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| ntroduction

The inverse scattering problem we are considering is to determine
the shape and physical properties of an obstacle from a knowl-
edge of the scattered field due to the scattering of an incident
time-harmonic electromagnetic wave at fixed frequency.

® A solution is needed in real time.

® The scattering obstacle may be either penetrable, a perfect

conductor or partially coated but such information is not known a
priori.

® Often only partial information on the scatterer is needed.
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Approachesto | nverse Scattering

- N

® Born or weak scattering approximation
» multiple scattering and polarization effects are ignored

# a priori information is needed

® Optimization techniques, Newton iteration methods
» multiple scattering and polarization effects are included
& a priori information is needed

» typically it requires the solution of the forward problem
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Approachesto | nver se Scattering
|7 ® Qualitative methods T

# multiple scattering and polarization effects are included
» the problem is linear

# essentially no a priori information is needed
Linear Sampling Method and related ideas — Arens, Cakoni, Colton,
Kirsch, Haddar, Monk, Piana, Potthast, Monk .......

F. Cakoni - D. Colton "Qualitative Methods in Inverse Scattering” ,
Springer, 2006.

Factorization Methods — Kirsch, Grinberg ......
Points Source Methods, One Wave Methods, and others — lkehata,

Potthast, Silvester .......
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Scattering from Anisotropic Media
f XEi %ES T

VXxVxE—-EN@Z)E=0 n R’
E=FE*+ F' n R’
lim (V x E* x x —ik|z|E%) =0
2[00

The incident field E*(z) := V x V x pe**?is a plane wave with
polarization p € R? and incident direction d € 2 := {z : |z| = 1}.
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The Forward Problem
W

® N — ] has compact support D

-

€ assume.

® 0D is piecewise smooth.

® N is a symmetric matrix-valued function with piecewise C I entries
in D with piecewise smooth interfaces.

® v x Fandrv x V x E are assumed continuous across the
Interfaces.

® Re(E-NE) >nlElfandRe (- N7HE) > ~]¢)2 v >0
o Im(g'Nf) > 0.
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| nver se Scattering Problem

-

The scattered field £° has the asymptotic behavior

eik’r 1

B') = Bl ) + 0 3)

702

as r — oo where r = |x|, = x/r is the observation direction, and
Ex(Z,d, p) is the far field pattern of the scattered field F°.

The inverse scattering problem is to determine D and /N from a knowl-
edge of Eo(Z,d,p) for z,—d € Qy C 2, two linearly independent
polarizations p tangent to the unit sphere and a range of frequencies k.
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Uniqueness Theorems

-

fTheorem (Cakoni-Colton, 2003 ): Assume that either
Re (5 . N¢) > v[€]? or Re (5 : N_lg) > ~|€]? for some v > 1.
Then D is uniquely determined by F(, d, p) for ,d € €2, two

linearly independent polarizations p tangent to {2 and a fixed value of the
wave number k.

However E(,d, p) for Z, d € §2, two linearly independent
polarizations p tangent to {2 does not uniquely determine /V even if it is
known for an interval of values of k.
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Far Field Operator

We define the far field operator F' : LZ(€)) — L?(2) by

(Fg)(@) = / Eoo(,d, 9(d)) ds(d).

Q

Given g € L#(Q), Fg is the far field pattern of the scattered field
corresponding to the incident field being a Herglotz wave function with
kernel g given by

E,(x) = ik / etked () ds(d).
Q
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TheFar Field Operator
| -

The far field operator F' is injective with dense range if and only if the
Interior transmission problem

VXxVxE—-EN@E=0 in D

VxVxEY—EE"=0 in D
vx E=vx EY on 0D

VXV XxE=vxV x EY on 0D

does not have a solution £y, & € L*(D), E — Ey € H(curl, D) and
V x (E — Ey) € H(curl, D) such that E' is a Herglotz wave function

with kernel g # 0.
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Transmission Eigenvalues

-

Definition: If £ > 0 is such that the interior transmission problem has a
nontrivial solution then £ is called a transmission eigenvalue.

-

Theorem: If Zm (E : Nf) > (0 in D then k is not a transmission
eigenvalue.

Open Problem: Do transmission eigenvalues exist, if Zm (E : Nf) =0

in D? (It can be shown that they exist in the case of an isotropic
spherically stratified medium, Colton-Kress book).

Theorem (Cakoni-Haddar, 2007 ): If Zm (E : Né") = 0, and
E-(N—-DE>alé)f?oré- NI —N)"LE> alé]> wherea > 0Ois a
constant, then the set of transmission eigenvalues is a discrete set.
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Electric Dipoles

fThe radiating solution to Maxwell’s equations T
Ee(x,2,q) = %Vm X Vi X q®(x,2)
with
1 etklz—2|
O(x,2) = g € RS
(,2) 4 |x — 2| 1

IS called the electric dipole located at z and polarized in the direction
q € R3.

Ee,oo(i, 2, q) denotes the far field pattern of the corresponding electric
field.
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The Far Field Equation
B -

Consider the far field equation

(Fg)(Z) = Feoo(, 2,q)

It is a linear but severely ill-posed first kind integral equation.

Assume that k is not a transmission eigenvalue. We can say the
following about the solvability of the far field equation.
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Solution of the Far Field Equation

For z € D and an arbitrary ¢ > 0 there exists an approximate solution
g¢, of the far field equation

[Fg% — Feoolt, 2,q) |l L2 () < €

such that the corresponding Herglotz function £,c converges to Eg in

the L?(D)-norm where Ey ., E, € L*(D) solves the
non-homogeneous interior transmission problem

VXV XxE,—kN@)E,=0 in D
VxVxE—EkKE)=0 n D
vX B, =v x (EY+ Ee oo+, 2,q)) on 0D

VXV XE,=vxV X (E2+ Eeool+,2,q)) on 0D
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Solution of the Far Field Equation
-

Furthermore, for fixed € > 0 this ¢¢, satisfies

-

lim || Eye
tim | Ege

r2(p) — °©  and Zl_ing 1951 z2() — o0

For z ¢ D every approximate solution ¢¢

||F9§; - Ee,oo('azaQ)”L%(Q) < €

IS such that

Hm [ Byl f2py — oo and  lim|lg; | 12() — oo

for fixed z
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Deter mination of D

-

The linear sampling method determines D by trying to reconstruct ¢<. T
® Constructagrid G and for z; € G,

J Il ]) solve

N /
N

(al + FF)gs.q=F Eeoco

® For z; € G and three linearly independent ¢1, g2, g3 € R3 evaluate

1 _ _ _
Gai) = 5 (l9manlla' + 190" + 1920sll2").

® Fix C' > 0 and visualize the boundary by plotting

G(z) = Cmax G(z).

\— zi€G J
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Behavior of ||g]|

fCoIIino-Fares-Haddar, 2004

o
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0 1 2 3 ;1 5 6
4
|g|| with respect to z. Homogeneous penetrable sphere.
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Examples of Reconstruction

D 0d-
1 14
2., 24
2 2
Exact Geometry Reconstruction

N =3k=4
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|nterior Transmission Problem
B -

What, if anything, can be said about /V from a knowledge of £ ~,?

To this end we return to the interior transmission problem.

Theorem (Cakoni-Haddar, 2007) Assume that Zm (E : Nf) = 0.

® If&- (N — 1)1 e > alé|? where a > 0 is a constant, then the
transmission eigenvalues must satisfy k& > a(D).

® If&- N~HI — N)7L¢ > alé]? where o > ('iis a constant., then
the transmission eigenvalues must satisfy k& > AD).

Here \(D) is the first Dirichlet eigenvalue of —A on D.
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Estimatesfor NV

fSince «v is the smallest eigenvalue of (/N — [)_1, the previous theorem T
Implies the following result (Cakoni-Colton-Haddar, 2007):

® Assume that | N (x)||2 > d > 1forallz € D and some constant
0. Then,
AD)
1.2
® Assumethat) < 0 < ||N(x)||2 < d < 1forallz € D and some
constants (3 and 0. Then,

sup [ N(z)]]2 =
D

k* > \(D)

where k is a transmission eigenvalue and \(D) is the first eigenvalue of
—Aon D.
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Computation of Eigenvalues

o N

The linear sampling method can be expected to fail when £ is a
transmission eigenvalue.

In particular, the norm of the (regularized) solution to
(Fg)(2) = Exo(Z,20,q) 20 €D
should be large for such values of k.

Open Problem: Derive an estimate for the norm of /V in the case when
0<B<|N()|2<d<1
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Numerical Examples

fD is a disk of diameter 1.

ot ‘ 24
. | c
g, | L 55
115 :é 2.5 3 3.5 4‘1 4.5
Wave number k
n = 16
Au+ k*nu =0

LCakoni-CoIton-Monk, 2006
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Numerical Examples

-

D is a disk of diameter 1.

5
45¢
4l
3.5r
o 3r
g 251
2 Ll
15r

1,

0.5r

0 1 1 [ 1 1
1.4 1.6 1.8 2 2.2 2.4 2.6
Wave number k

n=106+4+1
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Numerical Examples

-

D is the rectangle |[—0.5, 0.5] x [—0.4, 0.4], \o(D) ~ 25.3.

60

B a
o o
T T

Scaled norm of g
w
o

N
o
T

10f

0.5 1 15 2 2.5 3 3.5 4 4.5

Wave number k
29.3
n = 16 and the estimate is n > ~ 7.1
(1.88)2
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Numerical Examples

-

D is the rectangle |[—0.5, 0.5] x [—0.4, 0.4], \o(D) ~ 25.3.

Composite estimate
Tr — — — Estimate using (16)
Estimate using (28)

Estimated lower bound for n
N

2 4 6 8 10 12 14 16 18 20
Exact parameter n

Lower bound for n
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Obstacle Scattering
- -

47 £’ Let A € Loo(I'7). Under appropriate conditions
. P4 the electric scattered field I/° satisfies

V XV x E—EE=0 in R*\' D
vx E=0 o Tp
vX (VX E)—iANrvx F)xv=0 on ']
lim (V x E° x x —ik|z|E®) =0

|| —00

E'(z) :=ik(d x p) x de®**? 9D =TpuUT}

L E=FE+FE° thetotal field J

B UNIvERSITY OF DELAWARE T University of Trento, March, 2007 — p.26/41



| nver se Scattering Problem

-

The scattered field £° again has the asymptotic behavior

-

eik’r 1

B') = Bl ) + 0 3)

702

where E (2, d, p) is the far field pattern of the scattered field F°.

The inverse scattering problem is to determine D and A from a knowl-
edge of Eo(Z,d,p) for z,—d € Qy C 2, two linearly independent
polarizations p tangent to the unit sphere and a fixed frequency k.

D and A are uniguely determine form the above data.
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Deter mination of D
.

In particular, the L?-norm of the approximate (regularized) solution
g € L?(Q) of the far field equation

can be determined by the linear sampling method.

(Fg)(Z) = Feoo(, 2,q)

becomes unbounded as 2 — 0D and remains large outside D.

Having determine D, we want next to determine A. To this end let

X(D,T;):={U € H(curl, D), v x Ulp, € LZ(T'})}.
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The determination of )\

-

For 2 € D the Herglotz wave function £/, where ¢ is the solution of
the far field equation used to determine ) converges to £/, in
X(D,I'7), where E, is the unique solution of

-

VXV XE,—KE, =0 in D
vX|E,+ FEe(,2,9)]=0 on T'p
vX VX |E, 4+ E(-,2,q9)] —i v X |[E, + Ec(-,2,q9)] xv on I}
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The Deter mination of \

-

Two important properties of W, := E, + F.(-, z,q).

® The set of functions f := v x W, |, for z in a ball B, contained in
D is complete in L#(T';).

® Forany z1,290 € D

2/(y S ) A x TWo)ds = —||qll2A(z1, 22, k. q)
I's

+ k(q By (ZQ) +q- Ezz(zl))

where A(z1, 22, k, q) is a computable number.
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The Deter mination of \

- N

® The above properties of 1V, provide a method for approximating
[RY T

® In particular, if A\ is a constant we have

k2 2
—E1lg12 + kR(q - Ex
5 —|lql (¢- Es) €D

IIV X WeollZ2(ap)

FE, is replaced by £, with kernel g, the (regularized) solution of the far

field equation
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Examples of Reconstruction

15 5

The exact geometry
Impedance boundary condition with A = 1 is the red region
Perfectly conducting boundary condition is the blue region
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Examples of Reconstruction

L The reconstructed partially coated airplane (wavelength=0.7) J
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Examples of Reconstruction

The imperfectly conducting

The perfectly conducting airplane :
P 4 J AP airplane

o |

B UNIvERSITY OF DELAWARE T University of Trento, March, 2007 — p.34/41



Examples of Reconstruction

D 0d.-
Al 14
2., 24
2 2
Exact Geometry Reconstruction

Reconstruction of a fully coated ellipsoid with A = 1 and £ = 6.
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Examples of Reconstruction

-

-

Conducting boundary condition: reconstruction of A

Exact | Exact 0D LSM LSM/bound
0.1 0.102 0.099 0.095
1 0.99 1.04
1.22 1.21 1.25
2 1.97 1.46

Reconstruction of A for the fully coated ellipsoid. Here k£ = ©.

o

B UNIVERSITY OF DELAWARE

|

University of Trento, March, 2007 — p.36/41



Limited Aperture

0.8
0.6
0.4
0.2

A ‘ 4
-0.2 tm«t'l
04 | W,\\V/\y 1‘4""
-0.6 \ \7 2\ / Wf 5
/E/‘._,

-0.8

The aperture

o
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Reconstruction of a coated sphere
with A = 0.1 with limited aperture

data; £k = 3 J

University of Trento, March, 2007 — p.37/41



Examples of Reconstruction

- N

L Perfectly conducting teapot, exact geometry J
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Examples of Reconstruction
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Reconstruction for low frequency
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Examples of Reconstruction
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Reconstruction for intermediate frequency
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Examples of Reconstruction

- N

L Reconstruction for high frequency J
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