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1 Normed Linear Spaces (Kreyszig 58)

Definition 1.1. A normed linear space is a vector space X over R or C and a function || | from X to R,
which satisfies

(1) ||z|| =0, for all x € X,
(2) |lz|| =0, if and only if z =0,
(3) |lazx|| = |a||z||, for all « € R(or C) and for all x € X,
@) llz+yll < llzll + llyll, for all z,y € X.
The norm is a continuous function, i.e. if t =y (i.e. ||z —y|| = 0), then ||z|| — ||ly|| (Kreyszigr, 60).

Definition 1.2. A bounded linear transformation (bounded liner operator) from a normed linear space
(X1, - |l1) to another normed linear space (Xa, || - |l2) is a function T : X1 — Xa, such that

(1) T(ax + By) = aTx + BTy, for all z,y € Xy, with «, 8 € R(or C),
(2) for some ¢ >0, || Tx|2 < c||z|1, for all z € X;.

The smallest ¢ is called the norm of T, written as ||T||. Thus,

Tx 2
1Tl = sup [Taflz= sup I2ll2,
z|1=1 |lz]|1 70 |1

Example: The space C([0,1]), with either the norm [|f|loc = sup,epo,1) [f(2)] or [ fl1 = fol |f(z)|dx are
both normed linear spaces.

Theorem 1.3. Let T be a linear transformation between two normed linear spaces. Then the following are
equivalent:

(a) T is continuous,
(b) T is continuous at 0,

(¢) T is bounded.

Proof. (a) = (b) is trivial. Suppose (b) is true, so that 7' is continuous at the origin. Then there exists a
§ > 0, such that ||z|| < ¢ implies ||Tz|| < 1, for some € > 0, with ¢ = 1. Then if ||z|| = 1, we have |36z < 4.
This implies || Tz|| = ||T (2£)|| < 1. Hence, ||Tz|| < 2. Therefore, for all z, we have

()l <50

This implies (c). Now suppose (c) is true. Let M = sup,=; [|[Tz[|. Then for x # y, we have

(=) =

Hence, ||Tz — Ty|| < M|z — y|| so that T is continuous. O

1Tz} = [l
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Note: In C([0,1]) with either ||f|lcc = sup,ep, 1y [f(z)] or [|f]l1 = fol f(z) dx the operator

<fox>zhl k() () dy,

for k(z,y) continuous on [0,1] x [0, 1] defines a bounded linear operator into itself.

Definition 1.4. IfT is a linear operator and Tx1 = Txo implies 1 = x2, then there exists a linear operator
T, such that if Tx =y, then x = T~y is called the inverse of T.

Example: If T2 = y, and ||Tz| < c||z||, then T~1y = 2 and we want solutions such that |7~ y| < M||y|.
Stable solutions occur when 7~! is bounded. (In finite dimensions, any linear operator is bounded.)

Definition 1.5. We say (X, || - ||) is complete if every Cauchy sequence converges to an element of X.
Every normed space has a completion, i.e. can be embedded as a dense subset of a complete normed space.
(Theorem 2.3-2 of Kreyszigr)

Example: The completion of Q is R. The completion of (C([0, 1]), || f]|1) is L (the set of Lebesgue integrable
functions).

Theorem 1.6. Let C([a,b]) be the space of continuous functions on the closed interval [a,b] with the norm

[flloe = sup [f(x)],

a<z<b

then C([a,b]) is complete.

Proof. Let {f,} be a Cauchy sequence. Then for any fixed z in [a, ],

[fn(@) = [ (@) < ([ fn(@) = fn(@)]| = 0, asm,n — oo

so {fn} is a Cauchy sequence of real numbers. Since the real numbers are complete, for each x there is a
number f(x) with f,(z) — f(z). Given € > 0, find N such that for m,n > N, || fn(2) — fm(2)]cc < €. Then

sup [f(z) = fn(2)] = sup lim |f(2) — fx(2)]

a<z<b agmgb”_“”
< sup sup |fn(x) — fn(z)]

alz<bn>N
< sup sup ||fo(z) — fn(2)]

a<z<bn>N

sup || fn(z) — fn(2)]o <e.
n>N

Thus, if we can show that f € C([a,b]), we can conclude ||f — f,|loc — 0 so that f, — f in C([a,d]). Fix
x € [a,b] and € > 0. We want to find a 6 > 0 such that |x —y| < ¢ that implies | f(x) — f(y)| < e. Pick n such
that || f, — f|| < §. Then since each f, is continuous, pick |z — y| < ¢, which implies |f,(z) — fu(y)] < 5.
Then when |z — y| < d, we have

@) = ) < (@) = Ful@)] + @) = Tl + [ fal) ~ SO < g+ 5 +5 =<

Hence, f € C([a,]). O
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2 Hilbert Spaces (Kreyszig 128)

Definition 2.1. A complex vector space X 1is called an inner product space if there is a complex valued
function {-,-) on X x X that satisfies the following conditions for all z,y,z € X and o, 8 € C:

o (x,2) >0, and (z,z) = 0 if and only if z =0,
o (+y,2)=(z,2) +(y,2),
(az,y) = alz,y),
(x,y) = (y,2).

The function (-,-) is called an inner product. Note that

(ax + By, z) = alz, z) + Bly, 2),

(z,0y) = a(z,y).

Example: Let C™ denote the space of all n-tuples of complex numbers where © = (z1,x2,...,2,) and
y = (y1,Y2,-..,Yn) in C". We have (z,y) = > | 2:7;.

Example: Let X denote complex valued continuous functions on [a,b] where for f,g € X, the inner
product is given by (f, g) f flz

Definition 2.2. Two elements x,y in an inner product space X are said to be orthogonal if {(x,y) = 0.
A collection {xo}aca of elements in X is called an orthonormal set if (X, xq) = 1 for all a € A and
(xa,z8) =0 for all a # B € A. (Note, A may be uncountable)

We introduce the shorthand ||z|| = \/(z,z). We will see shortly that ||z| is a norm.

Theorem 2.3. Let {z,})_, be an orthonormal set in an inner product space X. Then for all x € X, we

have
N N
2
21 =" [an, 2)* + |z = > (0, 2)2,
n=1

n=1

2

Proof. We write x as
N N
Z (Tp,x <x - Z(xn,w>:c> .
n=1 n=1
Noting that Z,]:/:l<$n, x)x, and x — Zgﬂ(mn, x)x, are orthogonal, we have that

2 2

N

T — Z(xmx>xn

n=1

N
= || X ns=
n=1
N
= Z| L, T |2

n=1

N 2

T — Z(xn,x>xn

=1
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2.1 Bessel’s Inequality (Kreyszig 157)

Corollary 2.4. Let {x,}YN | be an orthonormal set in an inner product space X. Then for all x € X, we
have
N
l]* > Z ({2,

2.2 Cauchy-Schwarz Inequality (Kreyszig 14)

Corollary 2.5. If x and y are elements of an inner product space then

(@, )] < [l [|y]l-

Proof. The case y = 0 is trivial, so suppose y # 0. The element ﬁ by itself forms an orthonormal set so
applying Bessel’s inequality to any x € X gives

e S [ e
N lyl? T
O
Exercise: For z,y on an inner product space X, show that the parallelogram law
Iz + gl + llz = ylI* = 2l|=]* + 2(y[|*,
is valid.
Theorem 2.6. FEvery inner product space X 1is a normed linear space with norm ||z| = \/{(z, ).
Proof. Since X is a vector space, we need only verify that || - || is a norm. All the properties required follow
immediately, except the triangle inequality. Suppose z,y € X, then
lz +yl* = (2, 2) + (z,y) + (y.2) + (y,9)
= (z,z) + 2Re(z,y) + (¥, v)
< (w,x) +2[{z, y)[ + (,9)
< (@) +2(z,2) 2 (y,9) 2 + (y,9)
= (l=]l + llylh*,
by the Schwarz Inequality. O

Definition 2.7. A complete inner product space is called a Hilbert space.

Definition 2.8. Two Hilbert spaces, Hy and Hs, are said to be isomorphic if there is a linear operator called
U from Hy onto Hy such that (Uy,Uy)m, = (x,y)m, for all x,y € Hi. Such an operator is called unitary.



Dr. David Colton MATH 806: Functional Analysis

Example: The vector space of all continuous functions on [0, 1] is an inner product space with inner product
defined by

(f.g) = /O (@)@ da.

Unfortunately, this inner product space is not complete. Consider the sequence a, = % + %, which is a
2
Cauchy sequence, since for n > m we have that ||f, — fm|* = fol |fn(z) — f(2)|? dx = (7:1;::;) — 0 as

m,n — co. However, {f,} does not converge to a continuous function. The completion of this inner product
space is a Hilbert space which we denote by L?([0,1]).

Example: We define ¢ to be the set of sequences {z,}°; of complex numbers such that

o0
Z |z |? < o0,
n=1

with inner product

It follows from section 1.2-3 of Kreyszigr that ¢2 is a Hilbert space.
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3 The Riesz Representation Theorem (Kreyszig 188)

Let M be a closed subspace of a Hilbert space H and let M~ be the set of vectors in H which are orthogonal
to M. M is called the orthogonal complement of M. It is easily verified that M~ is a closed linear subspace
of H and hence M~ is also a Hilbert space such that M and M have only the zero element in common.
Consider:

o [(zn —z,m)|| < |z —aflIm] = (zn,m) = (z,m) if 2, — =
e (z,,m)=0for all m € M, x,, — = implies (x, m) = 0, which implies M is closed.

e A closed subspace in a Hilbert space H implies that it is complete. That is, if ||z, — 2| — 0, then
r, — x € H, and M* is closed so that x € M*. (Theorem 1.4-7 in Kreyszigr)

Lemma 3.1. Let H be a Hilbert space, and let M be a subspace of H. Suppose x € H. Then, there exists
in M a unique element z closest to x.

Proof. Let d = infycar || — y||. Choose a sequence {y,}, yn € M such that ||z — y,|| — d. Then, by the
parallelogram law, we have

1y = ymll* = [y = 2) = (m = 2)* = 2llyn — 21 + 2llym — 2] = || = 22 + g + yu|®
2

1
L= 7(yn +ym)

:2||yn_m||2+2||ym_x”2_4 9

<2|lyn — )|* + 2|l ym — =||* - 4d°
— 2d* + 2d% —4d® =0,

since %(yn +Ym) € M as n,m — oo. Hence, {y,} is a Cauchy sequence, and since M is closed {y, } converges
to an element z € M. Therefore, ||z — z|| = d. To show uniqueness, assume that d = ||z — z|| = ||z — z0]].
Then by the parallelogram law,

Iz = 20l* = [I(z = ) = (20 — 2)|I* = 2l|2 — 2* + 2l|20 — 2] = [|(z — 2) + (20 — @)
2

1
2d2+2d24‘2(z+20):z:

< 2d? 4 2d° — 4d% = 0,

which implies z = zp. O

Theorem 3.2. (Projection) Let H be a Hilbert space, and M a closed subspace of H, then every x in H
can be uniquely written as © = z +w, where z € M and w € M.

Proof. Let x € H. Then by the lemma, there exists a unique element z € M closest to . Define w = x — z.
Then clearly, z = 2 + w. We must show w € M+. Let y € M and t € R. Then if d = ||z — z||, we have

& < ||z — (2 + ty)|* = [lw — ty||* = d* — 2tRe(w, y) + t*|y||*.

This implies —2tRe(w, y) + t2|y||> > 0 for all ¢t € R. Hence, dividing by ¢, we must have Re(w,y) = 0. A
similar argument using ¢t instead of ¢ shows that Im(w,y) = 0. Hence, (w,y) = 0. To prove uniqueness,
assume T = z + w = 29 + wo where z, 29 € M and w,wy € M. then

Z—zpg=wop—w = z—zOEMﬁMl:{O}.

Hence, z — zg = wy — w = 0 and thus, z = 2y and wg = w, as desired. O
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We introduce the notation, H = M & M>. The linear space of all bounded linear transformations from a
Hilbert space, H, into another Hilbert space H is denoted by L(H, H).

Definition 3.3. The space L(H,C) is called the Dual space of H, and is denoted by H'. The elements of
H' are called bounded linear functionals.

3.1 Riesz Representation Theorem

Theorem 3.4. For each f € H' there exists a unique z € H such that f(z) = (z,z), for allz € H. In
addition, |[f|| = |z

Proof. Let N be the set of all x € H such that f(z) = 0. By the continuity of f, N is a closed subspace of
H. If N =H, then f(x) = (x,0) for all x and we are done. Hence, assume N C H. Then by the Projection
theorem, there is a non-zero element zy € N-+. Define

f(ZO)ZO

2= ——5 -
e

We will show that z has the right properties. First, if z € N, then (z, 2) = 0, since z € N*. Furthermore, if

T = azy, we have L
f(z) = af(z) = <azo f(zo)zo> = (x, z).

" llzoll?

Since f(-) and (-, z) are linear and agree on N and zg, they must agree on the space spanned by N and zg.

But N and % span the whole space, H, since every element y € H can be written y = (y - fw )+ /(v)

F(20) 0 ) T FTz0) 70>
[y > _
f (Z/ 7 ZO)ZO = 0.

(
Thus, f(z) = (z, 2) for all € H. Now, assume f(z) = (z,2) = (z,29). Then

and

||ZO—ZH2:<ZO—Z,ZO—Z>Zf(Zo—Z)—f(Zo—Z)ZO-

Hence, zg = z. To prove that ||f||g = ||z]|m, consider the definition. By definition, we have
[fllzr = sup |f(z)| = sup [(z,2)] < sup |z[/|lz] = |[=]
llll= llzll=1 llzll=1

Also, we have

T : =N/ 2 N
17l = sup 1 (=)l 2 ()l () =
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4 Orthonormal Sets (Kreyszig 152)

Definition 4.1. If S is an orthonormal set in a Hilbert space H and no other orthonormal set contains S
as a proper subset, then S is called an orthonormal basis or a complete orthonormal set for H.

Theorem 4.2. Every Hilbert space H # {0} has an orthonormal basis.

Proof. Consider the collection S of orthonormal sets in H. We order S by inclusion. That is, we say S7 < So
if §1 C S5. With this definition, S is partially ordered. There may be sets such that neither S; < S or
So < S7 holds. It is also non-empty since if v € H, v # 0, then {ﬁ} is an orthonormal set. Now, let {S,}
be any totally ordered subset of S (i.e. Sa,,Sa, in {Sq} implies So, < Sa, 0F Sy < Sa, ). Then UyeaSs
is an orthonormal set which contains each S, and is thus an upper bound for {S,}aca. Hence, by Zorn’s
lemma (4.1-6 in Kreyszigr), S has a maximal element (i.e. an orthonormal set not properly contained in any
other orthonormal system). O

Remark: From now on we’ll always assume H # {0}.

Theorem 4.3. Let H be a Hilbert space, and S = {¢pao taca an orthonormal basis. Then for each y € H,

Y= Z<ya¢a>¢a and ||y||2 = Z |<y7¢0¢>|2'

acA acA

The sum on the right side converges (independent of order) toy € H.

Proof. Bessel’s inequality implies that for any finite subset A’ C A,

Y [y da)l® < llyl*.

acA

For any integer m, |{y, ¢o)| > % for a finite number of «. This implies (y, ¢o) # 0 for at most a countable
number of a’s in A, which we order in some way, «q, s, . ... Furthermore, since

POIUNIE

is monotone increasing and bounded it converges to a finite limit as N — oo. Let y, = Z?Zl@, ba;) P -
Then for n > m, we have

2
n n

||ym_yn||2: Z <y)¢(¥j>¢aj = Z ‘<y7¢aj>‘2'

j=m+1 j=m+1
Therefore, {y,} is a Cauchy sequence and converges to an element y' € H. But

n

(=9 ¢a,) = lim <y - . ¢<yj>¢aj,¢az> =Y, bar) = (Y; Pas) = 0,

Jj=1

10
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and if o # oy for some ¢ we have (since (y, ¢) = 0 and (pa,, do) = 0),

Y=y, pa) = Jim <y - Z(y, ¢aj>¢aj,¢a> =0.

j=1

Hence, y — 3/ is orthonormal to all the ¢,’s in S and since S is a complete orthonormal set, we must have
that y — 3’ = 0. (Otherwise adding % to S would give us a bigger orthonormal set, which contradicts
the fact that we had a maximal element.) Therefore, y = lim,,_ oo Z?Zl@, ¢j)¢;. Furthermore,

2
n

0= lim v = 21y, 60,0,

j=1

lim | [ly* = (Y, ¢a,)I?
=1

n—0o0

lyl® = y: da) .

a€cA

since the norm is continuous. O

4.1 Parseval’s Relation (Kreyszig 170)
Definition 4.4. The above equality is called Parseval’s relation and (¢, y) are called the Fourier coefficients.

Definition 4.5. A normed linear space X which has a countable dense subset M (i.e. M = X ) is said to
be separable.

Theorem 4.6. A Hilbert space H is separable if and only if it has a countable orthonormal basis S. If there
are N < oo elements of S, then H is isomorphic to CV. If there are countably many elements in S, then H
is isomorphic to (2.

Proof. (=) Suppose H is separable and let {z,} be a countable dense set. By throwing out some of the
xy,’s, we can get a sub-collection of independent vectors whose span is the same as the set {z,} and is thus
dense. Applying the Gram-Schmidt procedure (Kreyszigr 157) to this sub-collection, we obtain a countable
complete orthonormal set.

(<) Conversely, if {¢,} is a complete orthonormal set for a Hilbert space H, then it follows by Theorem
4.3, that the set of finite linear combinations of the ¢, with rational coefficients is dense in H. Since this
set is countable, H is countable. This completes the first part of the proof.

Suppose H is separable and let {¢,,}52; be a complete orthonormal set. We define a map U : H — (2 by

U:z— {{z,0n)}peq-
Theorem 4.3 implies that this map is well defined and onto (i.e. = > and,, implies (z, @) = O andn, Pn) =
an, and Y |a,|? < co. This implies onto.) We need to show that U is unitary. We first note the polarization
identity:
1
Re(z,y) = 2 (= +y[” = = = y[*)

1 ) )
m(z,y) = 4 (|l +iyll* = llz = iy]*).

11
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Then from Theorem 4.3, we have that

o0

lzl® =Y e, én)* = U],

n=1

and by the polarization identities, U preserves the inner product.

The proof that H is isomorphic to CV if S has N elements is similar.

12
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5 Banach Spaces (Kreyszig 58)
Definition 5.1. A complete normed linear space is called a Banach space.

Example: Every Hilbert space is a Banach space with respect to the norm ||z|| = /(x, z).

Example: For p > 1 the Banach space LP[a,b] is the completion of the normed space which consists
of all continuous functions on [a, b] with norm

b 1/P
1£llp = < / If(:v)l”dw> |

The fact that || f]|, is a norm follows from the Minkowski Inequality (Kreyszigr 14), which shows

1 +gllo < I1fllp + llgllp-

5.1 Important Banach Spaces
Example: Let a = {a,}52; be a sequence of complex numbers and define
0% ={a:|al]lcc =sup|a,| < oo}

c:{a:nli_{rgoan<oo}

o 1/17
= a:IIallp<Zlan|”> <cop, l<p<oo
n=1

The space £ and ¢ are Banach spaces with the || - ||« norm (Sections 1.5-2 and 1.5-3 of Kreyszigr) and ¢?
is a Banach space with the || - ||, norm (Section 1.5-4 of Kreyszigr).

The set of all bounded linear operators from one normed linear space X to another normed linear space Y
is denoted B(X,Y’). We can define a norm on B(X,Y') by defining

Axy
)= sup 147l
zeX,x#0 Hx”X

This norm is called the operator norm.

Theorem 5.2. IfY is complete, then B(X,Y) is a Banach space.

Proof. Since any finite linear combination of bounded operators is again a bounded operator, B(X,Y) is a
vector space. It is also easy to see that || - || is a norm. For example, the triangle inequality is proved by the
following computation

A+ B)z| | Az]| + || Bz| [Az]| [[Bz| _

||A+B||:5upu(7<sup7<sup7+ =||A] + || B|l-

a0zl 7 a0 ] az0 |zl el

To show completeness of B(X,Y'), we must show that if {4, }22 ; is a Cauchy sequence in the operator norm,
then there is a bounded linear operator A such that ||A, — A|| — 0. Let {A4,,}22; be a Cauchy sequence.
Then for all x € X, {A,2}22, is a Cauchy sequence in Y, because

[Ane — Apz|| < [[An — Al 2],

13
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for n,m > N, for some N large enough. Since Y is complete, {A4,2}>2 ; converges to an element y € Y so
define Az = y. It is easy to check that A is a linear operator. From the triangle inequality, it follows

H‘AnH - HAm||| < HAn - AmHa
which implies {||4,]/}22, is a Cauchy sequence of real numbers converging to a real number c. Thus
[Az]ly = lim [[A,zfly < Tim [[A[| ] x = cf|z]x,
n—oo n—oo

which implies A is a bounded linear operator. We must still show that A, — A, in the operator norm. Since
(A = Ap)z|| = limy, oo ||(A, — Az, we have

1(A— An)z|

< lim [[An — Ay,
[l m—oo

which implies

A—A
14— Ap]| = sup WA= Aml 0 ia A,
20 Izl m—o0
which is arbitrarily small for large enough n. [

Definition 5.3. A bounded linear operator from a normed linear space X onto a normed linear space Y is
called an isomorphism if it is norm preserving.

Example: All separable infinite dimensional Hilbert spaces are isomorphic to 2 (Theorem 4.6).

Definition 5.4. Two norms || -||1 and || - ||2 on a normed linear space X are called equivalent if there are
positive constants a and b such that for all x € X,

allz[y < flzllz < bl

Theorem 5.5. On a finite dimensional vector space, all norms are equivalent.

Proof. Theorem 2.4-5 of Kreyszigr. O

14
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6 The Dual Space (Kreyszig 120)

In the previous section we proved that if X is a normed linear space and Y is a Banach space, then the set
B(X,Y) of bounded linear transformations from X to Y is also a Banach space. In the special case when
Y = C, the space B(X,Y) is denoted X’ and is called the Dual space of X. The elements of X’ are called
bounded linear functionals on X. Convergence in X’ is convergence with respect to the operator norm, i.e.
if f € X', then

Ifll="sup [f(2)l.

veX ||lz)=1

Example: Suppose 1 < p < oo and 1% + % =1. If f € LP(R) (c.f Kreyszigr 62), then Holder’s inequality
(Kreyszigr 14) says that

0o 1/p
ol < Il where 1Al = ([ )
—00
and hence

/ Z f(@)9(@) de,

makes sense. Let g € L4(R) be fixed and define

- [ " f(e)al@) de,

for each f € LP(R). By Holder’s inequality, G(-) is a bounded linear functional on LP(R) with norm less
than or equal to ||g||4. It can be shown that the norm is equal to ||g||, and every bounded linear functional
on L? is of the form G(-) for some g € LI(R).

Example: For 1 < p < oo, £7 is the dual space of P, where % + % =1 (2.7-10 of Kreyszigr).

Since the dual of X’ of a Banach space is itself a Banach space, it also has a dual space, denoted X"
called the second dual of X. We will show that X can be regarded in a natural way as a subset of X"'.

6.1 The Second Dual Space (Kreyszig 239)

Theorem 6.1. Let X be a Banach space. For each x € X, let g, (-) be the linear functional on X' which
assigns to each f € X', the number g, (f) = f(z). Then the map C : x > g, is an isomorphism of X onto
a (possibly proper) subspace of X" .

Proof. Since [g.(f)| = |f(z)| < [|fllx [|[z]|x and
gz(af + ﬂh) = Ozf(:E) + 6h($) = agz(f) + 6gz(h)a
for any f,h € X', we have that g, is a bounded linear functional on X', such that
921l < llz[lx-

By a corollary to the Hahn-Banach theorem (which we will prove soon), given z, we can find f € X’ such
that || f]x- = 1, and f(z) = ||z||x. This implies

9l x = sup  |gz(f) = [[=| x-
Fexlifll=1
Hence, ||gz||x» = ||z||x. Therefore, C is an isomorphism of X onto its range. O

15



Dr. David Colton MATH 806: Functional Analysis

Definition 6.2. If the map C is surjective, then X is said to be reflexive.

Theorem 6.3. (Hahn-Banach, Real) Let X be a real vector space, P is a real-valued function defined on
X satisfying P(x +vy) < P(x) + P(y) and P(ax) = aP(z) for all x,y € X and o > 0. Suppose that f is
a linear functional defined in a subspace Y C X, which satisfies f(x) < P(x) for allx € Y. Then there is
a linear function f defined on X satisfying f(x) < P(x) for all x € X and such that f(:zr) = f(x) for all
zeY.

Proof. The idea is the following: First, we will show that if z € X but z ¢ Y, then we can extend f to a
functional having the right properties spanned by z and Y. We then use Zorn’s lemma to show that the
process can be continued to extend f to the whole space.

Let Y denote the subspace spanned by Y and z. The extension of f to Y, call it f , was specified as soon as
we defined f(z), since for y € Y, we have

flez+y) =cf(z) + f(y).
Suppose that y1,y2 € Y, o, 8 > 0, then

Bf(y1) +af(y2) = f(Byr + ayz)

=(a+pB)f (af_ﬁyl + ai5y2>
< (a+ B)P (M@l —az) + ——(ys + 62)>

a+p
< BP(y1 — az) + aP(y2 + Bz).

Hence, for a, 8 > 0 and y1,y2 € Y, we have the following

1

S [=P(y1 — az) + f(y1)] < = [P(y2 + Bz) — f(y2)] -

1
B
We can therefore find a real number a such that

1

sup <P<yaz>+f<y>>}s(zs in [1<P<y+/3z>f<y2>>
yeY,a>0 | & z

We now define f(z) = a. It can be easily verified that f(z) < P(x), for ally € Y :
flez+y) =cf(z) + fy) = ca+ f(y).
Assume ¢ > 0 (¢ < 0 can be done similarly), then
c
cat fy) < — (Plys+82) = fyr))y fly)  forallyr €V
c c
=P (Syi+ez) = Sfm) + )
= P(y + cz),

for y; = Zy. This shows that f can be extended one dimension at a time. By Zorn’s lemma we can continue
this process and extend f to all of X (see a and b Kreyszigr 214). O

16



Dr. David Colton MATH 806: Functional Analysis

Theorem 6.4. (Hahn-Banach, Complex) Let X be a complex vector space, P a real-valued function defined
on X satisfying P(z +vy) < P(z)+ P(y) and P(ax) = |a|P(z) for all xz,y € X and for any «. Suppose that
f is a linear functional defined in a subspace Y C X, which satisfies |f(z)| < P(x) for allz € Y. Then there
is a linear function f defined on X satisfying | f(x)| < P(z) for all z € X and such that f(z) = f(x) for all
reY.

Proof. Let £(x) = Re{f(x)}. Then £ is a real linear functional on ¥ (i.e. ¢ is linear over the vector space
consisting of elements of Y and real scalars), and since £(iz) = Re{f(iz)}, we have

Re{f(iz)} = ¥{if(2)} = =S{f(2)}.

We see that f(x) = €(x) —if(iz). Since £ is linear on the vector space Y with scalar multiplication restricted
to the real numbers, ¢ has a real linear extension to all of X such that L(z) < P(z) (by Theorem 6.3), where
L(z) is real valued. And now define

f(z) = L(z) — iL(iz).

Then f(z) clearly extends f(z) and is real linear. Moreover,
fliz) = L(iz) — iL(—2) = L(iz) + iL(z) = if (2),

so that f is complex linear. To complete the proof, we need only show that |f(z)| < P(x). To this end, first
note that P(ax) = P(z) if |a| = 1. If we set § = arg{f(z)} and use the fact that R{f(z)} = L(x), we see
that

@) = e i) since f(z) = |f(@)e?
_ fle—s
= L(e ") since f(e "z) is real
< P(e ")
= P(z),
since |e~¥| = 1. O

6.2 Hahn-Banach Corollaries

Corollary 6.5. Let X be a normed space, Y a subspace of X and f an element of Y'. Then there erists an
extension f € X' extending f and satisfying || fllx = ||f|v’-

Proof. Choose P(x) = ||f||y||z|| and apply the Hahn-Banach theorem. O

Corollary 6.6. Let xg # 0 be an element of a normed linear space X. Then there ezists f € X' (bounded
linear functional) such that || f]| =1 and f(zo) = ||zo]|-

Proof. Let Y be the subspace consisting of all scalar multiples of 2 and define f(azg) = al|z¢|| as a linear
functional. By Corollary 6.5, we can construct f with || f|| = || f]| extending f to all of X, but || f]| = ||f|| =1

and f(z0) = f(0) = [|zo]- -

17
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Corollary 6.7. For every x in a normed linear space X we have that

||.Z‘|| — sup ‘f(.i?)|
rexigz0 |/

Hence, if f(xg) =0 for all f € X', then x¢ = 0.

Proof. Using the f from Corollary 6.6, we have, writing = for x,

@) o [F@)] _ el

sup == =l

rexe IfFE = )17l 1

and from |f(z)| < || f|l =] it follows

|/ (@)

sup ~——— < ||z
20 Il

Corollary 6.8. Let Y be a proper closed subspace of a normed linear space X and suppose xq is an element
of X, whose distance from'Y is d. Then there exists f € X' such that ||f|| =1, f(zo) =d, and f(y) =0 for
ally €Y.

Proof. Lemma 4.6-7 of Kreyszigr. O

Theorem 6.9. Let X be a normed linear space. If X' is separable, then X is separable.

Proof. Let {f,} be a dense set in X’. Choose {z,} in X, ||lz,|| = 1, such that | fn(zn)|| > 1|/ fnl. Let D
be the set of all finite linear combinations of the {z,,} with rational coefficients. Since D is countable, it is
sufficient to show that D is dense in X. Suppose D is not dense in X, then there exists a y € X \ D, such
that

inf |ly—z| >0 (since D is closed),

reD

and a linear functional f € X’ such that f(y) # 0, but f(z) = 0 for all # € D by Corollary 6.8. Let {f,,}
be a subsequence of {f,} which converges to f. Then

0 ¢— llan I = Faill = 1(F = fi) ()|

= | frp (Tny)] (since f vanishes for all x,, € D)
1
> §||fnk ”

Hence, || fn, || — 0 as k — oo. This implies f = 0, which is a contradiction since f(y) # 0. Thus, D is dense
in X, and so X is separable. O

18
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7 The Baire Category Theorem and Its Applications (Kreyszig
247)
Definition 7.1. A set S in a metric space M is called nowhere dense if S has no interior points.

Theorem 7.2. (Baire Cetagory) A complete metric space is never the union of a countable number of
nowhere dense sets.

Proof. Suppose X is a complete metric space and assume X = U;2; M, with each M, a nowhere dense
space. We will construct a Cauchy sequence {z, } which stays away from each M, so that its limit point
z (which is in X by completion) is in no way a part of any M,,, thereby contradicting the statement that
X =U2  M,.

Since M; is nowhere dense, M; does not contain a non-empty open set, but X does (i.e. X itself). This
implies, M7 # X. Hence, we can find z; ¢ M. Pick an open ball B; about z; such that By N M; = 0 and
so that the radius of Bj is smaller than 1. Since, M5 is nowhere dense, we can find x5 € B; \MQ. Let Bs
be an open ball around z» such that By C B; (nested balls), and By N My = () and B has a radius smaller
than % Proceeding inductively, we pick z,, € B,,_1 \Mn and choose an open ball B,, about x,, such that
B, C B,_1, and B, N M,, = () and B, has radius smaller than 2!=". Now {x,}% ; is a Cauchy sequence
since n,m > N implies x,, x,, € By which implies

A(Ty, T) < 217N $ 217N = 227N (diameters),

as N — oo. Hence, {z,,} — z for some z € X, by completeness. That is, let = lim,, ,oc{%n}. Then for
each N > 1, z, € By, for n > N, we have that x € By C By_1. So, ¢ ¢ My_; for any N, which is a
contradiction. O]

7.1 Uniform Boundedness Theorem (Kreyszig 249)

Theorem 7.3. Let X be a Banach space. Let F be a family of bounded linear transformations from X to
some normed linear space Y . Suppose that for each x € X, {||Tz|| : T € F}, is bounded. Then {||T| : T € F}
is bounded.

Proof. Let A, :={z: ||Tz|| <n for all T € F}. By hypothesis, cach x is in some A,,. That is, X = U2, A,,.
Moreover, each A, is closed (since T is continuous). By the Baire Category theorem, some A, has a non-
empty interior, i.e. By = B(zg;r) C Ay, for some ng,zg, and r. Let z € X, z # 0, and set z = xo + Yz,

where 7 = 5. Then ||z = zol] < r which implies z € By which gives ||Tz|| < ng for all T € F. We also

have || T'zo|| < ng since ¢ € By. Hence,

1 2’(7,0 4TLO
T2l = 217G = zo)ll < Z(IT=l + | Tzoll) < = (o +no) = == = =]l

2=
2=

O

“Recall” from MATH 616 that the Fourier Series of a given periodic function z(t) of period 2 is of the form

1 o0
540 + Z (am cos mt + by, sin mt), (7.1)

m=1
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where
1 2m 1 2m
A, = 7/ x(t) cos mtdt, b, = f/ x(t) sin mt dt.
™ Jo ™ Jo
It is well known that continuity and the existence of the right hand and left hand derivatives at a point % is
sufficient for convergence of (?7?) at t = tg. The following theorem shows that continuity alone is not enough
for convergence.

Theorem 7.4. There exists real valued continuous functions whose Fourier Series diverge at a given point
to.

Proof. Let X be the normed space of all real valued continuous functions of period 27 with norm ||z| =
max |z(t)|. It follows that X is a Banach Space. Without loss of generality, let ¢ = 0. Let f,(z) be the
value at t = 0 of the n'* partial sum of the Fourier Series of x(t). That is,

1 n
fn((E) = §a0t+ ;am
L [b S ]
= T — cosm
T Jo 2 m=1
1 271'
= )qn (1) dt,
ol R0
sin(n+%)t .
where g, (t) = I (Kreyszig 252). From
Fal®)] < = max| <t>|/2ﬂ (1))t = 121 / (1) dt
n S o Inax | o n = a5 n )
27'(' 0 4 27T 0 4

we see that f, is a bounded linear functional on X such that

1 2
< — t)| dt.
10 < 51 [ )
We first show that the above inequality is in fact an equality. Define

1 if gu(t)>0
y(t):{ —1 if gn(t)<0

Let z(t) be be a continuous function of norm one, such that e > 0 implies

1

2

[0 - soran ) <.
The we have,

1

| [ oma - [ vt mal -

The absolute value in the second expression comes from the definition of y(¢). Since e > 0 was arbitrary,
and ||z|| = 1, we can conclude that

1 2m
h@) = 5 [ lmolar <

1 2
1l = 52 [ laatolar
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We next show that the sequence {f,(t)} is unbounded. Using the fact that

o1 1
sin t’ < §t, for t € (0, 27],

2
we see that
1 27 \gin (n+ 1) ¢
Wl = = [t a)t)
21 Jo sin 5t
1 (*"|sin(n+1)¢
T 0 t
1 2n+1)m | o
_ 7/ | sinv| d
™ 0 v
2n (k+1)m .
1 | sin v|
= — —d
O
k=0
2n k+1)m
1 1 (
> = [ i d
sz_o(k‘Fl)W/lm | sin v| dv

2n

2 1
= — %
7T2I;)k+l o

as n — oo, which implies {||f.||} is unbounded. Since X is a Banach space, by the Uniform Boundedness
Principle, we can conclude that there must be € X such that {|f,(z)|} is unbounded. Here, the Fourier
Series for this z diverges at ¢t = 0.

O

7.2 Open Mapping Theorem (Kreyszig 286)

Theorem 7.5. Let T : X — Y be a bounded linear transformation of the Banach space X onto the Banach
space Y. Then if M is an open set in X, T[M] is open in Y.

Proof. We first make a series of remarks which will simplify the proof. First, we need only show that for
every neighborhood N of z € X, T[N] is a neighborhood of T'z. Since T'[x + N| = Tz + T[N], we need only
show this for x = 0. Secondly, since neighborhoods contain balls, it is sufficient to show that for r sufficiently
small T[BX] D BY, for some 7’ where

BX={zeX:|z|| <r}

Since T[BX] = rT[B;X], we need only show that T[B;] is a neighborhood of zero for some r. Finally, it is
sufficient to show that T[B;X] has a non-empty interior for some 7. To see this, suppose T[B;X] contains the
ball {y : |ly — yol|| < €} where Txg = yo. Then if ||z] < ro = mrm we have that T(x0 + z) is a neighborhood
of yo, i.e. T[Bfg] is a neighborhood of zero. We now proceed to the proof of the theorem. Since T is onto,
setting B,, = B:X, we have that

Y = U, T[B,).

This implies T[B,,] = nT[B1] has a nonempty interior for some n = ng by the Baire Category theorem. That
implies T[B;] has a non-empty interior. By scaling and translating we can suppose that B, for some € > 0 is
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contained in T[B]. We will show that T'[B;] C T[Bz] which will complete the proof (since T'[Bs] will contain

a non-empty interior). Let y € T'[B1], choose x € By such that y — T'xy € B.jy C T[B1/2]. Now choose z2
in By such that y —Txy —Txs € B,/4. By induction, choose z,, € Byi-» such that y — Z?:l Txz; € Beo-n.

Then we have
oo
T = E xZ;
i=1

exists, is in By (since [Jz|| < Y002, |las] < Yooq 217" = 2) and

Y= iTﬂ:‘i =Tz.
i=1

Hence, y € T[Bs]. O

7.3 Bounded Inverse Theorem (Kreyszig 286)

Corollary 7.6. A continuous linear bijection T : X — Y of one Banach space onto another has a continuous
tmuerse.

Proof. This follows from the fact that if T is a bijection, then 77! : ¥ — X exists and T~ is continuous if
and only if for all open sets M C X, we have that T[M] is open (Theorem 1.3-4 of Kreyszigr). O

Definition 7.7. Let T be a mapping of a normed linear space X into a normed space Y. The graph of T
denoted by T'(T) is defined as T(T) := {(z,y) : (z,y) € X x Y,y = Ta} where X XY is the normed linear
space defined by

(21,91) + (22, 92) = (T1 + T2, 41 + ¥2),
a(z,y) = (ax, ay),
@yl = [zl + [lyl-
It can easily be verified that if X and Y are Banach spaces then X XY is a Banach space (Theorem 4.13-2

of Kreyszigr).
7.4 Closed Graph Theorem (Kreyszig 292)

Theorem 7.8. Let X and Y be Banach spaces and T a linear map X into Y. Then T is bounded if and
only if the graph of T is closed in X x Y.

Proof. Suppose I'(T') is closed then since T is linear, T'(T) is a subspace of X x Y. By assumption I'(T') is
closed and is thus a Banach space in the norm

[(z, T)|| = [l=]| + [|T2[].

Consider the bounded linear maps P, : (z,Tx) — x and P, : (2,Tx) — Tx. P is bijective (P : 2 —
(z,Tx)) and so by the bounded inverse theorem P; ' is bounded. But 7 = PP, ', hence, T is bounded.
The converse is trivial, because if T is bounded, then I'(T) is closed by the continuity of 7. O
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Corollary 7.9. (Hellmyer-Toeplitz) Let A be an everywhere defined linear operator on a Hilbert space, H,
with (x, Ay) = (Ax,y) for all xz,y € H. Then A is bounded.

Proof. We will prove that I'(A) is closed. Suppose (z,, Az,) — (x,y). We need to show that (z,y) € T'(4),
i.e. y = Ax. But for every z € H, we have

<z,y> = h_{n <ZaA75n> = lim <AZ,JJ/”,> = <AZ»T> = <Z,AT>

n—oo

Hence, y = Az and T'(A) is closed. O
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8 The Adjoint Operator

Definition 8.1. Let X and Y be Banach spaces and T a bounded linear operator from X toY. The Banach
space adjoint of T, denoted T, is the bounded linear operator from Y’ to X' defined by

(T"g)(x) = g(Tx)
forallgeY' xe X'

Theorem 8.2. Let X and Y be a Banach space. The map T — T* is an isomorphism of B(X,Y) to
B(Y', X").

Proof. The map T — T is linear. The fact that T is bounded and the map is an isomorphism, follows
from the following

Hahn-Banach Corollary 6.7

IT|| = sup |Tx|| = sup | sup [g(Tz)|| = sup | sup [(T™g)(z)|| = sup |T™gl =T,
=1 lzl=1 \Ulgll=1 lgli=1 \ lzll=1 lgll=1

where g € Y. O

For the rest of this course, we are only interested in the adjoint of 7" when T is a bounded transformation of
a Hilbert space H into itself, i.e. T € B(H,H) = B(H).

The Banach space adjoint of T is then a mapping of H' to H’'. Let C : H — H’ be the map which assigns
to each y € H the bounded linear functional (-,y) in H’. Then C is the conjugate linear isomorphism which
is surjective with norm one by the Riesz Representation Theorem. Now define 7% : H — H by

T =C7'T*C.
Then from Theorem 8.2, we have ||T*|| = || T||, because
I < et e = 1=zl and T = 7" < [CTHITIC] = 1T

Furthermore,
(Tz,y) = Cy(Tz) = (T"Cy)(z) = (CT*y)(z) = (z, T"y),

where C'y is the linear functional associated with Tx from Definition 8.1.

Example: Let k(z,y) be continuous on [0,1] x [0, 1] and define T : L?[0,1] — L?[0,1] by

(Tf)(x) = / k(e,y) F ) d.

Then it is easily seen that T is bounded because

(@N@E <M [ 17y, where 3 = max {k(a.)*| (2.9) € 0.1] x 0.1}

and

(T* ) (@) = / (o) £(y) dy.

Theorem 8.3. Let X be an inner product space and T € B(X), then if (Tz,z) =0 for every x € X, then
T=0.
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Proof. Let v = ax +y, where z,y € X, then 0 = (T'(az + y), (ax + y)). Hence,
0= |af*(Tz,x) + (Ty.y) + a(Tz,y) + a(Ty,z)
= a(T'z,y) + Ty, z).

Then for a = 1, we have (Tz,y) + (T'y,z) = 0. And for a = 4, we have (Tz,y) — (Ty,x) = 0. Hence,
(Tx,y) =0 for all z,y € X, which implies ||Tz| =0 (set Tz = y), and so Tz = 0 for all x € X. This means
T=0. O

Theorem 8.4. Let H be a Hilbert space and S, T € B(H), then
(a) (TS)* =S5*T*
(b) (T*)* =T (in particular, T — T* maps B(H) onto B(H))

(¢) if T has a bounded inverse T~1, then so does T* and the inverse of the adjoint is the adjoint of the
inverse, (T*)~1 = (T—1)*

(d) 77| = |T|.

Proof. First off, (a) and (b) follow from (Tx,y) = (z,T*y). Since T™1T = I = TT~!, we have from (a) that
T*(T~Y)* = I* = I = (T~Y)*T*, which implies (c). Finally (d) follows from || T*T| < ||T||||T*|| = ||T||* and,

Schwarz Inequality

IT*T|| > sup [{z,T*Tz)| = sup (Tw,Tx) = sup ||Tz|*=|T|>*

llzll=1 llzll=1 llzll=1

Definition 8.5. A bounded linear operator T on a Hilbert space is called self-adjoint or Hermitian if T = T™.

Definition 8.6. If P € B(H) and P? = P, then P is called a projection. If in addition P is self-adjoint, P
is called an orthogonal projection (main interest).

Example: Let z = z +w where z € M and w € M~ for some closed subspace M C H. Define P : z — 2.
Then P2z = P(z) = z = Pz, implies P? = P; hence, P is a projection. Furthermore, for z,y € H, x = z+w,
y =z’ +w', we have that

(x, P*y) = (Pz,y) = (2,y) = (z,2' + W) = (2,2") = (2, Py) = (x + w, Py) = (z, Py).
Hence, P = P* so that P is an orthogonal projection.
Theorem 8.7. If T is a self-adjoint operator on a Hilbert space H, then

IT| = sup [{(Tx,z)|. (8.1)

llzll=1
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Proof. For all x € H such that ||z|| = 1, we have the following

(Tz,2)| < |Tallll < Tllll]* = ITI = T > Sup, (T2, 2)].
x||=

Let m denote the right hand side of (??), i.e. [(Tw,u)| < m||u||? for all u € H. Then for every z,y € H,
(T(xty),(xxy)) = Tx,z) £ 28Tz, y) + (Ty,y),
since the self-adjoint property of T implies

<Tl‘,y> + <Ty’$> = <Tm7y> + <Ty7'T> = <T‘r3y> + <T.Z‘,y> = 2§R<Tl‘,y>

Here, we have
AR(Tz,y) = (T(x +y), (z+y)) — (T(@—y),(x—y)) <M ([lz+y|* + |z — ylI*) =2m (llz|* + lyl1*) .

Now replace & by Az where |A| =1 and A(Tz,y) > 0. Then we have
m
(T2, p)] < 5 (1l + lly)1*) -

Suppose Tx # 0 and choose y =

H%DH Tz. Since |ly|| = ||z||, w have from the above inequality

T[] < ml||].

This holds trivially when 7'z = 0, and hence is true for all x € H, i.e. ||T]| <m = sup, = [(T'z,z)|. This
finishes the proof. O

Remark: The theorem is not true if T is not self-adjoint. To see this, consider T : C2 — C? defined by
T'(z1,22) = (0,21). Then ||| = 1, but supj, =, [(T'7,7)| = 2122 < 3.
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9 Strong and Weak Convergence

Definition 9.1. A sequence {x,} in a normed linear space X is said to be strongly convergent if there exists
in X an x, such that

lim |z, — | =0, and we write T, — .

n—oo

Definition 9.2. A sequence {x,} in a normed linear space X is said to be weakly convergent if there exists
xz € X such that for every f € X', we have that

lim f(z,) = f(z), and we write T, — .
n—o0

Theorem 9.3. Let {x,} be a weakly convergent sequence in an normed linear space X, such that {x,} —
x € X. Then

(a) the weak limit x is unique,
(b) every subsequence of {x,} converges weakly to x,

(c) the sequence {||x,||} is bounded.

Proof. For part (a), suppose x,, = x and z,, — y. Then f(z,) — f(x) and f(x,) — f(y) for every f € X'.
Since {f(zy)} is a sequence of numbers, its limit is unique. This implies f(z) = f(y), which gives f(x—y) =0
since f is linear, for all f € X’. This means  — y = 0 by Corollary 6.7. Hence, x = y. (In a Hilbert space,
we can use the Riesz Representation)

Part (b) follows from the fact that {f(x,)} is a convergent sequence of numbers, either complex or real and
hence every subsequence has the same limit.

For part (c), since {f(zy)} is a convergent sequence of numbers, it is bounded, |f(z,)| < Cy. Now define
gn € X" by gn(f) = f(xy) for f € X'. Then for all n, |g,(f)| = |f(zn)] < Cf, so that {|g,(f)|} is bounded
for all f € X’ for fixed f. Since X’ is complete, by the Uniform Boundedness Theorem, | g,| is bounded.

o ou1) )
9n Tn
lgnll = sup = sup = [lzall;
rext, r20 £l rext, r20 |If]l
by Corollary 6.7 of the Hahn-Banach Theorem. This implies that ||« || is bounded. O

Theorem 9.4. Let {z,} be a sequence in a normed linear space X, then

(a) strong convergence implies weak convergence, and the limits are the same,

(b) the converse of (a) is in general not true.

Proof. For part (a), let 2,, — x. Then for every f € X', we have | f(zn)—f(2)| = | f(zn—2)| < ||fllllzn—2| =
0. Hence, z,, — x.

For part (b), let H be an infinite dimensional Hilbert space with an orthonormal basis {¢,}, with f € H’,
so that f(z) = (x, z), for some z € H. By Parseval’s Relation, for all z € H, we have

D a2 = |21
n=1

This means {(¢,,2) — 0, for all 2 € H. Hence, ¢, — 0. But for n # m, we have ||¢,, — ¢ ||> = ((¢n
Om)s (b — ¢m)) = 2, which implies {¢,,} is not strongly convergent. O
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Theorem 9.5. Fvery bounded sequence in a Hilbert space contains a weakly convergent subsequence.

Proof. Let {¢,} be a bounded sequence, ||¢,|| < c¢. Then for each integer m the sequence (¢, pn) is
bounded for all fixed m and for all n. Hence, by the Bolzano-Weierstrass Theorem, and a diagonalization
process (c.f. Kreyszigr 408), we can select a subsequence {¢,,(;)} such that (¢, ¢, x)) converges as k — 0o
for every integer m. Thus, the linear functional F', defined by

k—o0
is well defined on U := span{¢,,}, and hence by continuity, on U. Now let P : X — U be the orthogonal

projection operator and for arbitrary ¥ € X write ¥ = P(¥) + (I — P)(¥). For arbitrary ¥ € X, define
F(7) by

k—o0 k—o0
=0

= lim | (PU, ¢p) + (U, (I = P)bp(i))

k—o0

k— o0

where we have that P = P*. Furthermore, ||F|| < c¢. Hence, the Riesz Representation Theorem says there

exists a unique ¢ € X such that
F(U) = (¥, ¢), for all ¥ € X.

Therefore, limg 00 (¥, @n(r)) = (¥, @) for all ¥ € X, ie. ¢, is weakly convergent to ¢ as k — oo.

28



Dr. David Colton MATH 806: Functional Analysis

10 Spectral Theory

Let X # {0} be a complex Banach space, and T : X — X a linear operator (not necessarily bounded). With
T we associate the operator T\ = T — AI where A\ € C. If Ty has an inverse, we denote it by Ry (T), i.e.
R\(T) = (T — XI)~'. This operator, R} is called the resolvent of T' (recall that an operator T': X — X has
an inverse T~!: Z(T) — X if Tay = Ty implies 21 = x3).

Definition 10.1. A regular value X\ of T : X — X is a complex number such that
(a) RA(T) exists,
(b) Rx(T) is bounded on the range of Tj,
(¢) RA(T) is defined on a dense subset of X.

The resolvent set, p(T) is the set of all reqular values of T. Its complement, o(T) = C\ p(T) is called the
spectrum of T, and \ € o(T) is called a spectral value of T.

The spectrum is divided into three disjoint sets:

(1) The point spectrum: Denoted o,(T") is the set such that Ry(T") doesn’t exist. A point A € o,(T) is
called an eigenvalue of T.

(2) The continuous spectrum: Denoted o.(T) is the set such that Ry(T') exists, is defined on a dense
subset of X, but Rx(7T) is unbounded.

(3) The residual spectrum: Denoted o,.(T) is the set such that Ry(T) exists (and may or may not be
bounded), but the domain of Rx(T") is not dense in X.

Note: In the case when X has finite dimension, we have that o.(T) = 0,.(T) = 0. Note also that Ry(T)
exists if and only if Thx = 0 implies = 0. Hence, if Thz = 0 for some = # 0, then A € 0,(T) is an
eigenvalue. The corresponding vector z is called an eigenvector. The subspace consisting of zero and all
eigenvectors of T' corresponding to the eigenvalue A of T is called the eigenspace corresponding to .

Example: Let T : C[0,1] — C[0,1] be defined by [, f(t)dt. Then T'f € C* € [0,1] and Ry = . Section
2.7-5, Kreyszigr, implies % is unbounded, and hence, 0 € o.(T).

Example: Define T : 2 — (2 by (£1,&,...) — (0,&1,&,...) € (2. Note that Tx = Mz implies
(0,€1,&2,...) = (A1, A, ...). Hence, A = 0 which implies z = 0. If A\ # 0, we have z = 0. Thus,
T has not point spectrum. Consider the case when A = 0. Then the operator Ry(7T) exists and equals
T-!:T(X)— X, which is given by

T71 : (0,51,52, .. ) — (El,gg, .. )
But clearly T'(X) is not dense in X since (1,0,0,...) is orthogonal to T(X) (T(X) # X because (1,0,0,...)
is orthogonal to T'(X) by the continuity of the inner product). Hence, A =0 is in o,.(T).
Show that the operator in the first example has no point spectrum.

Theorem 10.2. If X is a Banach space, T € B(X) and A € p(T), then Rx(T) is defined on all of X and
1s bounded.

Proof. Let Than, = yn — y € X. Then since Ry (T) is bounded on the range of Ty, we have that Ryy, = z,, is
a Cauchy sequence (since y,, is). Since X is complete, there exists € X such that z,, — x, and Ty € B(X)
implies Thz,, = Thax =y, i.e. Th(X) is closed (here, Ty is bounded so its continuous). But A € p(T') implies
R)(T) is defined on a dense subset of X, which implies Z2(R)) = 2(Rx) = X. Thus, R\(T) is bounded on
all of X. O
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Theorem 10.3. Let X be a Banach space and T € B(X). If |T|| < 1, then (I —T)~' € B(X) and

(I-17)"* :iTj. (10.1)
j=0

Proof. Since T1, T, € B(X) implies | T1T|| < ||T1]]||T2|| from the definition of the norm on B(X), we have
that ||[T7| < ||T|. Hence, the series (?7) is convergent in B(X) for |T|| < 1. Since, X is complete, so is
B(X) by Theorem 6.1. Hence,

s-3m

3=0
exists as an element of B(X). We need to show that S = (I — T)~!. To this end, we have (I —T)(I + T +

otk T = +T+---+T")I -T)=1-T"". Let n — oo and noting that |77 < ||T||"* — 0, we
have (I —T)S = S(I —T) = I. Hence, S = (I — T)~ .. O

Theorem 10.4. Let X be a Banach space and T € B(X). Then p(T) is an open set (and hence o(T) is
closed).

Proof. We will show shortly that p(T") # 0. For a fixed A\g € p(T') and A € C, we have
T—MN=T-XI-A=X)I=(T=XI)[I—(A=X)T - )\OI)_l} ,

ie. T =TV, where V. =T — (A — A\g)Ry,. Since A\g € p(T") and T is bounded, then Theorem 10.2 implies
Ry, € B(X). Furthermore, Theorem 10.3 implies V! € B(X) exists for all A such that ||[(A — Xg) Ry, || < 1.
In other words, |\ — Ao| < m' Hence, for such A,

0

Ry = T)\_l = (TAo)il = VﬁlR}\O € B(X)v

exists. This implies p(T") is open, and o(T") is closed. O

Corollary 10.5. Let X be a Banach space and T € B(X). Then for every Ao € p(T) and |\ — Xo| < m
0

we have that
o

Ry = Z(A - )\o)jRijla
=0

is absolutely convergent. In particular, if |A — Xo| < HR*lxl\ C p(T).
0

Proof. Follows from Theorem 10.3 and Ry = V! Ry. O

Theorem 10.6. Let X be a Banach space and T € B(X). Then o(T) is compact and lies in the disk
Al < ||IT||. In particular, p(T) # 0.

30



Dr. David Colton MATH 806: Functional Analysis

Proof. Let A # 0, then Theorem 10.3 implies
1 A A
:T— 171:—7 I—fT = —— —T
= (-t = = (1-57) =52 (57)

where the series converges for all A such that |+ T'|| < 1, i.e. [A| > ||T||. Hence, A € o(T) implies [A| < [T
By Theorem 10.4 we have o(T) is closed which implies o(T") is compact. O

Theorem 10.7. If X # {0} is a complex Banach space and T € B(X) then o(T) # 0.

Proof. If T = 0, then o(T) = {0} # 0. Let T' # 0 (possible since X # {0}). Then [|T[| # 0 and from

Theorem 10.6, we have Ry = —1 Yo (+T)’, provided |A| > ||T. Since this series converges for ﬁ < ﬁ,
it converges for ﬁ < 2H1TH’ i.e. for |A\| > 2||T| and
ENIERS o] 137 (R e
Al S 7 N = ST S e 2 .
AL = 1A AL =TI = 1Tl

Now suppose (T') = §). Then p(T') = C implies from Corollary 10.5, that for each f € X’ and a fixed z € X,
the function

h(X) = f(Rxz).

is an entire function of A. In particular, h is continuous and hence bounded on |A| < 2||T'||. But for |A| > 2||T||
we have
[EAlNiE]

77|
Hence, h(A) is bounded on C, which implies h(A) is constant, by Louiville’s Theorem. Since z and f are
arbitrary, h being constant implies f (a—d)\RAx) = 0, for all f. This implies %R)\:c = 0 for all . Hence,

a%RA = 0, which means R) is independent of A\, which implies R;l =T — Al is independent of A which is a
contradiction. O

[h(A)

= f(Bxz)| < [F I Bxzll < [IfIHIRA]] <
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11 Compact Operators

Definition 11.1. Let X be a Banach space and T € B(X). We denote the null space and range of T
by N (T) and Z(T), respectively. An operator T is called compact if it maps bounded sets into relatively
compact sets (i.e. sets with compact closure). FEquivalently, T is compact if whenever {z,} is a bounded
sequence in X, the sequence {Tx,} has a strongly convergent subsequence (Theorem 8.1-3, Kreyszigr).

Definition 11.2. An operator T € B(X), where X is a Banach space is said to be of finite rank, if the
range of T', Z(T) is finite dimensional. It is easily seen that every finite operator of finite rank is compact
(Theorem 8.1-4, Kreyszigr.)

Theorem 11.3. Let X be a Banach space. Then the set of compact operators on X is a closed two-sided
ideal in the algebra of bounded operators on X with a norm topology (closed two sided ideal means AT and
TA are compact).

Proof. Suppose T; and T, are compact and {z;} C X is bounded. We can choose a subsequence {y;} of
{z;} such that {Thy,} converges, by the definition of compact. Choose a subsequence {z;} of {y;} such
that {T>z;} converges. It follows that a7} + a7 is compact for all a;,as € C. It is also clear that if T
is compact and S is bounded, then T'S and ST are compact (Lemma 8.3-2, Kreyszigr). Thus, the set of
compact operators is a compact ideal. Suppose || T}, — T'|| = 0 where each T, is compact. Given a sequence
{z;} € X with ||z;} < ¢ for all j, choose a subsequence {z1,} such that {T1x1;} converges. Proceeding
inductively m = 2,3, ..., choose a subsequence {x,;} of {x(n,_1);} such that {T,,2,,;} converges. Setting
yj = x;;, one easily sees that {T’,y;} converges for all m. But then

1Ty; — Tyl < (T = To)yi | + 1T (ys — wi) | + 1(Ton = Tyiell < 2¢[IT = Tonl| + [ Tonys — Toniell-

Given € > 0 choose m large enough that ||T'— T, | < 4, and then with this choice of m, we have that

€
||Trnyj - Tmyk” S 57

for j and k sufficiently large. Hence, ||Ty; — Tyx| < e. Thus, {T'y;} is convergent. Hence, T' is compact. [J

Note: T € B(X) since B(z) is a Banach space.

Corollary 11.4. If X is a Banach space and T € B(X) such that there is a sequence {T,,} of operators of
finite rank such that || T, — T|| — 0, then T is compact.

Theorem 11.5. If H is a Hilbert space and T is a compact operator on H, then T is the norm limit of
operators of finite rank.

Proof. Suppose € > 0 and let B be the unit ball in H. Since T'(B) has compact closure (the closure of B is
not compact though), it is totally bounded, i.e. there exists a finite set y1,...,y, € T(B) such that every
y € T'(B) satisfies ||y —y;|| < e for some j (c.f. Lemma 8.2-2, Kreyszigr). Let P, be the orthogonal projection
onto the closure of the space spanned by y1,...,y, and set T, = P./T. Then T, is of finite rank and also, by
the Lemma 3.1, T.x is the element closest to Tz in Z(P.). This implies for x € B, we have

Tz — Tex|| < min [Tz — y;|| <e, = IT —Te| <e,
1<j<n

which implies T, — T as ¢ — 0. O
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For the sake of simplicity, for the rest of this course, we shall only consider operators on a complex Hilbert
space.

Theorem 11.6. Let H be a Hilbert space and T € B(H), then if T*T is compact, so is T.

Proof. Let {z;} € H with ||z;|| < e¢. Then {T*Tz;} has a strongly convergent subsequence which we again
denote as {T*T'z;}. Then

|1 T2m *Tl'nHz = (T(@m =), T(xm —2n)) = (T*T(Xm —Tn), (@m —20)) < (T T (2m —20) ||| 2m — 20| — 0,

by Cauchy-Schwarz, as m,n — oo, since {T*T'z;} is convergent and ||z, — z,|| < 2c. Hence, {Tz;} is a
Cauchy sequence. Hence, {T'z;} is convergent so that T is compact. O

Corollary 11.7. If T is a compact operator, then so is the adjoint, where T € B(H).

Proof. We know T™* is bounded, and hence TT* = (T*)*T* is compact. The corollary now follows from the
theorem. O

Lemma 11.8. Let M be a closed subspace of a Hilbert space H. Then M+ = M.

Proof. We have H = M@ M* and also H = M+ @ MY+, Then for z € H, we have © = 2z + w1, where
21 € M and w1 € M* and z = 29 + wo, where zo € M+ and we € M. Hence,

0:zl+w1—zg—wgz(zl—zQ)—i-(wl—wg) = Zl—Zgzwg—wle.]\/fL.

But M C M+t implies 21 — 29 € M+ which implies 21 = 25. Hence, M = ML O]

Theorem 11.9. If H is a Hilbert space, T € B(H), then Z(T)* = A (T*) and N (T*)* = Z(T).

Proof. Let y € Z(T)*. This happens if (Tx,y) = 0 for all z € H. This is true if and only if (z,T*y) = 0
for all x € H. This implies 7%y = 0. Hence, y € A (T*). On the other hand, by the above lemma,

AT) = A(T) = N(T*)* (since Z(T)- = A(T) = N (T*)). O

Definition 11.10. Let H be a separable Hilbert space. Then T € B(H) is said to be a Hilbert-Schmidt
operator if there exists a complete orthogonal sequence {¢,}°2 in H such that

D Ténll* < oo
n=1

Theorem 11.11. Hilbert-Schmidt operators are compact.
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Proof. Let T be a Hilbert-Schmidt operator and {¢,,}52; be a complete orthonormal sequence such that
Yool 1 Tén||* < oo. Define Ty, € B(H) by

9] k
Tk: (Z an¢n> = Z anT¢n3
n=1 n=1

where = > a, ¢, is an arbitrary element of H. Then T} is a finite rank operator and is compact. Since
(T - Tk:)x = Z arToy,.
k+1
This implies
o o /2, o 1/2 o 1/2
(T = Tz <Y lanlIT¢n]l < (Z an2> <Z ||T¢n||2> = |l (Z IIT¢nII2> :
k+1 k+1 k+1 k+1

Hence, ||T — Tl < (Cpis 1T0nll?) Y2 5 0as k — oo Thus, Ty, — T and T is compact. O

Corollary 11.12. Let k : [1,b] x [a,b] = C be a continuous function of two variables. Then the integrand
operator k : L?[a,b] — L?[a,b] with bound k is a Hilbert-Schmidt operator and hence compact.

Proof. Let {¢,}52; be a complete orthonormal sequence in L?[a,b]. For t € [a,b] we have (k¢,)(t) =
f; k(t,s) ¢n(s)ds = (ki, d,,), where ki(s) = k(t,s), a < s < b. Thus,

b b
||k¢n||2:‘/ (ko) (1) 2 dt = / (ke 3, .

Now, {an}zozl is also a complete orthonormal sequence in L?[a, b]. This implies

Monotone convergent sequence

fe'e) e’} b b O
OIS O RN ERIEY B SRS
n=1 n=172 a np=1

b b b
:i/|Wm2ﬁ::/)/)W@ﬁM%kdt<oq

which follows from Parseval’s Relation and since k(t, s) is continuous. O

Remark: Note that the corollary remains valid under weaker conditions, i.e. k : [a,b] X [a,b] — C is
piecewise continuous. In particular, the integral operator k : L?[a,b] — L?[a, b],

t 1
(Ko)(t) / K(t, ) d(s) ds = / k(. 5) o(s) ds,

where
it 0 t<s<1,
(t,5) = k(t,s) 0<s<t,

is compact if k(s,t) is continuous for 0 < s < ¢ < 1.
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12 The Spectral Theorem for Compact, Selft-Adjoint Operators

Theorem 12.1. Let T # 0 be a compact self-adjoint operator on a Hilbert space H. Then either ||T|| or
—||T|| is an eigenvalue of T

Proof. By assumption, ||T|| # 0. From Theorem 8.7,

1T = sup [(T'z,z)|.

llzll=1
Hence, there exists a sequence {x,} in H, ||z,|| = 1 such that
[T )l = ITI, 7= oo,

Since for every = in H, (T'z,z) = (z,Tx), we have that (T'z,z) is real. Hence, (T'z,,x,) is real and we can
assume (replacing {z,} by a subsequence if necessary) that (Tx,,z,) — X\ where XA # 0 is either ||T|| or
—|IT||, where we have taken away the absolute value. Since A is real,

Ty — Aan|® = | Tz ||* = 2M(Tan, z0) + Nzall? < (1T l2al)™ = 2X(T 2, 20) + A2
=2)\2 = 2\(Txp,, 2,) — 0, as n — oo.
Hence Tx,, — Az, — 0 as n — oo. Since T is compact, there exists a subsequence, {z],} C {z,} such that
Tz! is convergent. Let y be its limit. Then Tx!, — y, Tz!, — Ax! implies A\z!, — y. Hence, \Tz!, — Ty.

But by the definition of y,
ATzl — Ay = Ty = \y.

Since || Az, || = |A| # 0 and Ax!, — y we can conclude, y # 0. O

Theorem 12.2. Let T # 0 be a compact self-adjoint operator on a Hilbert space H. Then the set of
eigenvalues of T' is a set of real numbers which either is finite or consists of a countable sequence tending to
zero.

Proof. Since (T'z, ) is real, Tz = Az implies (T, z) = A||z||?, which implies X is real. We know there exists
at least one eigenvalue. Suppose there exists infinitely many eigenvalues but there exists some subsequence
which does not tend to zero. Then there exists some € > 0 and a sequence {\, }52; of distinct eigenvalues of
T such that |A,| > € for all n € N. By Theorem 9.1-1 of Kreyszig, {¢,} is an orthonormal sequence. Then
for all n,m, n # m,

HT(ZSm - TQSnHz = ||>\n¢)n - AmQZ)nLHQ = |)\n|2 + |>\m‘2 > 262.

This implies {T'¢,, } does not have a convergent subsequence since ||¢,|| = 1. This contradicts the compactness
of T. Hence, since |A| < ||T|| (Theorem 8.7), and by the Bolzano-Weierstrass Theorem, the set of eigenvalues
satisfying [A| > L is finite. O

Lemma 12.3. Let M be a subspace of a Hilbert space H and T € B(H) such that T(M) C M. Then
T*(M*) C M+.

Proof. Let x € M+ and y € M. Then if Ty € M, then (Ty,z) = 0 for all y € M. This implies T*z € M+
for all z € M+, O
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Theorem 12.4. (Hilbert-Schmidt Theorem) Let T # 0 be a compact self-adjoint operator on a Hilbert space
H. Then there exists a finite or infinite orthonormal set {¢,} of eigenvectors of T with corresponding real
eigenvalues {\,} such that for all x € H

Ta;—Z)\ , )b

Proof. We shall show the existence of the sequence {¢,} by induction. We know there exists one eigenvalue
A1 = £||T|| and we may pick a corresponding eigenvector ¢; such that ||¢1]] = 1. Since the span of {41} is
invariant under T, Hy = span{¢;}* is invariant under 7% = T by the above lemma. Hence, T'(Hy) C Ho

and thus we can define Ty := T’H (T restricted to Hy). Clearly, Ts is compact and for all z,y € Hy we have
<T2*$U,y> = <x,T2y> = <$7Ty> = <T*.’E,y> = <T$,y> = Te = T2*x’

for all x € Hy. Hence, T35 = T) = T,. Hence, T5 is a compact self-adjoint operator on Hy. That implies
H

2
that there exists an eigenvalue Ay = =£|Tz|| of T and hence of ||T]|. Choose a unit eigenvector ¢y of Ty
corresponding to Ay (Note, it is possible that Aa = A1). Now suppose inductively we have constructed unit
eigenvectors ¢1,¢a,...,¢, of T" with corresponding eigenvalues Ai, s, ..., A, such that |\;| = ||Tj]|, for
1 <j <n, where T} := T‘H , where H; := span {¢, .. .,¢j_1}L, for 2 < j <n+ 1. Here, H,11 is invariant
j

under 7" and arguing as above, T},41 =T, is a compact self-adjoint operator on H, 41, which implies
n+1
T,+1 has an eigenvalue \,,11 = %||T5,41]| with unit eigenvector ¢,41 € H,i1. Then ¢y, da,...,¢ne1 are

naturally orthogonal unit eigenvectors with eigenvalues A; such that |A\;| = |T;|| for 1 < j < n +1 (note,
this implies that infinite multiplicity contradicts the range of T' being compact). The inductibe construction
continues as long as T,, # 0. If we encounter an m such that T,, = 0, the construction stops. Since,
y=1x— Z?;ll(%qu-)qﬁj € H,,, for all 2 € H, we have

m—1 m—1
0=Tny=Ty=Toe— Y (2,0;)Td; =Tz~ > (x,6;)\i¢;,
j=1 j=1

and the theorem is proved if there exists such an m. Now suppose T;, # 0 for all n € N. Then for x € H,
define y,, € H,, by y, =z — Z?;ll (x,¢;)¢;. Then

m—1

2]1” = llynll® + > K, ;)1 = [ynll < [l2]]-
j=1

But | Tynll = Toynll < 1 Talllynll < [Anlllz]]; i-e.

m—

Z (@,05)05|| = ITynll < [Anlll]-

Since \,, — 0 as n — 00, the theorem follows. O

Remark: The orthonormal set {¢,,} given above may not be complete. Indeed if H is not separable then
no countable orthonormal set is complete in H.

Corollary 12.5. Let T # 0 be a compact self-adjoint operator on a separable Hilbert space H. Then there
exists a complete orthonormal set for H consisting of eigenvectors of T'.
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Proof. By the Hilbert-Schmidt Theorem, there exists a sequence {¢,} such that

Tx = Z )\n<xa ¢n>¢na

with A, # 0. Let {¥,} be a complete orthonormal set in the Hilbert space A (T) (recall that 4 (T) is

closed). Then each ¥, is an eigenvector of T corresponding to the eigenvalue 0 and since A, # 0 we have

that ¢, L ¥,, for all n,m. That is
(O, Urm)

<T¢n7 \Ijm> <¢n7 T\Ijm> = 07

_ 1 _ L
B A'IL B An,

ie. {¢n}U{¥,,} is a countable orthonormal set in H. For every z € H, © — Y (x, ¢n)pp € A (T), implies
T — Z<‘La ¢n>¢n = Z<$v \Ijm>\:[!m7

which says that {¢,} U {¥,,} is complete. O

37



Dr. David Colton MATH 806: Functional Analysis

13 Ill-Posed Problems

For problems in mathematical physics, Hadamard postulated three properties:
(1) Existence of a solution.
(2) Uniqueness of the solution.
(3) Continuous dependence of the solution on the data.

A problem satisfying all requirements is called well-posed. To be more precise, we make the following
definition:

Definition 13.1. Let T : U — V be an operator from a subset U of a normed space X into a subset V of a
normed space Y. The equation T¢ = f is called well posed if T is bijective and T~' : V — U is continuous.
Otherwise, T = f is called ill-posed or improperly posed.

Example: Consider the initial-boundary valued problem %u = %u in [0,7] x [0,T], where u(0,t) =

u(m,t) =0,0 <t <T and u(z,0) = ¢(z), 0 <z <. then by separation of variables

oo
2 s
u(z,t) = g ane " sinnz, ap, = 7/ o(y) sinny dy.
T Jo
n=1

This problem is well-known to be well-posed.

Example: Now consider the inverse problem of determining ¢ from f := U(:,t). In this case u(x,t) =
> bpe™ (T=9 sinnz, where b, = 2 [ f(y) sinny dy, with

oo

2 T 2 _2n2T
||¢H2 - 9 ane )

n=1

which is infinite unless the b,, decrease extremely rapidly. Even if this was the case, small purterbations of
f (and hence b,) result in the non-existence of a solution. Note that the inverse problem can be written as
an integral equation of the first kind with smooth kernel:

| Kewowa=r@.  o<a<n
where

oo
2
k(z,y) = Z e~ Tsinnz sinny, 0<z,y<m.
n=1

In particular, the above integral operator is compact in any reasonable function space, i.e. L2[0, 7.

Theorem 13.3. Let X and Y be Hilbert spaces and let T : X — 'Y be a compact operator. Then T¢ = f is
improperly posed if X is not of finite dimension.

Proof. If T~ exists and is continuous (bounded) then I = T—1T is compact. But if {¢,} is a countable
orthonormal set for X, then ||¢,|| = 1 for all n but ||¢, — ¢m|| = V/2 implies {¢, } cannot have a convergent
subsequence. Hence, I is not compact. This is a contradiction. O

From now on X and Y will always be infinite dimensional Hilbert spaces and T : X — Y will always be
a compact operator. Note that T*T is compact and self-adjoint. Hence, by the Hilbert-Schmidt Theorem,
there exists at most a countable set of eigenvalues {\,} of T*T and T*T'¢, = Ay, then (T*T,, d,) =
Anllonll?, ie. [|Tonl? = Anllénl|?, which implies A, > 0. The non-negative square roots of the eigenvalues
of T*T : X — X, are called the singular values of T'.
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Theorem 13.3. Let {u,} be the sequence of non-zero singular values of the compact operator T ordered
such that py > pg > ---. Then there exists orthonormal sequence {¢,} in X and {g,} in Y such that
Thn = tingn, T gn = pindn. For every ¢ € X, we have the singular value decomposition

oo

¢ = (¢, 0n)bn + P,

n=1

where P : X — N (T) and T = 371 pin(@, &n)gn. The system (pin, dn, gn) is called a singular system of
T

Proof. Let {¢,} be an orthonormal eigenvectors of T*T, i.e.

T*T(bn = ﬂi?ﬁn .

And define a second orthonormal sequence by

1
Gn = —T¢p.

Hn

Then T'¢,, = pingn and T* gy, iy édy. The Hilbert-Schmidt Theorem implies
Z¢%%+%,

where P: X — A(T*T) (it U € A(T*T), then (T, T¥) = (U, T*TV¥) = 0, which implies if ¥ € A4(T),
then ¥ € A4 (T*T)). Finally, applying T to the above expression, we have that

Thp=> 1in(d, bn)bn.

n=1

Theorem 13.4. (Picard’s Theorem) Let T : X — Y be a compact operator, not necessarily self-adjoint,
with singular system (in, dn, gn). The equation T¢ = f is solvable if and only if f € N (T*)* = Z(T) and,
furthermore,

D 1 gn)lP < oo (13.1)

In this case, a solution is given by

¢ = Z i<fa gn>¢n

Proof. The necessity of f € A (T*)* = T(X) (Theorem 11.10). If ¢ is a solution of T'¢ = f, then

pin(®s dn) = (0, T bn) = (Th, gn) = ([, gn),

which implies the singular value decomposition,

o

18117 = [ dn)* + | PoII*.

n=1
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Hence,
o0 1 o0
z E|<fagn>‘2 = Z<¢, ¢n>|2 < H¢||2a
n=1"" n=1

which implies (?7). Conversely, assume f € A4 (T*)* and (?7?) is satisfied. Then

o0

E:i%ﬁgm¢m

[in

n=1

converges on the Hilbert space X. Applying T to this series gives

T(b = Z<f7 gn>gn~

n=1

But since f € 4 (T*)*, this is the singular value decomposition of f corresponding to the operator T*,
which implies T'¢ = f. O

For f € Z(T), Picard’s Theorem suggests trying to regularize T¢ = f by damping or filtering at the influence
of the factor u% in the solution (if f € Z(T)) given by

The simplest regularization method is the spectral cut off method (truncate the series), where we define the
“solution” of T = f, f €Y, by

Hon Spm

How should one choose m? The Morozov Discrepancy Principle says that the residual

TR f = £l

should not be smaller than the accuracy of the measurement, i.e. if f¢*@¢ is the “noise free” data and
|| ferect — f|| < 4, then we want
HTRmf - f” 2 J.

On the other hand, one wants the residual as small as possible, i.e. one should choose m = m(§) such that
m(J) is the smallest of m such that | TR, f — f|| <é.

Theorem 13.5. Let T : X — Y be an injective compact operator with dense range in'Y. Let f € Y and
0 > 0. Then there exists a smallest integer m such that

TRy f — fIl < 6.

Proof. Since T(X) =Y, T* is injective (A (T*)* = T(X)). Hence, the singular value decomposition with
the singular system (pn, ¢n,gn) for T* implies for every f € Y, we have that

= {fgn)gn- (13.2)
n=1
Hence,
(TRm = DfI*P= > [{fr9a))> =0  asm— oo (13.3)
Pon <fm
In particular, there exists a smallest integer m = m(d) such that [|TR,,f — f|| <. O
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Note that (??) and (??) imply that m = m(0) is the smallest integer m such that

ITRmf = fIP=1£17 = D [{frgn)> < F.

Hon 2> fom,

In particular, for the backwards heat equation example, we have g, (z) = \/E sinnz and m, n such that

IFI1P = 1bal? < 6%,
n=1

where b,, are the Fourier coefficients of f.

Note: An operator is compact if the kernel k(s,t) is continuous or if the operator has finite rank. An
operator is self-adjoint if the kernel k(s,t) is symmetric.
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14 Fredholm Alternative in a Hilbert Space

We are now interested in Fredholm integral equations of the second kind,

b
Aﬂﬂ—/k@$ﬂ®%=gw,

where A # 0 (If A = 0 we have a first kind integral equation, Section 13). Assume k(s,¢) is continuous on
[a,b] x [a,b] and f,g € L*[a,b] or more generally operator equations of the form

M -T)x =y, (14.1)
where x and y are in a (infinite dimensional) Hilbert space H and T : H — H is compact.

Example: We want to find f such that

M@ = [ tre)ds =00 (14.2)

if f exists, it is of the form f(t) = c1t + 1g(t). This implies

provided that \ # % Hence, we have a solution to (?7) if A # %, and this solution is unique, by construction.

On the other hand, if A = %, the solution to (?7?) exists, and equals ¢1t + 2¢(¢) only if fol g(s)ds = 0 and

f(t) =1 is a solution of the homogeneous adjoint equation

1 1
ff—/ sf(s)ds =0.
2 0

In particular, g must be orthogonal to solutions of the homogeneous adjoint equation.

Theorem 14.1. LetT : H — H be compact and let vy := {x IS H‘Tx = )\x}, and wy = {x S H‘T*x = /\x} .
Then

(a) The set A € C such that vy # {0} is finite or countable and in the latter case its only accumulation
point is zero. Moreover, the dimension of the Eigenspace, dim vy < oo for all X # 0.

(b) If X #0, dim vy = dim wy < 00
(¢) If X £ 0, the range of \I — T is closed.

Proof. Part (a) is equivalent to the following statement: for all € > 0, the linear span of the spaces vy with
|A| > € is finite dimensional (note that if Ay # A9, then vy, Ny, = {0} since T, = A1z and Tz = \yx implies
A1 = A if  # 0). Suppose to the contrary that there exists € > 0 and an infinite sequence (z;) C H of
linearly independent elements such that Tx; = Ajx; with |\;| > € for all j (it may be that \j; = Ajo11="---).
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Since |A\;| < ||T|| by passing to a subsequence, we can assume that (\;) is a Cauchy Sequence. Let H,, be
the linear span of x4, ..., x,, for all m choose y,, € H,, with ||y,,|| =1 and y,,, L H,,—1. Then

m
Ym = g Cmjj
j=1

for some constants c,; so )\T_anym = CrnmTm + Z;ﬂzl CmjAj )\;nlxj (here, we applied T' and divided by A,,).

This equals -

m—1

A TYm = Ym + Z cmj(NAL — D)2 = Yy (mod Hyy—1).
j=1

If n < m, then
)\:anym - A;lTyn = Y (modH,,—_1).

Therefore, since y,, L Hp,—1 and ||y, || = 1, then by orthogonality, we have
N TYm = A Ty > 1.
But then
1< A (Tym = Tyn) + (A5 + A7) Ty
1< I Tym = Tyall + 125"+ A0 1 Tyn -

This implies
ITYm = Tynll = Al = 11 = A AT 1 Tyll,

as m,n — oo, the second term on the right tends to zero, since || Ty, || < ||| and A\, A\, — 1 (recall that
(A;) is a Cauchy Sequence), and the first term on the right is bounded below by e. Thus (T',,) has no
convergent subsequence contradicting the fact that 7' is compact. Thus, (a) is proved. B

Now consider part (b). Given A # 0, from Theorem 11.5, we can write T = Ty + T} where Ty has finite
rank and |71 || < A. Then the operator \I — Ty = A\(I — A™1T}) is invertible (the inverse being given by the
Neumann Series Yo" A™*"1TF). Therefore,

N -T)" "N -T)=N-T)" "N -Ty —Ty) =1~ (M - T,) T. (14.3)

Set Ty = (A — T1)~'Tp, then (?7) implies = € vy, is equivalent to x — Tox = 0. Thus, Ty conserves finite
rank. On the other hand, taking the adjoint of both sides of (?7) implies

N =T YN -T7)" ' =1 -1y,

soy = (M —T5) 'z is in wy which is equivalent to z — Tz = 0. We must therefore show that the equations
x—Toz =0 and x — Ty = 0 have the same finite number of independent solutions. Since T has finite rank,
so does Ty (Ty = (M —T1)"'Ty)). Hence, if uy,...,u, forms an orthonormal basis for the range of Ty, we
can write:

Tox = ij(a:)uj,
j=1

and ||Tyx||? = Z;'L=1 |f;(z)|? implies |f;(z)| < ||T2||||z|| which implies f; is a bounded linear functional on
H. By the Riesz Representation Theorem, there exists vy,...,v, € H such that

n

Tox = Z(z,vj>uj.

Jj=1
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Set Bji = (uj,vg) and for x € H, set a; = (x,v;). If x — The = 0,  must be a linear combination of
U, ..., U, and we see that

0= (x—Tox,v) = o — Z Bjray, (14.4)
j=1
for k = 1,2,...,n. Conversely, if a1,...,q, satisfy (?7), then z = 2?21 aju; satisfies v — Thr =

Doy cgug — i (wvjuy = 30 aguy — i ajuy = 0. On the other hand, one easily verifies that
Tsax =35 {(x,u;)v;, and so by the same reasoning, x — T3z = 0 implies z = Y7 ajv; where

o — ZBijkaj =0, (14.5)
j=1
for k = 1,2,...,n. But the matrices (0,5 — Bjx) and (d;; — Bjx) are adjoints of one another, and so have

the same rank (dimension of range). Hence, they have the same nullity i.e. (??) and (??) have the same
number of independent solutions. This proves part (b). B

Finally, we prove (c). Suppose we have a sequence (y;) which is contained in the range of (A — T'), which
converges to some y € H. We can write y; = (M — T')z;, for some z; € H. If we set x; = u; + v;, where
u; € vy and v; € vy (vy is closed because it is finite dimensional). We have y; = (A — T)v;. We claim
that (v;) is a bounded sequence. Otherwise, by passing to a subsequence we may assume |v;|| — co. Set
wj = ”Z—;” then, by passing to another subsequence, we may assume that (T'w;) converges to a limit z (since
T is compact). Since the y;’s are bounded and ||v;|| — oo, y; = (A — T')v; implies

Yj
[[oj

Since w; € vy, we have that z € Uf\-. On the other hand,

Mw; = Twil — 2z, as j — oo. (14.6)

s
(M = T)z = lim (AT — T)Aw; = lim —2 — 0.
J—o0 J—o0 ||’U]||
So z € vy. Hence, z = 0, but from (??) we have ||z|| = ||, which is a contradiction since A # 0. Hence, (v;)

is a bounded sequence. By passing to a subsequence and using the fact that 7" is compact, we can assume
that (T'w;) converges to a limit z. But then

Yy; = ()\I — T)’Uj = v = Ail(yj +T’Uj) — Afl(y + l')

Hence,
y= lim (A —T)v; = (M —T)A\"Hy + z),
j—o0
which means y is in the range of (AI — T'), which proves (c). O

Corollary 14.2. (Fredholm Alternative) Suppose X # 0 and T : H — H is compact. Then
(a) (M —=T)x =y has a solution i.e. y L wy.
(b) (M —T) is surjective i.e. (A —T) is injective.

Proof. Part (a) follows from (c) of Theorem 14.1 and the fact that the closure of the range of a bounded
operator is the orthogonal complement of the kernel of its adjoint. Part (b) follows from part (a) of this
corollary and part b of Theorem 14.1. O

Remark: The “alternative” of the Fredholm Alternative is either A (A —T) =0 and (Al —T)(H) = H or
NNL=T) #0and (\[ = T)(H) = {y e H’y €wy }.
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15 The Dirichlet Problem for the Laplace Equation

We consider the following Dirichlet problem

Au=0 in
u=f on 0N

Theorem 15.1. The solution of the Dirichlet problem, if it exists, is unique.

We do not prove the uniqueness here, but we can show existence. We will look for a solution in the form of
a double layer potential, given by

1 1
u(x) = o /{m U(y )%log P dsy, for x € R?\ 99,
y

where s is arclength, and ¥ € C(99Q) is known as the density. The following properties of the double layer
potential can be shown

(a) The kernel is continuous for z € 99).
(b) f QT =0, Q- =R?\ Q, and 2 € 99, define

ut(x9) = lim  wu(z), u (zg) = lim  wu(z),

r—z0,0€Nt T—o,TEQ
then
ut(20) — u(xg) = f%\I/(o:O), and u” (zg) — u(zg) = %\I/(xo),
which describes a jump discontinuity across the boundary.

(¢) Lastly,
ou™ ou~
W(ﬁ 0)=—5— on (o).

We look for a solution of the Dirichlet problem in the form

1 / 0 1
u(x) = — U(y lo ds,, for z € Q. 15.1
@)= 5= | v g tor s, (15.1)
Letting x — 010, and using property (b), implies
1 0 1
U(z) — f/ U(y)=— log —— ds, = —2f(x), for x € 09. (15.2)
a0 Iny |z =y

We are done (by the Fredholm Alternative) if we can show that the only solution ¥ € L2(99) of the
homogeneous equation of (??) is ¥ = 0. Let ¥ satisfy

1 0 1
\I!x—f/ U(y)=— log —— ds, =0, for z € 0NQ2. 15.3
( ) o9 ( >87’Ly | y| y ( )
Then U € C(99). Define u by (??) for this ¥. By uniqueness of the solution to the Dirichlet problem,
u(z) =0 for z € QF, and we have %(x) = 0 for z € 90. Now consider u(zx) for z € R?\ @. Property (c)
implies

ou~

on
for z € 9Q. Furthermore, u(z) = O (1), Zu(r) = O (%), as r = |z| = co. Hence, from Green’s Formula

v
//Q(uAU—Vu-Vv) dx—/ﬂu%ds
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for any domain 2, where n is the unit outward normal to Q, we have Q = Qg \ D, where Q = Qg \ D where
Qp :={z:|z| < R}, and v = u,

0 1
// |Vu|2dx:—/ ™ ds = // VUde:O(RQ)'
Qr\D Ior O"‘(%) un, Qr\D
o()
Letting R — oo, implies u is a constant in R? \ D. But u(x)
zero, i.e. wu(z) = 0 in R? \ D. By property (b) we have ¥(x)

IS

3

— 0 as R — oo. This constant is
=0

for x € 90 and we are done.
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