to the orthogonal cones
in

Q= {Cope: a,b,c € GF(q) | b* — 4ac € 4.}

as explicitly given in the statement of Theorem 2.1, where the associated
Gram matrix of Cop. i Aupe, which is labelled as A in (1). A semi-linear
collineation (o, M) maps the orthogonal cone Cape to the orthogonal cone
Cape (Where possibly Cop. = Cyp;) if and only if M /_l%b,CM 7" is a nonzero
scalar multiple of (A;5:)7.

Since {fy, ls} is an orbit of G = Aut(n(S)), the group H = Stabg (V)
leaves invariant £y = (by,bs), and thus Corollary 2.2 applies. The subgroup
Hy of H consists of semi-linear collineations 1,7y;, where r = p’ for some

0 < i< 2n and M has the form

1 0 0 t 0
0 €1 62(56’]0 0 0
M: 0 wWeg 6156’f 0 0 s (4)
00 0 fO0
00 0 0 f



for some t € GF(q), f € GF(q)*, and e € GF(¢*)*. In particular, we see that
|Ho| = 2ng(q — 1)(¢° — 1).

By Corollary 2.2, determining the equivalence classes of cones in € is
accomplished by the action of Hy on . Let M, denote the companion matrix
of the semi-linear map 1,, namely Diag{1, 1, w1, w%l}. The collineation
W, Ty Maps Cape to Cape, if and only if M,MA,, MTMT = k:(/_lmgvé)" for
some k € GF(q)*. Straightforward computations show that this occurs if and
only if the following conditions are satisfied:

r—1

k= w2 f ()
ka" = ael+ bdeiey + cej (6)
kY = w'r (bo(e] + wed) + 2(aw + c)eres) (7)
ke" = W (aw?es + bwiejey + cel). (8)

The absence of ¢ in this system indicates that ¢ can take on any value in
GF(q).

In all the following manipulations it is important to remember that b? —
4ac € 17, and hence neither a nor ¢ can be zero. Now the system given by
(5)—(8) is equivalent to the system obtained from (8) —w" - (6), (8) +w" - (6),
and (7) by replacing k by its value from (5). This system is

fe—aw) = w7 (c—aw)(e - we)) (9)
fle+aw)" = w'T [(c+ aw) (e} + we3) + 2bdwey es] (10)
fbr = bd(el +wes) + 2(c+ aw)ere; (11)

We can combine the two equations (11) and (10) over GF(q) into the single
equation €” - (11) + (10) over GF(¢?). Using " = w%e, we get
flbe+ (e +aw)]" = W'z [boe + (c+ aw)] [(e] + we3) + 2e1eq¢]
Noting that (€2 + we?) + 2e1e0¢ = (€1 + e9¢)? this simplifies to
flbe+ (6 +aw)]" = W'z [bde + (c + aw)](e1 + e2€)*. (12)

Thus we see that C;; - and Cup. are Hyp-equivalent if and only if equations
(9) and (12) hold.

We now obtain a quantity that serves as a type of “discriminant” of Cy ...
The equations obtained from (9)? and w” - (11)? — (10)? are

f? [(E — dw)z]r = Wl (c— aw)*(e? — wel)? (13)

PPw— (+aw)’]” = W' PPw — (c+aw)?](e] —we3)®,  (14)
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respectively. Notice that b*w — (¢+aw)? = 0 if and only if b*w — (c+aw)? = 0.
If the sides of (14) are nonzero, we divide (13) by (14) to obtain

[ (¢ — aw)? ]U (c — aw)?

b2w — (¢ + aw)? -

C bw — (c+aw)?’

Define Ay, = (¢ — aw)?/ [P*w — (¢ + aw)?], often calling it A for brevity.
We conclude that the discriminant A, ;. of the image cone C, . under the
collineation ,7y; is (Aaylgﬁ)a.

To assist in the computations that follow, we define

a=be + (c+ aw) (15)

and note that A = —(c — aw)?/a?*!. We similarly define & = be + (¢ + aw)
and & = bde + (¢ + aw), where ¢ is 1 or —1 as ef is square or nonsquare in
GF(¢?), to simplify Equation (12).

In the event that @ = 0 (hence b = 0 and ¢ = —aw), we see that (10)
and (11) are trivial, and (9) will have solutions for e, f given any value of
r. If we use the convention A = oo in this case, then Az ;. = oo as well.
Therefore, for any Cup.c,Cape € € (hence Aype, Azje € GF(q) U {o0}), a
necessary condition for C, . to be the image of C; 5 - is that A, . = (Aa,g’é)g
where ¢ is an automorphism of GF(¢?).

Notice that the numerator and denominator of A cannot both be zero
since (¢ — aw)? — a?™! = w(b* — 4ac) € O,. Moreover, in the event that
¢c—aw # 0 and a # 0,

a,b,e

(¢ — aw)*w(b* — 4ac)

A+ = [wb2 — (c+ aw)ﬂz

Let D = {A € GF(q)* : A(A+1) € O,}. Consider the equivalence relation
defined on D via A ~ A’ if and only if A’ = A? for some o € Aut(GF(¢?)).
Additionally consider the equivalence relation induced on Qp = {C,p. € Q2 :
Agpe € D}, which we also denote by ~, whereby Cqp. ~ C; 3 if and only if
Agpe ~ Agp e Finally, consider the equivalence relation on € whereby Cyp .
and C, 3 are said to be Hy-equivalent if and only if there is a collineation
of Hy mapping Cap. to Cz3. From the discussion above we see that if
Cape;Capz € Qlp are Hy-equivalent, then Agp. ~ Azp: and Cope ~ Cape
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Lemma 3.1. Let D and Qp be defined as above.
1. For each A € D, there exists some Cop. € Qp such that Agp. = A.

2. If Cape;Capz € S2p such that ADgpe = A@gya, then Cop. and Cyp. are
Hy-equivalent.

Proof. Given A € D, let o be any of the ¢ + 1 solutions of oA = —w?,
which must exist as A, —w? € GF(¢)*. By setting a = be + (¢ + aw) as

in (15) and “normalizing” by setting ¢ — aw = w, a system is obtained

w2

to uniquely determine a triple (a,b,c). Notice that A,p. = —5x = A and
b?> —4ac = wA(ﬁj U ¢ IZIq, showing that there is a cone Cq . with discriminant
A and therefore proving the first statement. Indeed, we have shown that for
a given A € D there are precisely ¢ + 1 normalized cones according to the
value of «, and any two of these values for « differ by a factor which is a
(g + 1)**-root of unity.

Now consider any C,p. € Qp. By setting r = ¢?, f = 1 and choosing e
such that et = —— it follows from (9) and (12) that C, . is Ho-equivalent
to a normalized cone C; 5 ; with the same discriminant; that is, A, = Az 52
and ¢ — aw = w.

To complete the argument it now suffices to show that any two of the
q + 1 normalized cones with a fixed value of A are Hy-equivalent. Thus we
may assume that the triple (a,b,c) has been normalized, and observe as in
the previous paragraph that this implies « satisfies 0™ A = —w?. We must
now find e, f,r so that (9) and (12) imply A and ¢ — aw are fixed, while «
cycles through the ¢ 4+ 1 possible values.

From (9) we see that choosing r = ¢ and f = —e?™! implies that we

preserve the normalization ¢ — aw = w. We then look at (12) to determine
. . . _ 2 o ~

the effect these choices make on «, which is a? = %a = eq%la. Hence by

further choosing e = 3, so that s = e?™! is a primitive (¢ + 1)*—root of unity
and e € [42, we obtain a? = %oﬂ and thus a = siqa. Since Siq = 8%1 is also a
primitive (¢ + 1)**—root of unity, this shows that all possible solutions for «
belong to the same Hy-equivalence class.

[]

Theorem 3.2. Let Cope,Capz € p. Then Cope and C
if and only if Cpp e ~ Ca,B,a-

Proof. If Cope ~ Cyper then Ay . = A7 for some 0 € Aut(GF(¢?)). Now,
the image of C; ;- under 1V, is Hy-equivalent to C

ape are Ho-equivalent

apz and has discriminant
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AZ,E,E = Agpe. By Lemma 3.1, (Cavg’é)w” is therefore Hy-equivalent to Cqpc.
We conclude C,p and C, 3, are Hp-equivalent. The converse was proved in

the discussion prior to Lemma 3.1. O

We now turn our attention to computing the stabilizer of C, . in Hy for
each Cyp. € 2. We have seen in the previous discussion that a necessary
condition for a collineation v, 75 in Hy to fix Cape is that A € DU {0, 00}
must be fixed by ¢ : x +— z". Cases will be sorted by A = 0o, A = 0, and
AeD.

Lemma 3.3. Let ¢ = p" > 5 be an odd prime power. Then, for any a €
GF(q)*, the stabilizer in Hy of Cy0,—aw has order 2nq(¢* — 1).

Proof. This is the case when a = 0, whence A = oo. As was previously noted,
the field automorphism o is arbitrary for A = co. This gives 2n collineations
of the type v, based on the dimension of GF(q?) over the prime field GF(p).
We count collineations ¢, 7;; that fix C,p. using conditions (9), (10) and
(11) with (@, b,¢) = (a,b,¢) = (a,0, —aw). In this case conditions (10) and
(11) are trivial. Moreover, for any field automorphism o and for any nonzero
element e = e; +eqc of GF(¢?), we see that f € GF(q) is uniquely determined
by (9) since ¢ — aw # 0. Recalling that t € GF(q) is arbitrary, we conclude
that the stabilizer of C, _ap has order 2ng(¢* — 1). O

Although we find it useful to take advantage of GF(¢?) arithmetic, it
should be noted that we are dealing with GF(g)-semi-linear transformations.
In particular, the associated GF(g)-field automorphism for ¢, and ), is
the same. The next case we consider has o« # 0 and ¢ — aw = 0, hence
—at™ = (¢ — aw)? — a9 = w(b?* — 4ac) € O,. This further implies that

a : a atl —ait!
2 € [4,2 since <;> =——€cl,.

Lemma 3.4. Let ¢ = p" > 5 be an odd prime power. Then, for any a €
GF(q)*, the stabilizer in Hy of Copaw has order 4ng(q — 1).

Proof. This is the case when c—aw = 0. Thus A = 0, which is fixed by every
o € Aut(GF(¢%)). As condition (9) is now trivial, we must count solutions
for 4,7y to (12) where (@, b,¢) = (a,b,c) = (a,b,aw). For a given f, each
solution e of (12) is a square root of fa’a 'w'z . Recall & = bde + (c + aw),
so that & is either a or a4, depending on whether ¢ is 1 or —1. But ¢ is the
quadratic character of ef € GF(¢?), and hence is the quadratic character of
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e since f € GF(¢)* € Op. Since w'= € GF(q), there exists v € GF(¢?)

such that 42 = w2 . Indeed, we may assume v is chosen so that a%lfy =
r—1
(ae )2,

If § = 1, the possible pairs (e, f) may be parametrized by s € GF(q)* as

r—1

f= s e=(ac!)Ts (16)
f=ws® e= (oze_l)%se. (17)

On the other hand, if § = —1, the possible pairs are

f= s e=(act)z

1—q
25 (18)
f = u)SQ e = (agil) 2 17;1

S€. (19)

Direct computations show that the ¢ — 1 pairs (e, f) in (16) are indeed
solutions to (12) if and only if (ae!)" = € O,2. Moreover, the ¢g—1 pairs (e, f)
in (17), (18), and (19) are solutions to (12) if and only if (ce ') = ¢ € O,
(ae‘l)r%al%q € .2, and (ae )T a'zle € (7,2, respectively.

Since ¢ = p" is an odd prime power and r = p' for some 0 < i < 2n,
we certainly know that either r = 1 (mod 4) or r = 3 (mod 4). If € €
4 2, straightforward computations show that for each possible r, one obtains
2(q — 1) pairs (e, f) so that (12) is satisfied. Using the fact that t € GF(q)
is arbitrary, we see that the stabilizer of C,p 4, has order 2n-¢-2(¢ — 1) =
4ng(q — 1) in this case.

On the other hand, if € € Oy, then direct computations that there are
no pairs (e, f) that satisfy (12) when r = 3 (mod 4) and 4(q — 1) pairs (e, f)
that satisfy (12) when r» = 1 (mod 4). Since € € Oz, we know that ¢ = 3
(mod 4) and thus necessarily p = 3 (mod 4). Hence there are n choices for
r =1 (mod 4) (i must be even), and we again obtain precisely 4ng(q — 1)
collineations in the stabilizer of C, } 4., proving the result. O

The last case has both a # 0 and ¢ — aw # 0. As a piece of notation, we
denote the smallest subfield of GF(q) containing the element = by F,(z).

Lemma 3.5. Let Cop. € Sp, so that Ngpo(Dape + 1) € O,. Then the
stabilizer in Hy of Cap. has order 2noq(q — 1), where ng = dimp(GF(q)) and
F=TF,(Aupe).

Proof. Since o must fix A, we see that there are only 2ny possibilities for r,
where nyg is defined as in the statement of the lemma. Moreover, o must map

14



(c—aw)/ a's (a square root of —A) to itself or its additive inverse. In other
words, clearing denominators, we have

a%(c —aw)" = u,(c — aw) (a%)r,

and hence

2_
Thus ug, = aquur.

The enumeration proceeds as in the proof of Lemma 3.4, except we have
condition (9) to consider as well as condition (12). We solve & - (12) for

r—1

(@e)? and substitute in @ - (9) to obtain @™ f(c — aw)" = w2 (c —

ol
aw) [ fawalT] 2 which simplifies to
o?qu(c —aw)" = f%l(—l)%(c — aw)(a%l)r.

Thus, if (16) or (17) provide solutions, we know that 6 = 1, implying & =

a and hence u, = qu_l(—l) = . The situation when (18) or (19) provide

solutions, where 6 = —1, is similar. When 6 = —1, we know that & = a¥,

S ogdl -1 g1 a=1 g¢’-1 EES
which implies @2 = a 2 a'z and hence u, = f'2 oz (—1)z . Direct

computations show that the converse is true; that is, if one of these series of
solutions to (12) satisfies the equation for w,, then it also satisfies (9). We
now split into four cases, according to the quadratic character of v and of e.

First suppose «, € € O,2. Neither (18) nor (19) provide any solutions as

ef € Op. Moreover, (16) are solutions when u, = (=1)"z and (17) are

r—1

solutions when u, = —(—1)"2z . Thus for each of the 2ny choices for r, the
sign u, must satisfy exactly one of these equations and hence precisely ¢ — 1
pairs (e, f) provide solutions to (12) and (9). As t € GF(q) is arbitrary, we
see the stabilizer of C, . has order 2nyg(q — 1) in this case.

Next suppose o € U2 and € € [ 2. The pairs (e, f) in (16) are solutions

when 7 = 1 (mod 4) and u, = (—=1)"= = 1. The pairs (e, f) in (17) are

= = 1. The pairs (e, f) in

solutions when r = 3 (mod 4) and u, = —(—1)
(18) are solutions when r = 3 (mod 4) and u, = (—1)2 = —1. The pairs

15



r—1

(e, f) in (19) are solutions when » = 1 (mod 4) and u, = —(—1)2z = —1.
Thus for any r and u, exactly one series yields solutions. As t is arbitrary,
there are again 2n¢q(q — 1) collineations in the stabilizer.

Next assume o € 42 and € € Og2. Thus ¢ =3 (mod 4) and hence p = 3
(mod 4). In order for (16)—(19) to be solutions, it is necessary that r = 1
(mod 4) in all four series. Hence there are only ng possibilities for r in this
case. Direct computations show that when u, = 1, (16) and (19) provide
solutions, and when w, = —1, (17) and (18) provide solutions. Thus we
get 2(q¢ — 1) pairs (e, f) for each such r. As t is arbitrary, there are again
no - 2q(q — 1) = 2npq(q — 1) collineations in the stabilizer.

Finally consider a, € € [, ». Neither (17) nor (18) are solutions as (%)%6 €

2 and (%)%al%q € O, respectively. Moreover, (16) and (19) are solu-

tions when u, = (1) . Notice that since a € /> we know ug, = —u, on
qr—1

the one hand, while (—1)"z" = (=1)"z as¢ =1 (mod 4) on the other hand.
So again we obtain 2(¢ — 1) solutions each for half of the possible values of .
As t is arbitrary, in this final case the stabilizer of C, . once again has order
2n0q(q — 1), thus proving the result.

O
We summarize the results of these lemmas in the following theorem.

Theorem 3.6. Let g = p" > 5 be an odd prime power and suppose Cq . @5 an
orthogonal cone in 2. Let U, . be the corresponding orthogonal Buekenhout
unital in the reqular nearfield plane of order ¢* which meets the line at infinity
in a point of the short orbit. Then the stabilizer of Uy has order

1. 2nq(¢*> — 1) when (a,b,c) = (a,0, —aw),
2. 4nq(q — 1) when (a,b,c) = (a,b,aw), and
3. 2noq(q — 1) in all other cases,

where ng = dimp(GF(q)) and F = F,(Aape)-

Next we address the enumeration of such unitals. Rather than relying
solely on the Orbit-Stabilizer Theorem, we take a somewhat indirect ap-
proach.

Theorem 3.7. Let ¢ = p® > 5 be an odd prime power. The number of
inequivalent orthogonal Beukenhout unitals in the reqular nearfield plane 7w(S)
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of order q* which meet the line at infinity in some point of the short orbit is
the same as the number of Beukenhout-Metz unitals in PG(2,¢*), which is
explicitly determined in [3].

Proof. We claim that the partition of €2 into Hy-equivalence classes is com-
pletely determined by A € D U {0,00}. Using |Hp| and Lemma 3.3, the
Orbit-Stabilizer Theorm implies that there is a unique Hy-equivalence class
for A = 0o (a = 0). Similarly, there is a unique class when A = 0, as shown
by Lemma 3.4, since the index of the stabilizer of any such unital is the same
as the number of triples (a, b, aw) with b* — dwa?® € i4,, namely qQT_l.

For A € D, we know from Theorem 3.2 that Hy-equivalence classes of the
unitals in €2 are induced by the equivalence classes of D under the relation
~. The number of inequivalent unitals is then Ny + 2, where Nj is the
number of equivalence classes of D under ~. This number is determined in
[3] using Mobiiis inversion, where it is further shown that Ny + 2 is precisely
the number of inequivalent Beukenhout-Metz unitals in PG(2, ¢?). ]

Remark 3.8. When q is prime, there is a simple formula for the number of
inequivalent unitals of the type described in Theorem 3.7, namely (g + 1)/2.
For proper (odd) prime powers the formula given by Mobiis inversion in [3]
is not so simple. On the other hand, for a given value of q, it is easy to
count the equivalence classes of D under ~ since they are orbits of the group
of field automorphisms acting on D. For ¢ =9 the number of such unitals in
the reqular nearfield plane of order 81 is 4, for ¢ = 25 the number is 9, and
for g = 27 the number is 6, for ¢ = 81 the number is 14, and for ¢ = 125 the
number is 23.

We now turn our attention to the cones with vertex V' = (0,1,0,1,0)
on the generator spread line m; = m(1,0)- From our previous computations
we know that m; is fixed by v as well as ,., for any choice of r. However,
e fixes my precisely when eiq =1 (see (2) and (3)). Moreover, 7 and 1),
both fix V', while ¢, .. fixes V' only for e € GF(g). Thus the subgroup H'
of Aut(n(S)) fixing the flag (V’,my) is the collection of maps of the form
Vr e OF Yy o7, for any choice of e € GF(g) and for any 7 = p’, 0 < i < 2n.
We also observe that every element of H' fixes the line m_; = m 1), and
so we apply Corollary 2.2 with the basis B’ = {by = (1,0,0,0,0),b] =
(0,1,0,-1,0),b; = (0,0,1,0,1),b; = (0,1,0,1,0),b, = (0,0,1,0,—1)}.
Thus we may restrict our attention to the family of orthogonal cones

Q' ={C,,.: a,b,c e GF(q) | b> — dac € 4},

a,b,c*
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where the usual change of basis algorithm shows that the associated Gram

matrix of C; , . with respect to the standard basis is

0 0o -2 0 2
0 2a b —2a b
A, == -2 b 2 —-b 2 |. (20)
0 —2a —-b 2a -D
2 b 2c —b 2c

Thus the maps in H} are of the form 1,7y with M either el or eN
bordered; that is, M is either

1 ¢t 0 ¢t 0 1 ¢t 0 ¢t 0
0 e 000 0 00 e O
Mi=]100e 0 0]lorMa=|000 0 e
0 00 e O 0 e 000
0 00 0 e 0 0e 00

where t,e € GF(q), e # 0. Observe the order of the group H| is 4ng(q — 1),
where ¢ = p™.

Once again, determining the equivalence classes of cones in €' is accom-
plished by sorting out the action of H} on these cones. Defining M, as before,
the collineation ¢, 7y maps C,; _ to C,, . if and only if My M A, , M"M] =
k(Aé7576)” for some k € GF(q)*. Straightforward computations show that this
occurs if and only if

(@a%,b%,¢%) = (:I:aew_%,be, :I:cew%), (21)

where one takes the plus sign in the first and last coordinates when using M;
and takes the minus sign when using M,.

We now describe a simple way to enumerate the orthogonal Buekenhout
unitals embedded in the regular nearfield plane that are associated with these
cones.

Theorem 3.9. Let ¢ = p™ > 5 be an odd prime power. The number of
inequivalent orthogonal Beukenhout unitals in the regular nearfield plane w(S)
of order q*> which meet the line at infinity in some point of the long orbit

15 equal to NJ;N"', where N is the number of monic irreducible factors of

2
P(z) = ©=2 treated as polynomial over the prime field F,, and N, is the

xi+x 7
number of such irreducible polynomaials that represent even functions.
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Proof. We must determine the number of H}-equivalence classes of the cones
in €', where the equivalence relation is described in Equation (21). Letting o
be the identity automorphism and using M = M, we see that a triple (a, b, ¢)
and any nonzero GF(q)-scalar multiple of it represent equivalent cones in €.
Since the only condition on (a, b, ¢) is that f(z) = ax?® + bx + ¢ be irreducible
over GF(q), we may take all monic irreducible quadratics to represent the
(not necessarily distinct) equivalence classes of cones. If we did not have to
consider the matrix M, or non-identity field automorphisms, we would simply
count the number of factors of P'(z) = & ;__gf in its unique factorization into
monic irreducible (quadratic) factors over GF(q). Allowing for M = M,
introduces the minus signs in (21), and hence (with appropriate scaling)
means that the irreducible quadratics az? + be + ¢ and ax? — bx + ¢ should
be considered equivalent. Thus these polynomials are paired, noting that
any polynomial representing an even function is paired with itself, and we
choose one polynomial from each pair. Hence, when ¢ is prime, we see that
the formula stated in the theorem does indeed give the number of distinct
H{-equivalence classes, except that N now represents the number of monic
irreducible (quadratic) factors of P'(x).

To account for non-trivial field automorphisms o, for each irreducible
factor of P'(z) (necessarily a quadratic polynomial) we chose one of its roots,
say 7, in GF(¢?). It does not matter which of the two roots is chosen, as the
field automorphism z — z9 will send one to the other. We then let this factor
correspond to the element 2 in GF(¢?). Straightforward computations, using
Equation (21), show that v is a root of @z? + bz + ¢ if and only if (2)%¢ is a
root of az? + bx + c. Thus 2 corresponds to az? + bz + ¢ if and only if (2)°
corresponds to az?4bx+c (depending upon which sign is used in (21)). Since
orbits under the Frobenious map x +— x? (which generates Aut(GF(¢?))) are
the roots of irreducible polynomials, we replace x by  in P'(x) to obtain

2
the monic polynomial P(x) = ”;qq—;; and then let N denote the number of
(monic) irreducible factors of this polynomial. Of course, these irreducible
factors are not necessarily quadratic. The result now follows from our work

in the previous paragraph. O

Remark 3.10. Using the above result, one quickly computes that the num-
ber of mutually inequivalent orthogonal Buekenhout unitals in the regular
nearfield plane of order ¢ that meet the line at infinity in a point of the long
orbit is 11, 80, 62, 413, 1306, 2954, 24422, and 22155 for ¢ = 9, 25, 27,
81, 125, 243, 625, and 729, respectively. A formula could be developed using
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Mobiiis inversion, but we will not do so here. In the case when q is prime, a
particularly nice formula is easily obtained, as we now show.

Corollary 3.11. Let ¢ = p > 5 be a prime. Then the number of inequivalent
orthogonal Beukenhout unitals passing through a point of the long orbit on the

. . . . 2 - 271
line at infinity in the regular nearfield plane ©(S) of order q* is “=. Thus

the total number of mutually inequivalent orthogonal Buekenhout unitals in
(g+1)?

this plane s == .

Proof. As indicated in the first part of the proof of Theorem 3.9, when ¢ is
prime we simply let N be the number of monic irreducible (quadratic) factors
2

of P'(z) = =2, Exactly 21 of these factors are even, namely those of the

9—x
form 22 — ¢ for some ¢ € i, As the degree of P'(r) is q* — q, there are @

remaining (quadratic) factors, none of which is even. Thus the number of
mutually inequivalent unitals meeting the line at infinity in a point of the

long orbit is

—1)2? g-1 -1
4 2 4
proving the first statement in the theorem. The second statement now follows

from the remark following Theorem 3.7 since

f—1+q+1_(q+n2
4 2 4

]

We close our discussion of the regular nearfield planes by determining the
stabilizers of the orthogonal Buekenhout unitals embedded in these planes
which meet the line at infinity in a point of the long orbit. Equivalently, we
compute the stabilizers in Hj of the orthogonal cones C, , . in ©'. We rewrite
Equation (21) to obtain the following necessary and sufficient conditions:

(¢ —aw)" = =£(c— aw)ew%l (22)
(c+aw)” = =£(c+ aw)ew T (23)
b = be (24)

Theorem 3.12. Let q = p" > 5 be an odd prime power and suppose C;vac 18
an orthogonal cone in Q. Let U, . be the corresponding orthogonal Bueken-
hout unital in the reqular nearfield plane of order ¢*> which meets the line at
infinity in a point of the long orbit. Then the stabilizer of U, . has order
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1. 4nq when b =0 and ¢ = +aw,

2. 4dngq when b =0 and ¢ # faw, where we define ng = dimp(GF(q)) and
F :Fp<a7w>7

3. 2noq in all other cases, where again ny = dimp(GF(q)) and
(a) F = Fp(‘l;—2w> if b# 0 and ¢ = taw,
(b) F=TF,(% 22) ifp+£0 and ¢ # +aw.

c C

Proof. Recall that the parameter ¢ in M; and M is free to assume any value
from GF(q). We partition into cases, recalling that ¢+ aw and ¢ — aw cannot
both be 0 since a and ¢ are not zero.

If b =0 and either ¢ + aw = 0 or ¢ — aw = 0, then one of (22) and (23) is
trivial, as is (24), and the remaining nontrivial equation uniquely determines
e for any o, both in the M; case and the M, case. Hence the order of the
stabilizer of Uy, . is 2-2n - ¢ = 4ng in such situations, proving the first
statement of the theorem.

If b = 0 and neither ¢ + aw nor ¢ — aw is zero, then both (22) and (23)
are nontrivial. This system is equivalent to the system (23) £ (22), which
reduces to

r—1
c = Zew 2

a w2 = e

In either the M; or the M, case, one obtains a unique solution for e if and
only if %2 is fixed by o. Thus we obtain 2 - 2ng - ¢ = 4ngq elements in the
stabilizer of U, ; . in this case, where ng is the dimension stated in the second
part of the theorem.

Finally, we turn to the case when b # 0, and hence (24) uniquely de-
termines that e = b"!. Hence we must determine for which choices of o
(that is, r) are equations (22) and (23) satisfied with e = b"~!. First suppose
c—aw = 0, in which case (22) is trivial. When M = M, then (23) is satisfied
if and only if % is fixed by o; when M = My, then (23) is satisfied if and

only if 4 is mapped to its negative by 0. Hence we obtain solutions if and

only if (§°)* = ‘f—gw is fixed by o, in which case we obtain a solution either
for M, or Ma, but not both. Thus the order of the stabilizer of U, , . in this

case is 2ngq, where ng = dimp(GF(q)) and F' = Fp(“:—2”>. The situation when
¢+ aw = 0 is exactly the same.
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The remaining case is when b # 0 and ¢ # t+aw. As in one of the previous
cases, we replace equations (22) and (23) by the system (23)4-(22). As shown
above, this system is consistent (both for M = M, and M = M2) if and only
if o fixes . Furthermore consistency with e = "' from equation (24) is
equivalent to o ﬁXlng when M = M; and is equivalent to o sending =~ be to
its negative when M = Mg Hence we obtain solutions if and only if o ﬁxes

both % and ( )2 = bc—;’, in which case we obtain a solution for M; or M,

but not both. Thus in this final situation the stabilizer of U (; be has order
2n9q, where ng = dimp(GF(q)) and F' = F,(*2, bc—2°”>, completing the proof
of the theorem. ]

4 Hall planes

We use the same model for the Hall plane as that given in [5]. Using the
regular spread Sy and reguli R; defined in the previous section,

S = (50 \ Rl) U <R§’pp) (25)
= {l Ul | s £ 1} U {m, | s =1}

is a Hall spread, unique up to projective equivalence.
To describe Aut(S), we let ¢ 7,5 denote the linear collineation of PG(3, q)
stabilizing the regular spread Sy that is induced by the matrix

€1 €2 g1 G2

wey €1 WwW(gs 1
Me,f9n = >

hi hy fi fol’
why hi wfy fi

acting on row vectors by right multiplication, where e, f, g, h € GF(¢?) with
ef —gh # 0. Here, as before, we use the ordered basis {1, ¢} for GF(¢?) over
GF(q), so that e = e;+es¢e and so on. For each o € Aut(GF(¢?)), we let 1, be
the collineation of PG(3,q) defined in the previous section. Then, as shown
in [5], every automorphism of the Hall spread S, for ¢ > 5, may be uniquely
written as 1, ¢, .45 for some o € Aut(GF(¢?)) and some e, f, g, h € GF(¢?),
subject to the conditions

edtl — fq+1 7& gq+1 — hqﬂ7 (26)
flg = hle. (27)
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In particular, we have

|Aut(S)] = 2nq(¢* — 1)*/(q — 1) = 2nq(¢* — 1)(q + 1),

for any ¢ > 3. The case ¢ = 3 was discussed in the last section. Also note
that Aut(S) has two orbits on lines, namely R{"” and S \ R;.
We now enumerate the orthogonal Buekenhout unitals in the Hall planes.

To avoid some of the technical difficulties in this enumeration process that
arise from working with field automorphisms, we restrict at this stage to odd
primes ¢ > 5. This restriction still illustrates all the main ideas. Moreover,
convenient formulas ore obtained for the number of equivalence classes when
q is prime. Since 1, is the only non-trivial linear collineation arising from
a field automorphism, the automorphism group of the Hall spread S now
consists of the (linear) collineations induced by nonsingular matrices of the
form

€1 €2 g1 92
twey, +e; Fwgs g

hy ha fi fa |’
:l:u)hg :thl :thQ :i:fl

Me.f.9n = (28)

where the conditions on the parameters e, f, g, h are precisely those described
in Equation (26) and Equation (27). We border, as previously discussed,
any 4 x 4 matrix associated with a (linear) collineation in Aut(S) to obtain
Aut(m(8S)).

Recall that Aut(S) has two orbits on its lines, namely the ¢* — ¢ lines
ls from Sy \ Ry and the g + 1 lines my of RI*P. Moreover, the subgroup
{¢eco0: € € GF(g?)*} of order ¢+ 1 in Aut(w(S)) acts (sharply) transitively
on the points of each line ¢4, while the subgroup {&e,eq,070: e € GF(¢*)*} of
order ¢+ 1 in Aut(w(S)) acts (sharply) transitively on the points of each line
ms. Thus it suffices only to consider cones C with vertex V' = (0,0,0,1,0)
and cones C’ with vertex V' = (0, 1,0, 1,0).

First we consider orthogonal cones with vertex V' = (0,0,0,1,0), thus
having £, = ((0,0,0,1,0),(0,0,0,0,1)) as the uniquely determined generator
spread line. Choose bg = (1,0,0,0,0), b; = (0,1,0,0,0), by = (0,0,1,0,0),
bs; = (0,0,0,1,0), by = (0,0,0,0,1) and apply Theorem 2.1 with basis
B = {bg, b1, b, bs, bs}. Since B is the standard basis, we may restrict our
attention to the orthogonal cones in

Q = {Cup.: a,b,c € GF(q) | b* — 4ac € 2,},
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where the associated Gram matrix A of Cup is given by Equation (1) in the
statement of Theorem 2.1.

Letting G = Aut(7(S)), straightforward computations using Equation (28)
show that H = Stabe(V') has order 2¢*(¢*—1) and consists of those collineations
induced by matrices of the form

131 o 13 U4

(&) (&) 0 0
twey +e; 0 01,

0 0 fi 0

0 0 0 +f

O OO O

where ty,1s,t3,t4 € GF(q), fi € GF(q)*,e € GF(¢?), and €' = f2. Note
that H leaves invariant the spread line ¢y = (b1, by) as well as the genera-
tor spread line £, and thus Corollary 2.2 applies. The subgroup H, of H
consisting of those elements whose translations are in the “direction” of the
vertex V has order 2¢(¢®> — 1) and is induced by matrices of the form

0 0 t 0
(&) €9 0 0
twey +e; 0 01,

0O 0 £ 0
0 0 0 =£f;

=
I
coo o~

where t € GF(q), fi € GF(q)*, e € GF(¢?), and e?™! = f2.

As in the previous section, sorting out equivalences among the cones in §2
is accomplished by letting Hy act on €2. Routine matrix computations show
that 7, € Hy leaves C, 5 invariant if and only if the following conditions are
satisfied:

ae? + bejey + cel = af;
ce? + wbeyey + aw?el = cfr (29)
bel +2(c+ aw)eres +wbes = £bf; [’
A-wd = f

where the last condition arises from the description of the group H, given
above. The = sign in the third equation indicates which sign should be used
in the matrix M. For convenience we will refer to this sign as the “signature”
of M. Thus we must determine the number of choices for ¢, e1, s, f1 and the
signature to compute the order of Staby,(Cap,.), for a given orthogonal cone
Cape- As the entry t € GF(q) does not appear in the above system of
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equations, there will always be ¢ choices for . We now compute the order of
this stabilizer by considering several cases.

Proposition 4.1. Let ¢ > 5 be an odd prime, and let C, . be an orthogonal
cone from the set Q. Let Hy be the subgroup of Aut(mw(S)) defined above,
where S is a Hall spread given in Equation (25). Let K = Stabp,(Cap.c)-

L If c=—aw and b= 0, then |K| =2q(q¢+ 1).

II. If c= —aw and b # 0, then |K| =2q if g =1 (mod 4) and |K| = 4q if
¢ =3 (mod 4).

I If ¢ # taw and b # 0, then |K| = 2q if (c + aw)® — wb® € U, and
K| =4q if (c+ aw)* —wb? € O,.

IV. In all other cases |K| = 4q.

Proof. We break the proof into cases. As stated above, we always have
g choices for the entry ¢ in the matrix M. Also note that the condition
b? — dac € (4, on the cone Cyp . implies that a # 0 and ¢ # 0 in each case.

Case I: Suppose that ¢ = —aw and b = 0. Note that b* — 4ac = 4a’w € A,
is satisfied for any nonzero a. In this case the system of equations in (29)
reduces to: e —we3 = f1, €2 —we2 = fZ. Thus f2 = f; and hence f; =1 as
f1 # 0. The only remaining equation to solve is €3 —we3 = 1, which has g+ 1
solutions for the pair (e1,e2). As there are no restrictions on t and either
signature may be used, we obtain |K| = 2¢(¢+ 1).

Case II: Suppose that ¢ = —aw and b # 0. The discriminant condition on
the orthogonal cone implies that we must have b + 4a’w € (4, This time
the system of equations in (29) reduces to

ae% + bejey — aweg = afi,
—awe% + wbejes + awzeg = —awfy,
el +wes = =£fi,
e —wes = fL

Adding w times the first equation to the second equation yields 2wbe;es = 0
and hence e; = 0 or e = 0 (but not both as e # 0).

Suppose first that e; = 0. Then the above equations become we3 = — f;
and we3 = — f2, with the signature determined in the third equation. This
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forces f; = 1, which further implies that we3 = —1 and hence —1 € i, Thus
this subcase only occurs when ¢ = 3 (mod 4), and then there will be two
choices for e and the usual ¢ choices for ¢.

Next suppose that e; = 0. Then the above the equations become €2 = f;
and e? = f2, with the signature again determined in the third equation. Thus
fi1 = 1 as above, and hence e = 1. Hence this subcase produces 2¢ choices
for elements in K, independent of the parity of q.

Therefore in Case II we have |K| = 4q if ¢ = 3 (mod 4) and |K| = 2q if
g=1 (mod 4).

Case III: Suppose that ¢ # +aw and b # 0, as well as the usual discriminant
condition that b? — 4ac € 4, We get no further reduction for the system of
equations in (29). Subtracting ¢ times the second equation from aw? times
the first equation enables one to obtain f; = €2+ (ciﬁ)elez after dividing by
a’w? —c® # 0 and cancelling aw — ¢ # 0 . Then substitution for f; in the first
equation yields (ﬁ%)eleg + e2 = 0. Hence either e5 = 0 or e; = (C;f;w)el.
If eo = 0, we obtain f; = e? = f2 with the signature being determined as
positive in the third equation. This further implies f; = 1, e? = 1, and we
obtain 2¢ elements in K with ey = 0.

Now suppose that e; = (ﬁ)el. Then substitution for e, in the first and
fourth equations shows that f? = f; and again f; = 1. The signature is now
determined as negative from the reduced first and third equations. Thus we
are left with the single equation: ((¢ + aw)? — wb*)ef = (¢ + aw)?. Hence
we get two choices for e; and an additional 2q elements in K precisely when
(¢ + aw)? — wb® € O, (this expression cannot be zero as w is a non-square
and b # 0 ). Thus |[K| = 2¢ if (¢ + aw)® — wb® € [, and |K| = 4q if
(c + aw)? — wb* € O, in Case IIL

Case IV: The remaining cases are b = 0, ¢ # —aw and b # 0, ¢ = aw.
Suppose first that b = 0 and ¢ # —aw. The discriminant condition then
implies that —ac € /.. The system of equations in (29) reduces to

2 2 _
ae; +ce; = afi,
2 2 2
ce] +aw’e; = cfy,
2(c+aw)eres = 0,
2 2 _ g2
e] —we; = fi.

The third equation implies that either e; = 0 or e5 = 0. If e; = 0, elimination
of f; from the first and second equation shows that ¢? — a?w? = 0, implying
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that necessarily ¢ = aw since e; # 0. This further implies that —1 € O,
and hence ¢ = 1 (mod 4) from the discriminant condition. But now the
last equation forces es = 0, a contradiction. So we must have e; # 0 and
ez = 0, which implies f; = e = f2. Thus f; = 1 and €2 = 1. As there are
no restrictions on ¢ or the signature, we see that |K| = 4¢ when b = 0 and
c# —aw.

Finally, suppose that b # 0 and ¢ = aw, and hence b* — 4a*w € [, by the
discriminant condition. Then the system of equations in (29) reduces to

2 2
aej + bejes + awe; = af,
be% + daweies + wbeg = =4bf,
2 2 g2

Suppose first we take the plus sign in the second equation above. Then
eliminating the square order terms from the first and second equations above,
one obtains (b? — 4aw)eies = 0. Since b* — 4a’w # 0, either e; = 0 or e5 = 0
(but not both). Computations similar to those above show that we obtain
2¢ elements in the stabilizer with e = 0 (as we are assuming the signature
is positive). On the other hand, if e; = 0, then we obtain we? = f; and
wej = — f¢, which implies f; = —1 and thus wej = —1. This forces —1 € IZ,,
and thus we obtain an additional 2¢q elements in the stabilizer with e; = 0
provided ¢ = 3 (mod 4). Therefore, using the positive signature, we find
2q elements in K when ¢ = 1 (mod 4) and 4¢ elements in K when ¢ = 3
(mod 4).

We now take the minus sign in the second equation above. Then elim-
inating the square order terms from the first and second equations yields
(b* — 4a*w)ejey = 2abf, and thus neither e; nor ey is zero. Solving for bf;
and substituting back into the second equation yields a quadratic equation in
the ratio 2. Solving this quadratic shows that either o= 5—; or & = %{“"
In the former case, substitution of e; into the third equation above shows
that (b* —4a’w)e3 = 4a” f7, contradicting the fact that b* — 4a*w € [Z,. Thus
we must have the latter case, and substitution of e; into the third equation
yields w(4a’w — b%)e5 = b* f£ and hence 4a’w —b* € IZ,. Combining this with
the discriminant condition now shows that we must have —1 € O, and hence
¢ = 1 (mod 4) when the signature is negative. Substitution of e; into the
first equation shows that w(4a?w — b?)e3 = b?f; and hence f2 = f;, implying
fi1 = 1. One then obtains two choices for ey, and e; is determined from ey by
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the ratio. Thus we obtain an additional 2¢ elements in K using the negative
signature, but only when ¢ =1 (mod 4).

Thus, all told, we have |K| = 4¢ when b # 0 and ¢ = aw, independent of
the parity of q. This finishes the proof of Case IV, completing the proof of
the proposition. O

We now need a technical lemma involving finite field arithmetic to deter-
mine the number of cones in certain cases of the above proposition.

Lemma 4.2. Let q be an odd prime power, and let w be some non-square in
GF(q). Let

S ={(a,b,c): a,b,c € GF(q) | ¢ # aw, b* — 4ac € A, (c+aw)? —wb® € 4, )

ISIZ{

Proof. Let s = b* — 4ac for some non-square s in GF(q). Then

Then
(q—1)(¢*—=1) ifqg=1 (mod4)
(q=3)(¢*>—=1) ifqg=3 (mod4)

e Ll

(c+ aw)® — wb?® = (c — aw)? — sw

and hence any ordered triple (a, b, c) € S must satisfy

w((CZ?Q_—CLZc)LZC) - _s:jw)Q € (@, +1) N0,

Conversely, suppose we fix some A € (2, + 1) N O,. We want to find all

ordered triples (a, b, ¢) of elements in GF(q) such that % = A. That is,
we want to find all ordered triples (a, b, ¢) such that

w?a® — dwb® + ¢ + 22\ — 1)wac = 0.

Thus we are looking for all points in PG(2,q) that satisfy the degree two
homogenous equation w?Xg — A\wX7 + X3 + 2(2\ — 1)wX, X, = 0. But this
is the equation of a non-degenerate conic in PG(2,q) since the associated
symmetric matrix has determinant 4w*X*(\ — 1), which is nonzero by the
choice of \. Thus there are ¢ + 1 projective points satisfying this equation,
and hence ¢*> — 1 choices for (a,b,c).
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Note that for any such triple (a, b, c) satisfies ¢ # aw and b* — 4ac € [,
Moreover, since (¢ — aw)? = Aw(b? — 4ac), we have

(c+ aw)? = dwb? + 4(1 — Nwac

and thus
(c+ aw)® — wb* = (A — Dw(b* — 4ac),

which is a non-square by the choice of A and our previous observation that
necessarily > — 4ac is a non-square. Thus each such triple (a,b,c) is an
element of S by definition. Allowing A to vary, the result now follows using
the elementary cyclotomic numbers computed by Dickson [11]. O

Theorem 4.3. Let ¢ > 5 be an odd prime, and let 7 = Hall(q®) be the
Hall plane of order ¢*>. Then the number of mutually inequivalent orthogonal
Buekenhout unitals embedded in w that meet the line at infinity of ™ in a point
of its long orbit is 3(q—1) if g =1 (mod 4) and $(3¢—1) if ¢ = 3 (mod 4).
Moreover, precisely one of these unitals has full stabilizer in Aut(w) of order
2q(q + 1), while all the others have stabilizers of order 2q or 4q.

Proof. As previously discussed, it suffices to determine the number of orbits
under Hj in its action on the orthogonal cones in the set €2. Suppose first that
¢ =1 (mod 4). Let S denote the set of triples (a, b, ¢) defined in Lemma 4.2.
Since —1 € O, in this case, we see from Proposition 4.1 that the cones
Cape € € with stabilizers of order 2¢ are precisely those with (a,b,c) € S,
and hence there are (¢—1)(¢>—1) such cones. Clearly H acts on this subset
of cones as the action preserves the order of the stabilizer. Now the Orbit-
Stabilizer Theorem implies that all orbits among this subset of cones are of
size ¢ — 1 since |Hy| = 2¢(¢*> — 1). Thus we see there are precisely 1(q — 1)
such orbits. The cones in € with stabilizers of order 2¢(q + 1) are those in
Case I, and there are exactly ¢ — 1 such cones. Thus these cones form a single
orbit under Hy. As straightforward counting shows that [Q] = 1¢(q — 1)?,
we see that there remain }L(q2 — 1)(¢ — 3) cones in 2, each of which has a
stabilizer of order 4¢ by Proposition 4.1. Thus orbits among these cones all
are of size 1(¢* — 1), and there are 3(g¢ — 3) such orbits. Hence we obtain a

total of ] ] 3
1+ =(q— S(g-1)=2(g—1
+2(q 3)+4(q ) 4(q )

orbits when ¢ =1 (mod 4).

29



Now suppose that ¢ = 3 (mod 4). This time —1 € [/, and once again
from Proposition 4.1 we see that the cones C,;. € {2 with stabilizers of

order 2¢ are precisely those with (a,b,¢) € S. By Lemma 4.2, there are
1(q — 3)(¢*> — 1) such cones. As the orbits under H, among this subset of

1
cones are of size ¢ — 1, we see that there are %(q — 3) such orbits. Just as

in the previous case the cones in {2 with stabilizes of order 2¢(q + 1) form a
single orbit of size ¢ — 1. Each of the remaining %(q2 —1)(g — 1) cones in

Q) has a stabilizer of order 4¢ by Proposition 4.1, and thus the orbits among
these cones all are of size 3(¢*> — 1). Hence there are 3(¢ — 1) such orbits,
and the total number of Hy-orbits on 2 when ¢ =3 (mod 4) is

1 1 1
14+ =(g—1)+>(qg—3) = ~(3¢ — 1).
+t5la=1)+7(a=3)=706¢-1)
The result now follows from the stabilizer computations in Proposition 4.1
and Corollary 2.2. O
We now consider the orthogonal cones with vertex V' = (0,1,0,1,0)

and hence generator spread line m; = ((0,1,0,1,0),(0,0,1,0,—1)), where
my lies in the short orbit on lines of S. Choose by = (1,0,0,0,0), b} =
(0,1,0,-1,0), by, = (0,0,1,0,1), by = (0,1,0,1,0), b}, = (0,0,1,0,—1) and
apply Theorem 2.1 with basis B’ = {bg, b}, b5, b5, b} }. As this is the same
basis that was used in the previous section, we know that we may restrict
our attention to the orthogonal cones in

Q' ={C,,.: a,b,c € GF(q) | b> — dac € 7},

where C, , . has as its associated Gram matrix with respect to the standard

basis the matrix A’ given in Equation (20). Straightforward computations
using Equation (28) show that H' = Stabg(V') has order 2¢°(¢ — 1)? and
H' leaves invariant the spread line m_; = (b), b5) as well as the generator
spread line m;. In fact, the subgroup H|, of H' whose translations are in the
“direction” of V’ has order 2¢*(¢—1)? and is induced by matrices of the form

1 t 0 t 0
B 0 e €2 [} €2
M =10 H£wey Z£e; fwes +g1|,
0 q —€2 €1 —€2
0

Fwey £g1 Fwey *e

where t, e, e, g1 € GF(q) with €2 # ¢3.
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We now sort out equivalences among the cones in ¥ by letting H|, act
on (V. Choosing the cone Cj,_, € ', more routine, but messy, matrix
computations show that 7, € H{, leaves this cone invariant if and only if the
following conditions are satisfied:

€9 =0
(n+e) = (g—e)
(91 - 61)2 = :‘3(91 - 61)
9 # e

where the last condition arises from the description of the group H|, given
above. Once again note that the entry ¢ € GF(q) does not appear in the
above system of equations, and thus there are ¢ choices for it. The third and
fourth equations imply that g; —e; = 41 and thus (g; + e;)? = 1. Therefore
one obtains four solutions for the pair (e1, g1), and K = Staby, (C1, _,,) has
order 4q. An application of the Orbit-Stabilizer Theorem now shows that
Hj, acts transitively on ' as || = 3¢(¢ — 1)®. Thus we have the following
results.

Theorem 4.4. Let ¢ > 5 be an odd prime, and let 7 = Hall(¢?) be the
Hall plane of order q*>. Then there is a unique orthogonal Buekenhout unital

embedded in w that meets the line at infinity of ™ in a point of its short orbit.
The full stabilizer in Aut(m) of this unital has order 4q.

Corollary 4.5. Let ¢ > 5 be an odd prime. Then, up to equivalence, the
Hall plane m of order ¢* contains exactly 1+ L%j ovoidal Buekenhout unitals,
where |x| denotes the floor of x. The orders of the full stabilizers in Aut(m)
of these unitals may be found in Theorems 4.3 and 4.4.

5 Conclusion

The techniques developed in this paper may be used to enumerate the or-
thogonal Buekenhout unitals embedded in any two-dimensional translation
plane, provided one has a convenient description of the automorphism group
of the associated spread S. For instance, one could consider the odd-order
two-dimensional flag-transitive planes (see [2], [4] for a description of these
planes in terms of the associated spreads). By definition, the stabilizer of the
spread acts transitively on its lines, but one must look at the point orbits on
any line under that stabilizer of that line. When ¢ is prime, one can easily
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show that there are %1 such orbits. Computations similar to the ones in the
previous two sections show that any flag-transitive two-dimensional plane of
order ¢?, where ¢ > 5 is prime, has @ mutually inequivalent orthogonal
Buekenhout unitals, and the stabilizer of any such unital has order 2q. It
should be noted that when ¢ is prime, there are qg—l mutually non-isomorphic
such planes of order ¢? (the Desarguesian plane is not counted as it is not
two-dimensional).

As a final remark, we should mention that the software package Magma [10]
played an integral part in the discovery process of several results in this paper

by providing data that eventually allowed us to see many general patterns.
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